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ABSTRACT. Let R be a commutative ring without identity. The zero-divisor
graph of R, denoted by I'(R) is a graph with vertex set Z(R)\ {0} which is the
set of all nonzero zero-divisor elements of R, and two distinct vertices x and
y are adjacent if and only if xy = 0. In this paper, we characterize the rings
whose zero-divisor graphs are ring graphs and outerplanar graphs. Further, we
establish the planar index, ring index and outerplanar index of the zero-divisor

graphs of finite commutative rings without identity.
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1. Introduction

Throughout this paper, R is a finite commutative ring without identity. Let
Z(R) be the set of all zero-divisors and Z(R)* = Z(R) \ {0}. In [6], Beck defined
a simple graph from commutative rings, the vertex set of that graph is formed by
all the elements of a commutative ring R and two vertices x and y are adjacent if
and only if 2y = 0. In [3], Anderson and Livingston modified that graph structure
and named it the zero-divisor graph I'(R) of R whose vertex set is Z(R)* and two
distinct vertices x and y are adjacent if and only if zy = 0 for commutative rings.
In [2], Anderson and Weber studied the zero-divisor graph of a commutative ring
without identity.

Kuzmina and Maltsev characterized the planar zero-divisor graphs of nilpotent
rings and non-nilpotent rings, in [11] and [12], respectively. In [4], Barati gave a
full characterization of zero-divisor graphs associated to finite commutative rings

with identity with respect to their planar index and outerplanar index.
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A ring R is called local if it has a unique maximal ideal. If R is a non local
commutative ring with identity, then Z(R) need not be an ideal. For every commu-
tative ring without identity, Z(R) = R, Z(R) is an ideal. Therefore, if we focus the
study of zero divisor graphs of commutative ring without identity, then it reveals
the properties of commutative ring without identity. Thus, the zero-divisor graph
of commutative rings without identity is a unique structure than commutative rings
with identity. Moreover, we obtain the planar index, ring index and outerplanar

index of the zero-divisor graphs of finite commutative rings without identity.

2. Preliminaries

Let G be a graph with n vertices and m edges. A chord is an edge joining any
two non-adjacent vertices in a cycle. A primitive cycle is a cycle without chords.
The free rank of G is the number of primitive cycles of G and it is denoted by
frank(G). The cycle rank of G is defined as rank(G) = m — n + r where r is the
number of connected components of G. Note that the cycle rank is the dimension
of the cycle space of G and it satisfies the inequality rank(G) < frank(G). The
family of graphs satisfying that rank(G) = frank(G) is called ring graphs.

The line graph of G (denoted by L(G)) is a graph whose vertex set consists of the
set of all edges of G and two vertices of L(G) are adjacent if the corresponding edges
of G are adjacent. The k*" iterated line graph of G (denoted by L¥(G)) is defined
as L¥(G) = L(L*~Y(@)), for every positive integer k. In particular, L°(G) = G and
LY(G) = L(G). K, and P, denote the complete graph and the path of n vertices,
respectively. A set of vertices of the graph G is called an independent set if no two
vertices in the set are adjacent to each other. The join of two graphs G = (V1, E1)
and Gy = (3, Es) is a graph G + G2 whose vertex set is Vi UV, and whose edge
set contains the edges joining every vertex from V; to every vertex in V. A vertex
v is said to be a cut vertex if removal of the vertex v disconnects the graph G.

For a class of graphs G, the graph G is said to be a forbidden subgraph for G if
no member of G has G as an induced subgraph. We can say that G is a minimal
forbidden subgraph for G if it is a forbidden subgraph for G but none of its proper
induced subgraphs are forbidden subgraphs.

For a graph G, the genus of G is the minimum positive integer n such that G can
be embedded in the surface S,, without edge crossings and it is denoted by ¢(G).
If a graph G can be embedded in the plane without edge crossings, then it is called
planar, i.e., g(G) = 0. If g(G) # 0, then the graph G is non planar. An outerplanar
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graph is a graph that can be embedded in the plane such that all vertices lie on the
outer face of the drawing; otherwise, the graph is non-outerplanar.

The ring index of a graph G is the smallest integer k such that the k" iterated
line graph of G is not a ring graph and it is denoted by 7,-(G). The planar index of
a graph G is defined as the smallest k such that L¥(G) is non-planar. We denote
the planar index of G by v,(G). The outerplanar index of a graph G is the smallest
integer k such that the k" iterated line graph of G is non-outerplanar and it is
denoted by 7,(G). If L¥(G) is outerplanar (respectively, ring graph or planar) for
all k > 0, we define v,(G) = oo (respectively, v,(G) = oo or 7,(G) = 00).

Remark 2.1. In [10], I. Gitler et al. proved the relationship between outerplanar
graph, ring graph and planar graph as follows:

outerplanar = ring graph = planar

(ie. %(G) < 1 (G) < %(G)).

In the literature, the notations for the commutative rings without identity are
used in many ways. In this paper, we follow the notations used by Anderson
and Weber in [2]. With respect to isomorphism, we identify the notations of the
commutative rings without identity used in [2] and [11] as follow: Npo = Z9I,
Nos 278, Noa 279, Nos 279, Ny ;@g], Ns g & ;;ZZSS[%’ Ny = @ﬁf?ﬁ]m,
Ny = @ﬁf{f}m and Na 4 = ﬁﬁm' We denote the ring of integers modulo
n by Z,, and Z2 is the ring with additive group (Z4, +4) and trivial multiplication

(i.e. ab=0 for all a,b € Z,;). The following notations are useful for further reading

of this paper.

Q1 =<a,b|4a=0,20=0,a*> =b,ab = ba = 2a,b*> =0 >;
Q2= <a,b|4a=0,20=0,a*> =0,ab = ba = 2a,b* = 0 >;
Qs =<a,b|4a=0,2b=0,a> = 2a,ab = ba = 2a,b*> = 0 >;
Qi=<a,b|4a=0,2b=0,a> =2a,ab = ba = 0,b> = 2a >;
Qs =<a,bc|2a=2b=2c=0,a> =b,b*>=0,ab=c,c* =0 >;
Qs =< a,b,c|2a=2b=2c=0,a> =b*>=0,ab= —ba = c,
ac=ca=bc=cb=c*>=0>;
Q7 =<a,bc|2a=2b=2c=0,a>=c,ab=ba=0,b*=c,

ac=ca=bc=cb=c2=0>.
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Remark 2.2. The characterization for planar zero-divisor graphs from all finite
rings were obtained in [11, Theorem 3.1] and [12, Theorem 1 and 2]. In this
characterization, we have exactly 24 (17 from Theorem 3.1 in [11] and 7 from
Theorem 2 in [12]) non-isomorphic (up to isomorphism) commutative rings without

identity whose zero-divisor graphs are planar.

We have restated the notations and combined the results from Theorem 3.1 in
[11] and Theorem 2 in [12] with the restriction that rings are commutative without

identity. From these evidence, we get the following theorem.

Theorem 2.3. Let R be a finite commutative ring without identity and let Fyn be
a finite field with p™ elements where p is a prime. Then T'(R) is planar if and only

if R is isomorphic to one of the following rings:

0 0 0 0 0., Z2[z] zZ[z] xZo[x]
ZQ X iy X ZQ, ZQ ><]Fpn, Z3 XIFpn, ZQ ><Z4, ZQ X PRt Zig X <Az,a2 -2 Ly X BLaa]’
0 0 70 70 70 70 alslz] aZszlx] zZ[x] zZ[] zZ[z] )
ZQ X ZQ> Z27 Z37 Z4’ Z5’ x3Zs[z]’ x3Z3[z]’ <dz,x?—2z>° <9z,2%2-3z>’ <8z,x%2—-2z>’ Q’

where 1 <4 < 7.

Let ¢ be a prime number. Consider the ring R = Zg x Fpn. Note that Z(R) = R.
Further, the subgraph of I'(R) induced by (Z9)* x {0} is K,_1 and the subset
R\ (Zy x {0}) with (p" — 1)q elements induces an independent set in I'(R). Also
every element in (Z))* x {0} is adjacent with every element in R\ (ZJ x {0}) in

I'(R). Hence we have the following lemma, which gives the structure of I‘(Zg XFpn).

Lemma 2.4. Let p and q be prime numbers and R = ZJ x Fyn. Then T'(R) =

Kq 1+ Kpn_1)q-

Lemma 2.5. Let Ry and Ry be finite commutative rings. If I'(Ry) =2 T'(Ry), then
I'(S x Ry) 2 T'(S x Rg) for any commutative ring S.

Proof. Let ¢ : I'(Ry) — I'(R2) be a graph isomorphism. Let S be a commutative
ring. Consider ¢ : I'(S x R;) — I'(S X Ry) defined by ¢((a,b)) = (a,1(b)). Let
(a,b) and (¢,d) be two nonzero elements in S x R; which are adjacent in T'(S x
Ry). From this (ac,bd) = (0,0) and so (bd) = ¥(b)1p(d) = 0. Now ¢((ac,bd)) =
(ac,(bd)) = (ac,¥(b)yp(d)) = (0,0) and so (a,1(b))(c,¥(d)) = (0,0). Therefore,
#((a,b))p((e,d)) = (0,0) and so ¢((a,b)) and ¢((c,d)) are adjacent in T'(S X Ry).
Similarly one can observe that ¢((a, b)) and ¢((c,d)) are not adjacent in I'(S x Ry)
whenever (a,b) and (c,d) are not adjacent in I'(S x Ry). Since v is bijective, ¢ is

bijective and so ¢ is a graph isomorphism. O

The following is useful in the sequel of the paper.
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Corollary 2.6. Assume that Ry and Ry are finite commutative rings. If T(R;) &
['(R2), then g(T'(S x Ry)) = g(T'(S x Ra)) for any commutative ring S.

3. The planar index of zero-divisor graphs

In [8], Ghebleh and Khatirinejad characterized connected graphs with respect to

their planar index.
Theorem 3.1. [8, Theorem 10] Let G be a connected graph. Then:
(a) v (G) =0 if and only if G is non-planar;
(b) 7,(G) = o0 if and only if G is either a path, a cycle, or Ki 3;
(¢) vp(G) =1 if and only if G is planar and either A(G) > 5 or G has a vertex
of degree 4 which is not a cut-vertex;
(d) v(G) = 2 if and only if L(G) is planar and G contains one of the graphs
H; in Figure 1 as a subgraph;
(€) vp(G) =4 if and only if G is one of the graphs Xy or Yy (Figure 1) for

some k > 2;

(f) vp(G) = 3 otherwise.

Hy

Hy

c X
\ o N \
d X, y

Figure 1
In [11] and [12], Kuzmina studied planarity for all finite rings. Specially, the
planarity of zero divisor graphs with non zero identity was studied in [7] and ac-
cording to these results, the planar index and outerplanar index of these graphs
were studied in [4]. In this section, we characterize all zero divisor graphs with

respect to the planar index when R is a commutative ring without identity.

Theorem 3.2. Let R be a finite commutative ring without identity. Then

(1) %(T(R)) = oo if and only if R is isomorphic to one of the following rings:
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(a) Z3 x 73, 79 x Zs;
(b) 287 Zg’ 47 <4T£E’EZZ[ ]27>’ ;ZZZQ[EZ]]’
(2) 7(T'(R)) =1 if and only if R is isomorphic to one of the following rings:

(a) Zg X Zg X Zg;
(b) Z§ X By with p™ > 4, Z X By, Z9 x Ly, Z9x 20 75 x 22
alolz]
Ly X w3Z22[w] ’

zZ[x xZ3[x zZ[z .
(C) <9z, rz[—]3ac>’ 73233[[j]’ <8x,m2[—]2.r>’ Ql where 1 < < 7

(3) Y(L(R)) = 2 if and only if R is isomorphic to Z3;
(4) 7,(T(R)) = 3 if and only if R is isomorphic to Z3 x Zs;
(5) 1 (T(R)) =0 otherwise.

Proof. For a non planar graph, the planar index is 0 because of Theorem 3.1.
Therefore, we should focused on the case I'(R) is planar. Let R be a finite commu-
tative ring without identity. Then R = R; X Ry X -+ X R, and R;’s are indecom-
posable rings for all ¢ such that 1 < ¢ < n. By Theorem 2.3, it is enough to consider
n <3.

Case 1. Suppose n = 3. By Theorem 2.3, T'(R; X Ry X R3) is planar if and only
if R =79 x Zy X Zs. By Figure 2, A(I'(ZY x Za X Z3)) = 6. By Theorem 3.1, we
have v, (D(Z3 x Zy x Zs)) =1

(1,0,0)
e

0)
(1,1,1)

01,00 (0.0.1) (1,1,0)

Figure 2. T'(Z9 x Zy x Z3)

Case 2. Suppose n = 2. By Theorem 2.3, I'(R; X R») is planar if and only
if R is isomorphic to one of the following rings: Z3 x Z3, Z9 x Fpn, Z3 x Fpyn,
a2, xS 7 7, 2 L

Suppose R =2 Z9 x Z9. The products of trivial multiplication yields that I'(R) =
K3. Now, by Theorem 3.1, we get that ~,(I'(Z3 x Z3)) =

For R 2 79 x Fyn, by Lemma 2.4, we have ['(Z3 X Fyn) & Kj gpn_o. If p" > 4,
then A(I'(Z3 x Fyn)) > 6. By Theorem 3.1, we have 7,(I'(Z3 x Fyn)) = 1 where
p" > 4. If p® = 3, then I'(Z9 x Z3) = K;4. Since the line graph of any star
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graph is complete, we have L(I'(Z3 x Z3)) = K, which is planar and Hj is a
subgraph of L(T'(Z3 x Z3)). By Theorem 3.1, 7, (L(I'(Z3 x Z3))) = 2. It implies that
vp(T(Z3 x Z3)) = 3. Suppose p"™ = 2. Then R = Z3 x Zy. By Lemma 2.4, I'(R) is
isomorphic to K7 o. Since it is a path, we have v, (I'(Z3 x Zs)) = cc.

Suppose R & Z} x Fn. By Lemma 2.4, we have ['(Z3 x Fyn) & Ky + Kgpn_3.
Suppose p™ > 3. It is easy to see that the graph T'(Z§ x F,n) is planar and A(Z§ x
Fpn) > 6. By Theorem 3.1, v,(I'(Z} x Fpn)) = 1 for p™ > 3. Suppose p" = 2 and
R 273 x Zs. By Lemma 2.4, I'(R) is isomorphic to Ky + K3. It is a planar graph
and it has two vertices of degree 4 which are not cut vertices. By Theorem 3.1,
vp(D(ZY X 7)) = 1.

It is not hard to see that

1%

F( z7s[x] )

2370 [x]

~ xZ[x
F(Zg X ZQ) = F(<4w,x2[J2z>)
By Corollary 2.6, we have that I'(Z) x Zy X Zy) = I'(Zy x Z3 X Zsy) = T'(Zy x
o2f] ) = T(Zy x 2Zz[a] ). We already proved that 7, (I'(Z9 x Za x Zs)) = 1.

<dz,x%—2x> 37 [x]
Therefore,

Y0 (Zo % =t s) = (0 (2o x 225)) = 1.

Assume that R is isomorphic to anyone of Z3 x Z4 or Z3 x f;[fl Then I'(R) is

isomorphic to G represented in Figure 3.

o

O
Figure 3. The graph G

The degree of the vertex (1,0) in the graphs I'(Z3 x Z4) and T'(ZJ x f;ﬁjﬂ) is 6.
By Theorem 3.1, we have

vp(D(Z3 x Zy)) = (D (23 x Z221)) = 1.

<z?>

Case 3. Suppose n = 1. Since I'(R) is planar, by Theorem 2.3, R is isomorphic
. . z z z
to one of the following rings: Z3, Z3, ZY, Z2, <4wf12[f]2w>, ;3222%, <9w9;2[”i]3w>,

z z .
;I;'ng[icz]]’ <8x9,312[i]gr>, Q; where 1 < < 7.




PLANAR INDEX AND OUTERPLANAR INDEX OF ZERO-DIVISOR GRAPHS 25

2T 72
z 3z z z +7°
. z . z
Figure 4(a). F(ﬁﬁm) Figure 4(b). F(;ZZ[EE]])
Suppose R is isomorphic to either Z§ or Z§ or Z} or — 4wffg[f]2$> or ;32222[@],].

The rings Z9, Z3 and Z3 have the zero-divisor graphs K;, Ky and K3 respectively.
Moreover, by Figure 4(a) and 4(b), we have that

<dx,x2—2x>

Il

I'( 2Lz )= K.

2372 [x]

So, by Theorem 3.1, we can conclude that 7, (I'(R)) = oo.
If R =72, then I'(Z?) = K4. By Theorem 3.1, we have ~,(I'(Z)) = 2.

T

O
2F 3T

47
6T bT

O

. zZ[x]
Figure 5. F(7<8I,m2_21>)

Suppose that R is isomorphic to either dﬁf{f}m or @Q; for all 4, 1 < i < 7.
Note that, I'(@Q1), T'(Q2), T'(Q3), T'(Q4), T'(Q5), T'(Qs) and T'(Q7) are illustrated
in Figures 1.B, 2.A, 2.B, 3.A, 3.B, 4.A and 4.B of [11], respectively. From these
Figures 1.B to 4.B and by Figure 5, one can easily check that A(T'(R)) = 6 and

I'(R) is planar. By Theorem 3.1, v,(I'(R)) = 1.
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Figure 6(a). I'(=—24__)

<9z,x2—3x>

zZ[x]
<9z,x2—3x>

2Zs(z]
x3Zslx] "

6(b), I'(R) = K, + Kg. Clearly, I‘(Lm) and T'( ng[z]) are planar and

Suppose R is isomorphic to either or By Figures 6(a) and

<9z,22—3x> 373 [x]

A(I‘(%)) = A(I( ng[x})) = 6. By Theorem 3.1, we get that

<9x,z2—3x> 373 [x]
zZ[x zZ3[x
Tp (F(<9x,w2[J3w>)) = (F(w3Z33[[w]] ) =1 0

4. The ring index and outerplanar index of zero-divisor graphs

In this section, we characterize the rings whose zero-divisor graphs are either
ring graphs or outerplanar graphs. Further, we give a full characterization of zero-
divisor graphs with respect to their ring index and outerplanar index when R is a
commutative ring without identity. In [9], Gitler et al. characterized the forbidden
induced subgraphs for the family of ring graphs. We need some definitions to use

their theorem.

Definition 4.1. (a) A prism is a graph consisting of two vertex-disjoint triangles
Cy = (z1,29,23,21) and Cy = (y1, Y2, Y3, y1), and three paths P;, P, and Ps pair-
wise vertex-disjoint, such that each P; is a path between z; and y; for i = 1,2,3
and the subgraph induced by V(P;) UV (F;) is a cycle for 1 < i < j < 3 (Figure
7a).

(b) A pyramid is a graph consisting of a vertex w, a triangle C' = (z1, 22,
23, 21), and three paths Py, P, and Ps such that P; is between w and z; for i = 1,2, 3;
V(P;) N V(P;) = w and the subgraph induced by V(P;) U V(P;) is a cycle for
1 <i<j <3 and at least one of the P;, P», P; has at least two edges (Figure 7b).
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(¢c) A theta is a graph consisting of two non adjacent vertices x and y, and three
paths Pi, P, and P53 with ends x and y, such that the union of every two of P;, P,
and Ps is an induced cycle (Figure 7c).

(d) A partial wheel is a graph consisting of a cycle C and a vertex z disjoint
from C such that z is adjacent to some vertices of C. The cycle C is called the rim
of W and z is called the center of W. A partial wheel T with rim C' and center z is
called a §—partial wheel if |V (C)| > 4 and there exist two non adjacent vertices in
V(C)N Nr(z) (Figure 7d).

1 P Y1

Py

(a) Prism

Py

P,

P

(c) Theta graph (d) 6—partial wheel

Figure 7

Theorem 4.2. [9, Corollary 4.13] The minimal forbidden induced subgraphs for

ring graphs are: prisms, pyramids, theta graphs, 0—partial wheels and K.

Let dq,ds,...,d; are positive integers with n > dy + de + --- + d;. We define
I(dy,da,...,d;) as the tree obtained from P, by adding a leaf to each vertex of P,
that is at in distance of dy,dy + da,...,d1 + da + -+ + d; (as in Figure 8). In [5],
Barati completely characterized the graphs with respect to their ring index. It can

be recalled in the following theorem.

Theorem 4.3. [5, Theorem 1.3] Let G be a connected graph. Then:

(a) v-(G) = 0 if and only if G is not a ring graph if and only if it has an
induced subgraph which is prism, pyramid, theta graph, 0-partial wheel or
Ku;

(b) %(G) = oo if and only if G is either a path, a cycle, or K 3;

(¢) v(G) =1 if and only if G is a ring graph and G has a subgraph homeo-
morphic to K14 or K1 + P3 in Figure §;

(d) %(G) = 2if and only if L(G) is ring graph and G has a subgraph isomorphic
to one of the graphs G5 or G3 in Figure §;
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(e) 7-(G) =3 ifand only if G € I(dy,ds,...,d;) whered; >2fori=2, ... t—
1, and dy > 1 (Figure 8).

Ki+ P

O—(}___Y’J, O ===
dy

In [13], Lin et al. studied the outerplanarity of the iterated line graphs and they

]

=== o === o-—-= O

diy +ds dy +dy +d3 dy+dy+---+dy

Figure 8

characterized all graphs with respect to their outerplanar index. Their theorem is

recalled in the following theorem which is useful for further reading of this paper.

Theorem 4.4. [13, Theorem 3.4] Let G be a connected graph. Then:

(a) Y (G) =0 if and only if G is non-outerplanar;

(b) Y (GQ) = o0 if and only if G is either a path, a cycle, or Ki 3;

(¢) 7(G) =1 if and only if G is planar and G has a subgraph homeomorphic
to Ko 3, K14 or Ky + P53 in Figure §;

(d) 7(G) = 2 if and only if L(G) is planar and G has a subgraph isomorphic
to one of the graphs G5 or G3 in Figure 8;

(e) 7(G) =3 ifand only if G € I(dy,da,...,d:) whered; > 2fori=2,...,t—
1, and dy > 1 (Figure 8).

In [1], Afkhami classified all finite commutative rings with identity whose zero-
divisor graphs are ring graphs and outerplanar graphs. In the following theorems,
we classify all finite commutative rings without identity whose zero-divisor graphs

are ring graphs and outerplanar graphs.

Theorem 4.5. Let R be a finite commutative ring without identity. Then I'(R) is
a ring graph if and only if R is isomorphic to one of the following rings:
z z Zx
ZY X L3, ZYX Fyp, ZY x Fpr, ZYx Ly, ZY x 2L 78, 73, 729, g;}ﬁj} 7 <4;,22[f]2m>’

z73[x] zZ[z] zZ[x]
z3Z3[x]’ <9z,x2—3x>’ <8x,x2—2x> Q17 Q27 Q57 QG-
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Proof. Let R= Ry X Ry X -+ X R,,. We assume that I'(R) is a ring graph. Since
every ring graph is planar, by Theorem 2.3, it is enough to consider n < 3.

Case 1. Assume that n =3 and R = R x Ry x R3. So R =79 X Zo x Zs. Let
S =1{(@1,0,1),(0,1,0),(1,1,0),(0,0,1),(1,0,0)}. Now, by Figure 2, it is easy to see
that the induced subgraph of the graph I'(ZJ x Zo x Z3) by the set S is isomorphic
to a f-partial wheel. By Theorem 4.2, T'(Z) x Zy x Zs) is not a ring graph.

Case 2. Assume that n = 2 and R is isomorphic to one of the following rings:
Z3 X L3, ZY X By, 2 x Fyn, L3 X Ly, L3 x 211

Suppose R = Z3 x Z.3. Since the multiplication of R is trivial, I'(R) is isomorphic
to K3. By Theorem 4.2, I'(R) is a ring graph.

By Lemma 2.4, the graph ['(Z3 x Fpn) & K 4+ Kopn_o and T(Z] x Fpn) =
K+ K3y 3. Since I'(Z3 x Fpn) is a star graph, we can deduce that I'(Z3 x F,n ) is a
ring graph. Also, it is not hard to see that rank(I'(Z3xF,n)) = frank(T(Z xFpn)) =
3p™ — 3. So, the graph I'(Z} x F,») is a ring graph.

Suppose R 2 Z3 x Z4. Then T'(R) is isomorphic to G in Figure 2 and so
rank(['(R)) = frank(I'(R)) = 1. Therefore I'(Z9 x Z,) is a ring graph. Since I'(Z,) =

F(f;[fi), by Corollary 2.6, we get I'(Z9 x Z4) = T'(Z3 x fi[fl) This implies that

(79 x f;[fi) is a ring graph.

We know that T'(Z9 x Z,) = I'(——242l__) o~ p(2Zlely  Now, by Corollary

<dz,x?—-2x> 37 [x]

2.6, T(Z3 X Zy X L) = T(Zy X 73 X Ls) =T (Zy 7<4sz2[§]2$>) =T (Z, x ;Z;Z[g]).

Since I'(Z9 x Za x Z3) is not a ring graph, we can conclude that the graphs I'(Zy x

j

X

vZ[z] ) and T'(Zy x 2 [z] ) are not ring graphs.

<dz,x%—-2z> 2379 [x]
Case 3. Assume that n = 1 and R is isomorphic to one of the following rings:
0 70 70 70 L[] zZ[z] zZs[z] zZ[x] zZ[z]
ZQ’ Z37 Z4’ Z5’ T3 Lo[x]’ <dz,x?—2x>’ z3Z3[r]’ <9z,x2—3z>’ <8x,x2—2z>’ Q1, Q2, @3,

Q47 Q5a Qﬁa Q?'

Since I'(Z%) = K,,_1, by Theorem 4.2, the graphs I'(Z3), I'(Z3), T'(Z3) are ring
graphs and the graph I'(Z?) is not a ring graph.
;BZZZJEQ] or — 4mf52[gi]2x>, then by Figure 4(a) and 4(b),

I'(R) is isomorphic to Ps. Therefore rank(I'(R)) = 0 = frank(I'(R)). So the graphs
I(2Z2lzly and I(—2Z2L__) are ring graphs.

If R is isomorphic to either

2379 [x] <4z, x%—-2z>
Suppose R is isomorphic to either ;32233[[2]] or <ng32[”i]3z>. By Figure 6(a) and
6(b), rank(T'(R)) = 6 = frank(I'(R)). Therefore F(;ZZ“B[EC]]) and F(%) are

ring graphs.

zZ[z]
<8x,x2—21>"
graph given in Figure 5 and Figures 1.B, 3.B of [11]. Note that rank and frank of

The zero-divisor graph of the rings @1 and 5 are isomorphic to the
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this graph is the same and both of them are equal to 1. So, these graphs are ring
graphs.

Suppose R is isomorphic to either Q5 or Qg. By Figure 2.A and 4.A of [11], we
have rank(T'(R)) = 3 = frank(T'(R)). Hence I'(Q2) and T'(Qg) are ring graphs.

Suppose R is isomorphic to either Q3 or Q4 or Q7. By Figure 2.B, 3.A and
4.B of [11], the graphs I'(Q3), I'(Q4) and I'(Q7) are isomorphic. Now, by setting
S = {a,2a,3a,a+b,3a + b}, it is easy to see that the induced subgraph by the set
S in the graph I'(Q3) is a f-partial wheel. So, the graphs I'(Q3), T'(Q4) and I'(Q7)
are not ring graphs.

By the above arguments and by Theorem 2.3, the result holds. O

Theorem 4.6. Let R be a commutative ring without identity. Then T'(R) is an
outerplanar graph if and only if R is isomorphic to one of the following:

0. 70 70 0 0y Z2[z] 50 70 0 aZa[z] *Z[z] zZ[z]
Z2XZ2’ ZQXFP”’ ZQXZ4’ sz <z?> Z2’ Z3’ Z4’ z3Zs[x]’ <dw,x?—2z>’ <8z,x2—2z>"
Q17 Q27 Q5a Qﬁ'

Proof. Since every outerplanar graph is a ring graph, it is enough to consider

the rings in Theorem 2.3 whose zero-divisor graphs are ring graphs. By similar
arguments used in Theorem 4.5, we can verify that the zero-divisor graphs of the

e 70 0 70 0 0. Z2[z] 50 70 0 0 zla[zx] zZ[x]
rings Zy X Ly, Ly X Fpn, Ly X Ly, Ly X Zo5% Ly, Ly, L3, Ly, P La[z]’ <Az —255°
z7Z[x)

Q1, Q2, Q5 and Qg are outerplanar. Also, if R is isomorphic to either

<8z,32—2a>°

;Zi”s[g] or <9m222[‘f]3m>, then by Figures 7(a) and 7(b), I'(R) contains Ks 3 as a
subgraph. Also, since I'(Z$ x Fpn) & Ky + Kspn_3, the graph I'(Z] x Fpn) has
a copy of the graph Kj3, too. So, we can deduce that the graphs F(fszzg'g[fﬂ]),
F(ﬁﬂm) and I'(Z3 x Fpn) are not outerplanar graphs. O

In the rest of this section, we study the ring index and outerplanar index of the
zero divisor graphs of commutative rings without identity. By Corollary 3.8 and
Proposition 3.9 of [5], we conclude that the outerplanar index and ring index are
the same when they are equal to 2,3 or co. From this classification, we get the

following theorem.

Theorem 4.7. Let R be a finite commutative ring without identity. Then
(a) v+(L(R)) = oo if and only if R is isomorphic to one of the following: 73 x
Zy, 73 x 13, 79, 28, 7, <4r,$zZ2[:i]2m>’ ;32222[[?];
(b) v+ (T(R)) = 1 if and only if R is isomorphic to one of the following: Z3 xFpn
where p" > 3, ZgXFp"'7 Z3xLa, L E;[;i’ 532233[?2]’ <9x?zZ?[TJ3z>’ <Sw?zz"’[i]2w>’
Q1, @2, @5, Qp;

(¢) v (I(R)) = 0 otherwise.
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Proof. Let R = Ry X Ry X+ -+ X R,,. Since the planar index of a non planar graph is
0, we should focused on the case, I'(R) is planar. For any graph G, by Remark 2.1,
¥ (G) < 7p(G) together with Theorems 3.2 and Theorem 4.5, would prove assertion
(b). So, it is enough to focus on the proof of assertion (a). By Theorem 4.5, we
have the following cases.

Case 1. Suppose n = 2. Then R is isomorphic to one of the following rings:
73 x 7.3, 79 x Zs.

If R=79 x 73, then I'(R) = K3. By Theorem 4.3, v,.(I'(R)) = oo.

Now, suppose R = Z3 x F,». By Lemma 2.4, I'(R) is isomorphic to K1 + Kapn_o.
Therefore if p® = 2, then ~,.(I'(Z3 X Z3)) = cc.

Case 2. Suppose n = 1. Then R is isomorphic to one of the following rings: Z3,

0 0 zZ[z] x 7 [x]
Z3’ Z4’ <dz,x?2—-2x>’ x3Zax]’

We know that if R =2 Z9, then I'(R) is a complete graph with n — 1 vertices.
Then I'(Z39), ['(Z3) and T'(ZY) are isomorphic to either a path or a cycle, and so
7-(T(Z9)) = 0o where n = 2,3, 4.

The graph F(Qﬁ%) and F(;g%gﬁ]) are represented in Figures 4(a) and

4(b). By Theorem 4.3, 7, (I 74 555)) = 1 (T(F55i4)) = oo O

In [4], Barati classified the outerplanar index of the zero divisor graphs of finite
commutative rings with identity. In the following theorem, we establish the same
idea for the zero divisor graphs of finite commutative rings without identity. In
fact, we give a full characterization of the zero divisor graphs with respect to their

outerplanar index when R is a finite commutative ring without identity.

Theorem 4.8. Let R be a finite commutative ring without identity. Then

(a) 7(T(R)) = oo if and only if R is isomorphic to one of the following: 79 x
Lo, 09 x T3, T8, L3, 7, =gt tyes . Sy

(b) 7(T(R)) = 1 if and only if R is isomorphic to one of the following: 73X Fpn
where p > 3, 79 x Zy, 7.9 x Z212] 2Zlz] Q1, Q2, G5, Qp;

<z2>’ <8x,x2—21>"
(¢) 7(T(R)) = 0 otherwise.

Proof. For any given graph G, by Remark 2.1 together with Theorems 4.4, 4.6
and 4.7, one can easily verify the assertion (b). By Theorems 4.3 and 4.4, for any
graph G, if 7,.(G) = oo, then 7,(G) = oo and by Theorem 4.7, the assertion (a)
holds. (]



32

G. KALAIMURUGAN, P. VIGNESH, M. AFKHAMI AND Z. BARATI

5. Conclusion

In the literature, there are only some few research articles focusing on finite rings

without assuming the multiplicative identity. This paper provides the character-

ization of commutative rings without identity whose zero-divisor graphs are ring

graphs and outerplanar graphs. Also, we obtained the planar index, ring index and

outerplanar index of the zero-divisor graphs of finite commutative rings without

identity. The future work is to address the problem of obtaining various topolog-

ical indices (like Steiner index, Wiener index, etc.,) for zero-divisor graphs from

commutative ring without identity.
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ABSTRACT. Let V be a finite dimensional vector space over the field F. Let
S(V) be the set of all subspaces of V and A C S*(V) = S(V)\{0}. In this paper,
we define the Cayley subspace sum graph of V, denoted by Cay(S*(V),A), as
the simple undirected graph with vertex set S*(V) and two distinct vertices X
and Y are adjacent if X4+Z =Y or Y+ Z = X for some Z € A. Having defined
the Cayley subspace sum graph, we study about the connectedness, diameter
and girth of several classes of Cayley subspace sum graphs Cay(S*(V),A) for
a finite dimensional vector space V and A C S*(V) = S(V)\{0}.
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1. Introduction

In recent years, lot of attention has been given for construction of graphs from
algebraic structures. In particular, intersection graphs associated with subspaces
of a vector space have been studied by many authors. The subspace inclusion
graph of a vector space is introduced and studied by Das [9] and, further properties
like Hamiltonian, Eulerian, planar, toroidal, independence number and domination
number of the subspace inclusion graph have been studied in [11,13]. Also Das
[11] posed four conjectures out of which two of them are solved by Wong [20] and
remaining two are proved by Peter J. Cameron et al. [7]. Various other graphs
associated with vector spaces like nonzero component union graph and nonzero
component graph of finite dimensional vector spaces have been introduced and
studied in [10,8,16,19]. The Cayley graph is a powerful tool to connect the algebra
and graph theory and there are worthwhile applications for Cayley graphs like
routing networks in parallel computing. The Cayley graph of finite groups and
rings are well studied in the literature and one can see [1,2,4,12,14,17,15]. The both
directed and undirected Cayley sum graph of ideals of commutative rings is defined

in [3] and some basic properties such as connectivity, girth, clique number, planar
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and outer planar are studied. Later Tamizh Chelvam et al. [18] studied about
connectedness, Eulerian, Hamiltonian and toroidal properties of Cayley sum graph
of ideals of commutative rings. Any interested reader can refer the monograph [5]

for complete literature on graphs from rings.

2. Preliminaries

Throughout this paper, V is a finite dimensional vector space of dimension n
over the finite field F containing ¢ elements and B = {a1,aq,...,a,} is a basis
of V. In this regard, B(W) denotes a basis of a subspace W of V in general B(V)
denotes a basis of V. Let S(V) be the set of all subspaces of V and let A be a subset
of S*(V) = S(V)\{0}. The Cayley subspace sum graph of V with respect to A is the
simple undirected graph with vertex set S*(V) and two distinct vertices X and YV
are adjacent if and only if X + Z =Y or Y + Z = X for some Z € A and the same
is denoted as Cay(S*(V),A). Any k(< n) dimensional subspace W of V spanned by
{B1,...,Pr} is written as (B1,...,Bk). When dim(V') = n, the number of distinct

subspaces of V with £ > 1 dimension is

o (" —)(g" ' —1)...(¢" T —1)
k], (" —1)(¢F1=1)...(¢q—1)

non
Thus V has > [k distinct non-zero subspaces and so the Cayley subspace sum

k=1

' n o |n
graph Cay(S*(V), A) contains kzl lk} vertices.

Now, we recall some definitions and notations on graphs. By a graph G = (V, E),
we mean a simple undirected graph with non-empty vertex set V' and edge set F.
The number of elements in V is called the order n of G and the number of elements
in F is called the size m of G. A graph G is said to be complete if any two distinct
vertices in G are adjacent and the complete graph of order n is denoted by K,,. A
graph G is said to be bipartite if the vertex V' can be partitioned into two disjoint
subsets with no pair of vertices in one subset is adjacent. A star graph is a bipartite
graph with any one of the subsets in the bipartite graph containing a single vertex
and the same is called as the center of the star. A graph G is n-partite if the vertex
V' can be partitioned into n disjoint subsets with no pair of vertices in one subset
is adjacent.

A walk in a graph G is a finite non-null sequence W = wvgejvies . .. exvy, whose

terms are alternatively vertices and edges, such that, for 1 < ¢ < k and ends of
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e; are v;_1 and v;. The walk W is said to be a trial if the edges e, ..., e of the
walk W are distinct. Further if vertices vg, v1,..., v, are distinct, then W is called
a path. A cycle is a path with starting and terminating vertex are same. A graph
is said to be Hamiltonian if it contains a cycle containing all the vertices of G. A
graph G is said to be connected if there exists a path between every pair of distinct
vertices in G. The diameter of a connected graph is the supremum of the shortest
distance between pairs of vertices in G and is denoted by diam(G). The girth of
G is defined as length of the shortest cycle in G and is denoted by gr(G). We take
gr(G) = oo if G contains no cycles. A complete subgraph of a graph G is called a
clique. The clique number of G, written as w(G), is the maximum size of a clique
in G. A subset D of V is called dominating set if any vertex in V' \ D is adjacent
with at least one vertex in D. The minimum cardinality of D is called domination
number and it is denoted by v(G). A planar graph is a graph that can be embedded
in the plane and the genus of planar graphs is zero. For undefined terms in graph

theory, we refer [6].

3. Cayley subspace sum graph

Let V be a finite dimensional vector space over a finite field F, S(V) be the
set of all subspaces of V and A C S*(V) = S(V)\{0}. The Cayley subspace sum
graph Cay(S*(V), A) = (V, E) is the simple undirected graph with vertex set S*(V)
and two distinct vertices X and Y are adjacent Cay(S*(V),A)if X +Z =Y or
Y +7Z = X for some Z € A. In this section, we observe some properties of
Cay(S*(V), A).

Theorem 3.1. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,an} and A = {Wq,..., Wi} C S*(V). Then Cay(S*(V),A) is
connected if and only if ij B(W;) = B(V) where B(W;) is a basis of the subspace
Wi of V. =

Proof. Let Cay(S*(V),A) be connected. Without loss of generality one can as-
k

sume that B(W;) C B(V). Suppose |J B(W;) C B(V). Then there exists at least
=1

=
one vector 8 € V such that ij BW;)U{B} C B(V). Let V} = {X € S*(V) : 5
and f are linearly independenzt_flor all B; € B(X)} and Vo = S*(V)\ V1. For X € W1,
we have X + W, = X' e Viforal W, €e A X e Viand Y + W, =Y’ € V, for
all W; € A,Y € V5. This implies that two vertices in different partitions Vi and V5
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of S*(V) are not connected by a path, which is a contradiction to the assumption

k
that Cay(S*(V), A) is connected. Hence |J B(W;) = B(V).

=1

Conversely, assume that U B(W;) = B(V) where A = {W1,..., Wi} C S*(V).

For X € §*(V), there ex1sts a path P=X—(X4+W)—(X+W1+Wy)—- —(X+
Z W) —-—(X+ Z W;) —V between X and V. Hence, every vertex X € S*(V)
is connected with V S0 Cay(S (V), A) is connected. O

Theorem 3.2. Let V be an n(> 2) dimensional vector space over a finite field
of order q with basis B = {a1,...,a,} and A = {Wy,..., Wi} C S*(V). If
Cay(S*(V),A) is connected then, it is not a path or cycle.

Proof. Let Cay(S*(V),A) be connected and V,,_1 C S*(V) be the set of all n — 1

dimensional subspaces of V. Then

-1
|Vn—1:[n] :q > 3.
q

n—1

We claim that every vertex in V,,_; is adjacent to V. If not, there exists X € V,,_
which is not adjacent to V. This in turn implies that there exists § € V such that

B(X)U{B} =B(V) and g is linearly independent with all the elements in B(W;)
for all W; € A,1 <14 < k. In this case U B(W;) C B(V), which is a contradiction

to Theorem 3.1. Hence deg(V) > |V,,_ 1| = 3 and so Cay(S*(V),A) can never be a
path or cycle. O

Lemma 3.3. Let 'V be a finite dimensional vector space over a finite field F. Then

Cay(S*(V),V) is a star graph.

Proof. Let W € 5*(V) be a non-zero subspace of V. Then W +V =V, ie, V
is adjacent to all W € S*(V). Hence Cay(S*(V),V) is a star graph with V as the

central vertex. O

Now, we observe certain instances where the Cayley subspace sum graph is

connected and they are consequences of Theorem 3.1.

Corollary 3.4. Let V be an n(> 2) dimensional vector space over a finite field.
Then Cay(S*(V),V) is connected and diam(Cay(S*(V),V) = 2.

Corollary 3.5. Let V be an n(> 2) dimensional vector space over a finite field.
Then Cay(S*(V), S*(V)) is connected and diam(Cay(S*(V), S*(V)) = 2.
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Corollary 3.6. Let p be a prime number and k > 1 be an integer. Let V be
a two dimensional vector space over a finite field F of order ¢ = p* with basis
B = {ai,a2}. Then Cay(S*(V),S*(V)) = K1 g41.

Proof. Let B = {a, as} be a basis for V. The set of all non-zero one dimensional
subspaces of V are Vi = {{(a1), (a2), (a1 + aaz)} for 0 # a € F where as V is the
only two dimensional trivial subspace of V. Note that [Vi| = p* + 1 and |Va| = 1
and Cay(S*(V),V) = Kj 441. O

Now, we find the girth of Cay(S*(V), S*(V)).

Theorem 3.7. Let V be an n(> 3) dimensional vector space over a finite field with
basis B = {a1,...,an}. Then the girth gr(Cay(S*(V), S*(V)))=3.

Proof. For aninteger m, 1 <m <n—2,1let X = (a1,...,m),Y ={a1,...,&m41)
and Z = (a1,...,Qm42) be mym + 1 and m + 2 dimensional subspaces of V re-
spectively. Let X' = (amt1), Y = (@m42) and 2’ = ({ami1, @ma2}) € A. Then
X+X' =Y, Y+Y' =Zand X+ 272" =Z Hence X —Y — Z — X is a cycle of
length 3 in Cay(S*(V), S*(V)). O

Theorem 3.8. Let V be a finite dimensional vector space of dimension n(> 2)
over a finite field F and A C S*(V). Then Cay(S*(V),A) is an n-partite graph.

Proof. Let S}, be the collection of all non-zero m-dimensional subspaces of V.
Then {S}

m

: 1 <m < n}is a partition of S*(V). To conclude the proof, it is enough
to prove that no two vertices in one partition S}, are adjacent in Cay(S*(V),A).
For, let X,Y € S}, for some m. Then X = (f1,...,8m) and Y = (B],...,0.,). Let
Z € A and dim(Z) = ¢.

Case 1. If Z C X, then X + Z7 = X.

Case 2. If Z ¢ X, then let Y/ = X + Z. Note that dim(X N Z) < ¢ and so
dim(Y’) = dim(X) + dim(Z) — dim(X N Z) = m + ¢ — dim(X N Z) > m. Hence
X+ Z #Y for any Z € A and so there exists no Z € Asuch that X +Z =Y. O

Using Theorem 3.8, we obtain the clique number of Cay(S*(V), S*(V)) where V

is a finite dimensional vector space.

Theorem 3.9. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,a,}. Then w(Cay(S*(V),S*(V))) =n.

Proof. Consider the set of subspaces {W1, ..., W,,} where W; = (a1, ..., ;) is an

1 dimensional subspace of V.
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Given W;,W; 1 < i < j < n,let Ujj = (i1, 42,...,:45) € S*(V). Then
W; + U,;; = W; and so the subgraph induced by {W; : 1 <i < n} is complete and
so w(Cay(S*(V),S*(V))) > n. By Theorem 3.8, w(Cay(5*(V), S*(V))) < n. Hence
w(Cay(S*(V), S*(V))) = n. O

For a finite dimensional vector space V over a finite field IF, the subspace inclusion
graph In(V) of V was introduced and studied by Das [9]. The subspace inclusion
graph In(V) of V is the simple undirected graph with the set of all nontrivial
subspaces of V as the vertex set and two vertices are adjacent if one is contained
in other. If V € A, then V is adjacent to all the vertices in Cay(S*(V),A)). Hence
it is necessary to study about the Cayley subspace sum graph by excluding by
considering V ¢ A. Let S**(V) = S(V)\{0,V} and A C §**(V). Now we prove that
the subspace inclusion graph In(V) can be realized as a Cayley subspace sum graph
with vertex set S**(V) = S(V)\{0,V}.

Theorem 3.10. Let V be an n(> 2) dimensional vector space over a finite field.
Then Cay(S**(V), S**(V)) is isomorphic to In(V).

Proof. Note that the vertex sets of both Cay(S**(V),S**(V)) and In(V) are
nontrivial proper subspaces of V. If X and Y are two adjacent vertices in the
graph Cay(S**(V), S**(V)), by definition there exists some Z € S**(V) such that
X+Z=YorY+ Z=X. This gives that X CY or Y C X. Hence X and Y are
adjacent in In(V).

On the other hand, let X and Y be adjacent in In(V). By definition either
X CY orY C X. Without loss of generality let us take X C Y. Then X + W =Y
where W is a subspace isomorphic to quotient space Y/X. From this X and Y are
adjacent in Cay(S**(V), S**(V)). O

Now we characterize all finite dimensional vector spaces V for which
Cay(S*(V), 5*(V)) is planar. We recall the following well known characterization
for planar graphs.

Theorem 3.11. ([6, Kuratowski’s theorem pp. 151]) A graph is planar if and only

if it contains no subdivision of K5 or Kz 3.

Theorem 3.12. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,an}. Then Cay(S*(V),S*(V)) is planar if and only if n = 2.

Proof. Assume that Cay(S*(V),S*(V)) is planar where V is an n-dimensional

vector space. Suppose n > 3. Let aj,as,a3 € B(V). Consider the subspaces
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Wi = {aq), Wy = (ag), W3 = (a3), Wy = (a1 +a2), W5 = (a1 +az), Ws = (az+
az), Wr = (a1, az2), Ws = (a1,a3), Wy = (a2,a3), Wig = (1,02 +az), Wi =
(o2, a1 +asz), Wiz = (ag, o1 + a2). The subgraph H of Cay(S*(V), S*(V)) induced
by {W; :1 < i <12} is given in Fig. 1.

Wy

Fig. 1: The graph H

Note that the graph H is a subdivision graph of K33 as given in Fig. 2.

Wy Wr

I/Vz VVS

W; € ® Wy
Flg .20 K 3,3

From this Cay(S*(V), S*(V)) contains a subdivision of K33 which is a contra-
diction to Theorem 3.11. Hence n = 2.

Conversely, assume that n = 2. By Corollary 3.6 Cay(S*(V),S*(V)) is a star
graph and so planar. O

4. Properties of Cay(S*(V),A)

In this section, we study Cay(S*(V),A) where V is an n-dimensional vector
space over a finite field of order ¢ with basis B = {aj,as,...,a,} and A =

{{a1),...,{an)}. In view of Theorem 3.1, we have the following.

Lemma 4.1. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {ay,...,an} and A = {{ay),...,{(an)}. Then Cay(S*(V),A) is con-

nected.
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Theorem 4.2. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {aq,...,an}t and A = {{a1), ..., {an)}. If X and Y are adjacent in
Cay(S*(V), A), then | dim(X) — dim(Y)| = 1.

Proof. Let the vertices X,Y € S*(V) be adjacent in Cay(S*(V), A). By definition,
there exists a subspace (a;) € A such that X + (a;) =Y or Y + (a;) = X for some
a; € B. Suppose X + (a;) =Y and dim(X) = k. Then dim(Y) = dim(X + («;)) =
k + 1. Hence | dim(X) — dim(Y)| = |k — (k+1)| = 1. O

Note that the converse of Theorem 4.2 is not true. For, let V be an n(> 2)
dimensional vector space with basis B = {a1,as, a3} and A = {{a1), (a2), (as3)}.
Let X = (1) and Y = (a1, a1 +@3). Then |dim(X) —dim(Y')| = 1 but there exists
noZe€Asuchthat X+ Z=YorY +2Z=X.

From Theorem 4.2, we have the following corollary.

Corollary 4.3. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {aq,...,an}t and A = {{a1),...,{an)}. Then no two non-zero subspaces

of same dimension are adjacent in Cay(S*(V), A).

Theorem 4.4. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {a1,...,a,} and A = {{a1),...,{an)}. Then Cay(S*(V),A) is a
bipartite graph.

Proof. Consider the partition V3 = {X € S*(V) : dim(X) is odd} and Vo = {X €
S*(V) : dim(X) is even} of S*(V). Let X and Y be two vertices in the same partition
Vifori=1,2.1f X and Y are of same dimension, then by Corollary 4.3, X and Y are
not adjacent. If X and Y are of different dimension, then |dim(X) — dim(Y)| > 2.
By Theorem 4.2, X and Y cannot be adjacent. Hence no two vertices in the same
partition V; for ¢ = 1,2 are adjacent in Cay(S*(V), A). O

Since a bipartite graph is bi-chromatic, we have the following corollary from
Theorem 4.4.

Corollary 4.5. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,an} and A = {{a1),...,{an)}. Then w(Cay(S*(V),A)) = 2.

Also we have following corollary from Theorem 4.4.

Corollary 4.6. Let V be a two dimensional vector space over a finite field of order
q with basis B = {ay,as} and A = {{a1), (an)}. Then Cay(S*(V),A) is the star
graph K g41.
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Theorem 4.7. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,an} and A = {{aq),...,{an)}. Then the girth of Cay(S*(V),A))
1s given by
4  ifn>3;
gr(Cay(5*(V), A)) =
oo ifn=2.
Proof. Case 1. Let V be an n > 3 dimensional vector space with basis 8 =
{ai1,...,a,}. By Theorem 4.4, Cay(S*(V), A) is a bipartite graph and so it contains
no cycle of length 3. Consider the subspaces Wi = (ay), Wo = (aq,as), W3 =
(a1, a9, a3) and Wy = (a1, asg). Note that Wi — Wy — W3 — Wy — W is a cycle of
length 4 in Cay(S*(V),A)) and so gr(Cay(S*(V),A)) = 4.
Case 2. Let V be a 2 dimensional vector space. By Theorem 4.6 Cay(S*(V), A)
is a star graph and so in this case gr(Cay(S*(V), A)) is co. O

Theorem 4.8. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {a1,...,a,} and A = {{o1),...,{an)}. Then diam(Cay(S*(V),A)) =
2(n—1).

Proof. Let X € S*(V). Assume that dim(X) = m > 1 and X = (51,...,0m).
Without loss of generality one can assume that B(X) C B(V) and B(V) is obtained
from B(X) by adjoining v1,v2, - - - s Yn—m-
Consider the trial P : X — (v1, 81, -, Bm) — (71,72, 815+ -5 Bm) — -+ — (71,72,
s Yn—ms By« -y Pm) = V from X to V is of length n —m which contains a (X, V)
path. Similarly, there exists a path of length at most n — m for any other vertex
Y to V. From this, one can visualize a path of length at most 2(n —m) between X
and Y in Cay(S*(V),A)). Hence diam(Cay(S*(V),A)) <2(n —m) <2(n —1).

Consider the two one dimensional subspaces U = (o) and W = (a3 + a2 +

..t ap) of V. Then P: U — (a1, a2) — (a1, a2, a3) — - - — (@1,...,q,) is a path
of length n — 1 between U and V and so d(U,V) = n — 1. On the other hand
QW — (g, W) — (a1, a0, W) — -+ —{a,...,an_1, W) is path of length n — 1
between Y and V and so d(W,V) = n — 1. Therefore d(X,Y) = 2(n — 1) and so
diam(Cay(S*(V),A)) = 2(n — 1). O

Now we characterize all finite dimensional vector spaces for which Cay(S*(V), A)

is planar.

Theorem 4.9. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {ay,...,a,} and A = {{a1),...,{an)}. Then Cay(S*(V),A)) is planar
if and only if n = 2.



10 G. KALAIMURUGAN, S. GOPINATH AND T. TAMIZH CHELVAM

Proof. Suppose n = 2. By Theorem 3.12, Cay(S*(V),S*(V)) is planar. Thus
Cay(S*(V),A)) C Cay(S*(V), S*(V)) is planar.

Conversely assume that Cay(S*(V),A) is planar. Suppose n > 3. Consider the
subspaces W1 = (ay), Wa = {(ag), W3 = {(a3), Wy = (a1 + aa), W5 = (a1 +
az), We = (az+az), Wr = (a1 +az+az), Ws = (a1,a2), Wo = (a1, a3), Wip =
(a2, a3), Wi = (a1, a0 + az), Wiz = (ag,q + az), Wiz = (a3, a1 + az), Wiy =
(a1 + ag, 1 + a3) and Wi5 = (a1, @z, as). The induced subgraph H induced by
{W; : 1 <1i < 15} is a subgraph of Cay(S*(V), A)). The graph H is given in Fig. 3.

Fig. 3: Graph H

Now let us prove that the graph H cannot have a planar embedding. Note that
the subgraph induced by {W27 Wg, W4, W5, VV77 Wg, Wg, Wlo, W12, ng} is the cycle
Cr=Ws—Wa—Wig— Wz =Wy — W5 — Wiz — W7 — Wiz — Wy — Ws.

Case 1. Let us place the vertex Wi5 in the interior face of C as in Fig. 3. Now
we get five cycles Cy = Wiz — Wis — Wio — Wy — W33, C3 = Wy — Wi5 — Wig —
Wy —Wg,Cy = Wig — Wis — Wy — Wo — Wig,Cs = Wy — Wis — Wig — Wa — Wy
and Cg = Wio — Wis — Wy — W5 — Wis. Now one has to place the vertex Wi in an
interior face of one of the cycles Cs, C3,Cy, Cs and Cg. Without loss of generality
let us place Wi in the interior face of Cy as in the Fig. 3. Similarly place the
vertex Wy in one of the interior faces and without loss of generality let us place
W in the interior face of Cg as in Fig. 3. Note that the vertex Wy is adjacent to
Wio and Wiy It is clear from Fig. 3 that one cannot draw the edges WgWio and

WegW11 without crossing another edge. Hence H is not planar.
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Case 2. Now let us consider the possibility that the vertex W5 is placed in the
outer face of C;. Note that the subgraph H' induced by {Wy, Wy, W3, Wy, W5, Wy,
Ws, Wy, Wig, Wiy, Wi, Wi3, Wis} is given in Fig. 4.

Wi

Wis

Fig. 4: H'

Consider the circle C = W, — Wg — Wis — Wy — Wy in H'. The vertex Wig
is inside C' and W7, is outside the circle C. One cannot draw edges WsWiy and
WeWhy in H' without crossings. Therefore the graph H is non-planar.

From the above Cay(S*(V), S*(V)) is non-planar, which is a contradiction. Hence
n=2. (I

5. Another class of Cay(S*(V),A)

In this section, we study Cay(S*(V),A) where A is set of all m(1 < m < n)

dimensional nonzero subspaces of V for some fixed m.

Theorem 5.1. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {a1,...,a,} and A be the set of all 1 < m < n dimensional
nonzero subspaces of V. If X and Y are adjacent in Cay(S*(V),A), then | dim(X)—
dim(Y)| < m.

Proof. Let X, Y € S*(V) be adjacent in Cay(S*(V), A). Then there exists some
Z € A such that X + Z =Y or Y + Z = X. Without loss of generality, let us take
X+ Z =Y. Then dim(X + Z) = dim(Y") and so
|dim(X) — dim(Y)| = | dim(X) — dim(X + Z)|
= |dim(X) — (dim(X) + dim(Z) — dim(X N 2))|
= |dim(Z) — dim(X N Z)| < m. O
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Now, we have the following corollary for n — 1 dimensional subspaces of V.

Corollary 5.2. Let V be an n(> 2) dimensional vector space over a finite field with
basis B = {aq,...,an} and A be the set of all n—1 dimensional nonzero subspaces
of V. Then V is adjacent to all the vertices in Cay(S*(V), A).

Theorem 5.3. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {a1,...,an} and A be the set of all m(> 1) dimensional nonzero

subspaces of V. Then Cay(S*(V), A) is connected.

Proof. Let X € S*(V). Assume that dim(X) = k and {81, ..., Bk} be a basis of X.
By division algorithm, n = mt 4+ r where ¢t and r < m are integers. Then P : X —
Bry ey Bryty ooy m)—{B1y ooy By, ooy am)— - By ooy By @1y o ooy Q) =V
contains a path between the arbitrary vertex X and V and so Cay(S*(V),A) is

connected. O

Theorem 5.4. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {a1,...,an} and A is the set of all m(> 1) dimensional nonzero
subspaces of V. Then the girth of Cay(S*(V),A)) is 3.

Proof. Let X = (81,...,0m-1),Y = (B1,...,8m) and Z = (B1,...,Bm+1) be
subspaces of V of dimension m,m + 1 and m + 2 respectively. Then the subspaces
X' =(B1,...,Bm) and Y' = (Ba, ..., Bmy1) satisfy X + X' =Y, Y +Y’ = Z and
X+Y' =Z Hence X —Y — Z — X is a cycle in Cay(S*(V), A)) of length 3 and so
the girth of Cay(S*(V),A)) is 3. O

Theorem 5.5. Let V be an n(> 2) dimensional vector space over a finite field
with basis B = {aq,...,an} and A is the set of all m(> 1) dimensional nonzero
subspaces of V. Then diam(Cay(S*(V),A)) = 2[>].

Proof. By division algorithm n = tm + r where ¢,r be integers with r < m.
Consider the subspaces Yi = (Q(k—1)m+1> Q(k—1)m+2> - - - » C(h—1)m—m) for 1 <k <t
of dimension m and Yi4+1 = (m+1, ®tmt2,- .., ) of V of dimension r. For a
nonzero subspace X € S*(V),let Zp =X and Z, = X+ > Y fori=1,2,...,¢t+1.

Then the trail W : Zg— 21 — Zy — -+ Zyy1 = V from XJtolV of length t +1 = [ ]
contains a (X, V) path. Similarly a trial W’ between another subspace X’ € S*(V)
to V of length ¢ +1 = [>] contains a (X', V) path. Hence there exists a path
of length at most 2[*] between two arbitrary subspaces X, X’ € S*(V) and so

Cay(S*(V),A) is connected and diam(Cay(S*(V),A)) < 2[X].
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Consider the one dimensional subspaces U = (a1) and U’ = {(ag +aa + ...+ ap)
of V. Then P : Zy—Zy — Zy — ... Z;41 = V is a path of length [*] between U and
V. Similarly P": U" — Zy — Zy — ... Z;41 = V is a path of length [ 2] between U’
and V. Therefore d(U,U’) = 2[ ] and so diam(Cay(S*(V),A)) = 2[ 2 ]. O
6. Properties of Cay(S*(V),A) where V is 3 dimensional

In this section, we discuss some special properties of Cayley subspace sum graphs
of three dimensional vector spaces over finite field. First we obtain some adjacency
relations of Cay(S*(V),A) for the different possibilities of A. Let V be the finite
dimensional vector space with {a1, s, as} as basis over the finite field F of order

q. One can see that the following are the complete list of non-zero subspaces of V.

One dimensional subspaces
(1) (o) :i=1,2,3;
(2) (o +aa;):i,j=1,2,3; i #j,a € F\ {0}
(3) (a1 + acz +bas) 1 a,b e F\ {0}.
Two dimensional subspaces
(1) i, a5) 4,5 =1,2,3; i # J;
(2) (s, a5 +aag) :1,5,k=1,2,3; i #j#k,a T\ {0};
(3) (a1 + acs, a1 + bag) : a,b e F\ {0}.

Note that total number of nonzero subspaces of V is 2(¢? +q) + 3. Suppose |V;] is
the number of i dimensional nonzero subspaces of V, then |Vi| = |Va| = ¢®> + ¢+ 1.
Note that Cay(S**(V), A) is a subgraph of Cay(S*(V), A) with vertex set S**(V) =
S(V)\{0,V}.

Theorem 6.1. Let V be a three dimensional vector space over a finite field and A
be the set of all one dimensional non-zero proper subspaces of V. Any two vertices
in Cay(S*™(V),A) are adjacent if and only if one of them is properly contained in
the other.

Proof. Let X and Y be any two nonzero proper subspaces of V and assume that
they are adjacent in Cay(S**(V),A). This implies there exists Z € A such that
X+Z=YorY +Z = X. In the first case X C Y where as in the second case
Y CcX.

Conversely, let X and Y be two nonzero proper subspaces of V and X C Y.
Without loss of generality dim(X)=1, dim(Y)=2 and so X = () and Y = (5, 5')
for 3,8 € V*. Then X+Z =Y where Z = (') € A, i.e., X and Y are adjacent. O
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Theorem 6.2. Let V be a three dimensional vector space over a finite field and
A be the set of all two dimensional proper subspaces of V. Any two subspaces are

adjacent in Cay(S*(V),A) if and only if one is properly contained in the other.

Proof. The proof of “only if” part is similar to that of Theorem 6.1.

Conversely, let X and Y in $*(V) and X C Y. Then there are three possibilities.
Suppose dim(X)=1, dim(Y)=2, X = (8;) and Y = (81, 82). Then X +Y =Y, i.e,
X and Y are adjacent. Similar proof follows in the cases of dim(X)=1, dim(Y")=3;
and dim(X)=2, dim(Y)=3. Thus in all the cases X and Y are adjacent. O

Corollary 6.3. Let V be a three dimensional vector space over a finite field and
A be the set of all two dimensional proper subspaces of V. Any two subspaces are

adjacent in Cay(S™*(V),A) if and only if one is properly contained in the other.
In similar to the proof of Theorem 6.2, one can prove the following.

Theorem 6.4. Let V be a four dimensional vector space over a finite field and
A be the set of all two dimensional proper subspaces of V. Any two subspaces are

adjacent in Cay(S**(V),A) if and only if one is properly contained in the other.

Remark 6.5. Let V be a three dimensional vector space and A be either the set
of all one dimensional proper subspaces or the set of all two dimensional proper
subspaces of V. By Theorem 6.1 and Corollary 6.3, Cay(S**(V), A) as same as In(V).
Let V be a four dimensional vector space and A be the set of all two dimensional
proper subspaces of V. By Theorem 6.4, Cay(S**(V),A) as same as In(V). This
property is not true for four dimensional vector spaces with other choices for A.
For let A; be set of all one dimensional proper subspaces and A, be the set of all
three dimensional proper subspaces of V. Then the subspaces (a;) and (a1, as, ag)
are not adjacent Cay(S**(V), A;) even though (ay) C (a1, g, ag). Similarly {aq)
and (aq, o) are not adjacent in Cay(S**(V), Ag) even though (1) C (aq, ).

Remark 6.6. By Theorem 6.4, Cay(S**(V),A) is same as In(V). Also, by [11,
Corollary 6.3] Cay(S**(V),A) is a ¢ + 1-regular graph.

Theorem 6.7. Let V be a three dimensional vector space over a field of order
q €1{2,3,5,8,17} and A be the set of all two dimensional nonzero subspaces of V.
Then Cay(S*(V),A) is Hamiltonian.

Proof. By [11, Theorem 6.10], Cay(S**(V), A) is Hamiltonian. Since V is adjacent
to all the elements in Cay(S*(V), A), we see that Cay(S*(V), A) is Hamiltonian. O
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Theorem 6.8. Let 'V be a three dimensional vector space over a field of order q and
A be the set of all one dimensional subspaces of V. Then the domination number
V(Cay(S*(V),A)) = q +2.

Proof. Note that Cay(S*(V), A) is a bipartite graph with vertex partition
Vi=AU{V}

and

V, = {all two dimensional subspaces of V}.

Consider the set D = {{ag3, a1 + aas), {ag,a3),V | a € F}. Then the following

are true.

(a;) is dominated by (ay, a;) for i,7 = 1,2,3 and @ # j;

(a1 + aaz) and (ag + aag) are dominated by (aq, a2) and (as, ag) respec-

tively;

(a1 + aas) is dominated by (g, a1 + aas);

(a1 + aaz + bas) is dominated by {(ag, aq + bas);

e Set of all two dimensional subspace are dominated by V.

This shows that D is a dominating set of Cay(S*(V),A) with |D| = ¢ + 2. To
conclude the proof, one has to show that ¢ + 1 elements are not sufficient for a
dominating set in Cay(S*(V), A). Since V dominates all two dimensional subspaces,
for a minimal dominating set, one has to choose elements in V5 which dominate all
the elements in V; \ V. By Remark 6.1, Cay(S**(V),A) is a ¢ + 1-regular graph.
Further [V; \ V| = ¢®> + ¢+ 1 and % =q+ qul’ This indicates that at least
¢+ 1 elements from V5 are needed to dominate all the elements in V; \ V. Hence

Y(Cay(S*(V),A)) =q +2. O
Now, we have the following corollary.

Corollary 6.9. Let'V be a three dimensional vector space over a finite field of order
q with basis B = {a1, ag, a3} and A = {{a1), (a2), {(a3)}. Then y(Cay(S*(V),A)) =
q+2.

From Corollary 5.2, V is adjacent to all the vertices and hence we have the

following corollary regarding domination for two dimensional case.

Corollary 6.10. Let V be a three dimensional vector space over a field of order
q with basis B = {aq, as, a3} and A be the set of all two dimensional of V. Then
V(Cay(5*(V),A)) = 1.
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Abstract

This paper is mainly dedicated to the issue of finite-time synchronization of T-S fuzzy
complex-valued neural networks with time-varying delays and inertial terms via directly
constructing Lyapunov functions with separating the original complex-valued neural net-
works into two real-valued subsystems equivalently. First of all, to facilitate the analysis
of the second-order derivative caused by the inertial term, two intermediate variables are
introduced to transfer complex-valued inertial delayed neural networks (CVIDNNS) into the
first-order differential equation form. Next, CVIDNNS are developed using T-S fuzzy rules.
By using the Lyapunov stability theory, inequality scaling skills and adjustable algebraic
criteria for T-S fuzzy CVIDNNSs as well as the upper bound of the settling time for synchro-
nization, are derived. Finally, one numerical example with simulations is given to illustrate
the effectiveness of our theoretical results.

Keywords Complex-valued neural networks (CVNNs) - Inertial neural networks - T-S
fuzzy - Finite-time Synchronization

1 Introduction

Dynamical behaviour analyzes for neural networks (NNs) have gotten a lot of interest in the
last few years [1—4]. Particularly, the synchronization of NNs has attracted lots of attention of
researchers due to its practical applications such as brain-like intelligence, image encryption
and secure communication [5—12]. On the other hand, NNs with inertial items exist engineer-
ing and biological backgrounds [13, 14]. Unlike the traditional first-order NNs, inertial neural
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networks (INNs), which are described by second-order derivative, can contribute to chaos
and bifurcation [15]. It was discovered that INNs not only have more sophisticated dynamics
than the traditional resistor-capacitor first-order model [16], but also have a diverse biolog-
ical background. For instance, The membrane of a hair cell in semicircular canals of some
animals, such as pigeons, appear to form circuits with inductance. According to researchers,
INNs play an important role in many practical applications like signal processing, automatic
control, and so on. As a result, it is critical to investigate the dynamics and control of INNs
[17, 18]. Furthermore, in the actual models of the INNs, the introduction of the inertia term
is generally reflected in inductance, contributing to the disordered search of memory and
INN s can perfectly imitate the brain of human, so it is significance to research the dynamical
properties of INNs. Therefore, such an issue is a meaningful topic that can be discussed in
depth, which is a first motivation of this work.

Fuzzy logic systems or NNs have been proved to be universal approximators, i.e., they
can approximate any nonlinear functions. Therefore, fuzzy logic systems and NNs have been
widely adopted for nonlinear systems [19, 20]. In recent years, the fuzzy logic theory has been
efficiently applied to many applications and it is an effective approach to modeling a complex
nonlinear system and dealing with its stability. Takagi—Sugeno (T-S) fuzzy model [21-23] is
generally known as an excellent mathematical model that allows many types of analyzes, of
which synchronization is a promising issue in the fuzzy control field, particularly for nonlinear
dynamics plants. Recently, the challenges of synchronization analysis for T-S fuzzy systems
with NNs have been explored [24, 25]. Furthermore, T-S fuzzy models have been shown to be
effective in dealing with nonlinear INNs. Few author studied the synchronization analysis for
T=S fuzzy INNs [26, 27]. Compared with the asymptotic synchronization [28, 29], the finite-
time synchronization is more attractive in some engineering fields [30, 31]. The finite-time
synchronization of INNs was examined using some of the integral inequality and finite-time
synchronization theorems given in [32—-35]. Motivated by the above works, we will attempt
to integrate the the T=S fuzzy logics, which could approximate nonlinear smooth functions
with arbitrary accuracy using linear functions into INNs and take the IF-THEN rule into
account to form a class of T-S fuzzy INNs with time-varying delays. This is our second
motivation.

Motivated by the aforementioned results of real-valued NNs, we proposed in this paper to
investigate results on complex-valued NNs (CVNNSs). In addition, the above research results
are all on the basis of the real-valued NNs model with real-valued activation functions, state
variables and connection weights. CVNNs has more complex properties, not just simple
extensions of real-valued one. It is very necessary to study this model into the study of the
dynamic behaviors of nonlinear systems [36-38]. In many realistic systems CVNNs have
been applied to deal with electromagnetic, light, quantum waves, optoelectronics, filtering,
speech synthesis, remote sensing, signal processing, and so on. Nowadays, many of the
researchers are interested to it and paid more attention to analyze the properties of CVNNs.
CVNNs with complex-valued states, activation function, connection weight and input are
an extension of real-valued NNs that have been one of the most important research topics
in many applications [39-42]. In recent year, CVNNs with inertial terms have piqued the
interest of researchers , but only a few results have been published. These two basic meth-
ods have also been applied to analyze the complex-valued INNs (CVINNSs) with constant
delays or time-varying delays and a number of meaningful works have been achieved, such
as exponential/asymptotical stability [43], exponential/asymptotical stabilization [44]. The
authors [43], adaptive synchronization problem was discussed for CVIDNNs by employing
non-separation approach. In [44] analyzed the exponential synchronization of state-based
switched CVIDNNSs via decomposing approach. As stated in [45], in deep learning appli-
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cation, NNs with complex-valued signals can realize more robust transmission of gradient
information between layers, more accurate forgetting behavior, higher memory capacity and
significantly reduced network scale. At the same time, CVNNs can be applied to handle with
some practical problems which cannot be solved by a real-valued neuron [46]. In addition,
handling the stability of CVINNs requires specific and completely different tools from real-
valued INN ones. To our knowledge, there has been few developed achievements for CVINNs
with time-varying delays and the result of finite-time synchronization problem has not been
reported. Therefore, it is of great significance to study the dynamic behavior of CVINNs for
extending the application scopes of NNs. In this paper is the main motivation.

Based on what has been discussed above, the main aim of this paper is to investigate
finite-time synchronization for T-S fuzzy complex-valued inertial delayed neural networks
via a decomposition approach with time-varying delays. The main highlights of this paper
are as below.

1. This paper establishes a kind of T-S fuzzy CVIDNNSs with inertial terms, fuzzy terms,
and time-varying delays, and extends the previously published articles [43, 44]. This
makes the model considered more versatile and practical in practical applications.

2. By dividing the fuzzy inertial complex-valued neural networks into real and imaginary
parts, the model is converted into two fuzzy inertial real-valued NNs.

3. This paper combines with CVIDNNSs and fuzzy IF-THEN rules to achieve the finite-time
synchronization of T-S fuzzy CVIDNNs and the fuzzy-dependent technique is more
adaptable and useful for reducing conservatism.

4. To finite-time synchronization of T-S fuzzy CVIDNNS, the linear feedback controller

designed, which are general and different from the linear controllers in [26, 27].

Easily-verified algebraic criteria are performed to guarantee finite-time synchronization.

6. To highlight the usefulness of our theoretical result technique, a numerical example and
comparison of synchronization scenarios are provided.

b

2 Problem Description

A class of T-S fuzzy CVDINNSs with time delay is as follows:

Vo (1) = =V (1) = VaVur (1) + Y O (var (1)) (v (1))
B=1

n
+ Z wap (Yo (1))gp(ypt — 0 (1)), (H
B=1
with the initial condition: y (s) = fi(s) € PC([—o, 0], C"), y4(¢) € C represents neuronal
state, and its second derivative is known as the term of inertia.
¢o > 0 and ¥, > 0 are feedback template components; 6y (Yo (f)) and wyg (Ve (1))
are complex-valued state-dependent connection weights; o (¢) represent the time delays that
satisfy 0 < o () <oy and 6(¢) <o < 1; gg(-) is complex-valued activation function.
Suppose Y (1), Oup (Vu (1)), wap (Yo (t)) and gg(yp(t)) can be separated into real and imagi-
nary parts; Yo (1) = ¥ (1) + iy (1), Oap (Va (1)) = O (v (1)) + 16005 (Ve (1)), wap (v (1)) =
i (Ve (D) + iwlg (g (0), gs(rp(M) = gf (g (1) + iglg(yj (@), in which y,f (1),
O (Vo' (1)), 08 (v (1)) and gf (5 (1)) are the real parts of yu (1), fup (Vu (1)), @ap (Vu (1))
and gg(yp(t)), respectively; ya[ (1), Qéﬁ (yof (1)), wéﬁ (yof (¢)) and gé (yﬂ’ (t)) are the imag-
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inary parts of yy(t), 6o (Ya (1)), wap(Ya(t)) and gg(yp (t)) respectively. The follow-
ing are the state-dependent coefficients: if |ya ] < ‘Ra, 9§ﬂ(yR(t)) waﬁ(y(f(t)) are
equal to Qaﬂ, ARﬂ and Gaﬂ, 5/3 if Iya " < Ng, OIﬁ(ya 1), w /5()/0, (1)) are equal
to Gaﬁ, aﬁ and Oaﬂ, Vaﬂ where Wi > 0, Ny > 0 denotes the threshold level,
GR 5 ¥R

Oup> @, aﬁ, 90(/3! aﬁ, Gaﬁ, aﬁ, 90(/3! aﬁ are constants. Let 6% ﬁ = max{|9aﬂ| |9a/3|} Wop =
max{|waﬁ| |waﬂ|} ﬂ = max{|9aﬂ| |9¢xﬂ|} ol op = max{|waﬁ| |a)aﬂ|}

Remark 2.1 Real-valued INNs have recently received a lot of attention due to their appli-
cations in engineering, and several results on secure communication have been published
[17-19]. These results, however, are all based on real-valued systems. We know from Yu et
al. [43] and Li et al. [44], that CVDINNS have several practical applications as well. To the
best of the authors knowledge, there are limited results on CVDINN:S, as inspired by Yu et al.
[43] and Li et al. [44], As a result, this paper has significant implications for further research
on CVDINNGs.

Then, system (1) can be divided into two parts: real and imaginary, as shown below:

PR = =Gava () = Yayf (1) + Y 05X 0)gf (vf (1)
B=1

- S el anghvi o
p=1

+ Y ol Rk ki — o))
p=1

~ Yol gh i — o). 2
p=1

and

Va (1) = —a¥y (1) = YaVa (1) + 29 b (e (0)gh (vg (1))
B=1

+ > 0Ll gk o
=1

DI IR OV A ACERAON)
p=1

+ D wlgrd O)gF vf @t — o). 3)
p=1
Systems (2) and (3) can be expressed as
Q) =—-dQ1) —¥Q@) + O GR@) + ©'RG 1)
+ WRIGR(t — o (1)) + WIRGT(t — o (1)), )

where Q1) = (), ., v, O, Y @), oo vl )T, GRO) = @R ORO), - 80 (y,l ),
gf?(le())’ cy ngS(ynR()))Ta GI( ) = (gl (yl ())7 ceey gyll(ynl(ynl())? g{()’{( ))9 (X gn (yn ( )))T’
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q> = diag{¢l» A ¢f’l» ¢17 s ¢’n}» "I” = diag{‘/’lv seey I/fnv lﬁl, iR} ‘/Il‘l}v

ki[O O)nxn 0
© _( 0 O (VL (1)) nxn
1k [~ Ol O)nxn 0
7 _( 0 O RO |
Wkl _ (@0 O 0

0 (@hs (Y O)nxn |
Wik — — (@85 (Ve (D))nxn . 0

0 (@& V& ())nxn

Remark 2.2 The system model in this paper also considers complex domain, IF-THEN fuzzy,
inertial item, time-varying delay, so the discussed CVINNSs is a more general case than the
existing system models, including the CVINNs without T-S fuzzy [13, 14], the CVINNSs only
with delay [43], the CVNNs without inertial items (see [36—42]) and so on. In additions, the
theoretical results obtained in this work are established in a more general framework and has
a wider field of actual applications such as secure communication compared to the results of
the previous research works (see [36—42]).

Remark 2.3 Many mathematical models for real-world phenomena are inherently nonlinear,
and nonlinear system stability analysis and synthesis problems are typically difficult. The
fuzzy logic theory has been shown to be effective in dealing with a variety of complex
nonlinear systems over the last few decades, and has thus received a great deal of attention in
the literature. The T-S fuzzy INNs model is one of the most popular fuzzy models (see [26,
27]). A nonlinear system is represented in this type of fuzzy model by a set of local linear
models smoothly connected by nonlinear membership functions, which has a convenient and
simple dynamic structure, allowing the existing results for linear systems theory to be easily
extended for this class of nonlinear systems. Therefore, it is of great significance to study
the finite-time synchronization of T-S fuzzy CVINNS for extending the application scopes
of T-S fuzzy INNs [26, 27].

T-S fuzzy sets are consider (4), as shown below:
Plant rule r: IF k1 (1) is Y, ka(1) is Y3, ..., k7 (1) is Y}, THEN

Q1) = —0PQ1) — v PQ1) + 0K GR(t) + ©'RG! (1)
+ WRIGRG —o) + WIRG (1 — 0 1)), 3)

where @@ = diag{p\?, ¢\, ... ¢\, ¢\V 6\, . V), WD = diagiy\?, y\?, ..,

@) wl(q), 1//2(‘1), s YN, Y} is fuzzy set, kp(¢) is premise variable, p € N7, ¢ € N,, and

m is the number of fuzzy IF-THEN rules. System (5) can be inferred from the blending as

Q) =) By V(1) — W PQ1) + O GR (1) + ©'RGT (1)
g=1
+ WRGRG — o) + WRG (1 — 5 (1)1, ©)
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where k(1) = (ki (1), ka(t), ..., kp(1))T, and
[T)oy Gy ()
Y Ty k()

in which T" (kp (1)) is the grade of membership of k, (¢) in Tq. We know that based on fuzzy
theory Z 1 Bg(k(r)) = 1and E,(k(1)) = 0forg € N,,
Asa result of the drive system (6), the response system is as follows:

By k(1)) =

30) =) Byk(t)[—V3() — WOI(1) + 8GR (1) + 6'FG (1)
q=1
+ WRGR@ — o)+ WRG (t — o (1) + AD)], ©)

where A(t) = (go1 (t) ,gan (t) gol ®), ..., 0, L(t))T will be control designed later;
() = ()71R ®)s s ¥y R, yl ®), .ty Py (t))T denotes the initial condition of the response

systemstatevarlable P(s) = u(s)ePC([ 0,0] ch, GR()—(gl( (), s R PR (1)),
SROEO) . e gRGROT. G ) = @I PO gl GO, gl L), o gE @I,

(:)RI (0 ( (t)))nxn 0

0 O P ONnxn )
o1& _ [~ Capa 0

0 O CEOnxn )
ki _ (@ T O 0

0 (@hg (P O)nxn |

21k [—(@Lg (P (D)nxn 0
" - ( 0 (waﬂ( (t)))nxn> '

We define €, (t) = P4 (t) — y (¢) is the synchronization error as follows:
T () =) Bk([-PDVED) — VD (1) + OF AR (1)
g=1
+ O RA' O+ W ARG —c) + WIRA (1 — 0 (1))
+ OMARD + O RAT 1) + W ARG — 0 (1))
+ WIRA(t — o (1) + ()], ®)

where €(1) = (ef (1), ... ef ), €l @), ...l )T, AR @) = (HR@)T, (HR(z)T))T
I:Il(t) = ((HI(I))T,(H’(I))T)T, HR (1) = (gf (1) — gf(VIR(t)) S eR@RW) -
Ry Ron™, H'(1) = @@l 0) = el @), o gh DI @) = gl )T, OFF =
ORI ORI O[R OIR OIR WRI WRI WR[ WIR WIR WIR.

We designed the feedback controller ¢, () = @ Rty + l(pa () is presented as follows:

oR@) = (kR<r>|eR<r>|¢+kR|eR<r>|+;a ()] e’ (r>|f+ Rl eR (1) + 88)sign(&l 1)),
oLty = —(kKLOIEL O + RLIEL @) + ¢l ()] €l 1)F + pLI €L ()] + 81)sign(eL ),
)
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where kolf(t), 125 (1), gf (1), 85(1‘) kL k! (1), {O{ (1), SOIt are control gains and k = 125 = AOI,

> o o

Assumption 2.4 The nonlinear functions golf () and gé(-) are differentiable, Igolf O <
Molf, |gé(~)| < Mé and there exits p(f > (0 and pé > 0 such that

lgXw) — ¥ ) < pflu— vl 1glw) — gl < pllu —v|,Yu,veRr.

Definition 2.5 CVIDNNs drive system (6) is said to be in finite-time synchronized with
CVIDNNS response system (7), if there is a constant 7*(€ (0)) > 0 (¢*(€ (0))) based on the
initial condition € (0) and € (1) = (ef ), ¥ () el (1), €l ®. el ), e,’,l o7,
such that lim,_, oy l|€(®)|| = 0 and [|€(#)|| = O for V¢ > 1*(&€(0)), where 1*(&(0)) is
referred as the settling time.

Lemma 2.6 Ifthe following inequality holds for a continuous, positive definite function y (t)
y(@) = —y”®),Vt = 10,y (t0) =0,
where t > 0,0 < @w < 1 are constants. Then y (t) satisfies
YO =y T w) il — @) — 1) o St < T,
and
y(to) = 0,¥t > T.
Also T given by

Y177 (t0)

T =194 L—0
Ly p—

3 Main Results
3.1 Finite-Time Synchronization via Feed-Back Controller

Theorem 3.1 Under Assumption 2.4, CVIDNNs drive system (6) is said to be in finite-time
synchronized with CVIDNNs response system (7) are finite-time synchronized via feedback
controller (9), if the following condition holds:

@) |6 + Y p_ OF o8 + 01,08 | < pE

Qi) o + Y h_ (0,08 + 08,00 | < bl

(i) (1 — ¥&) < ka

(V) Ypoy 2068 — 051 + 108 — df DML + 3751 201005 — 044
Hdl, — olghM) < 88+ 81 + of + ol <0,

(10)

1-¢ .
Y_E€O) yypere Q. = mmlgain{kR KL R 1y,

and fort > t*, the settling time t* = 97 (%) oo ks
min

Proof Construct the Lyapunov-functional as:

vin =Y llef oI+l O1+1efol+ el (11)

a=I
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We reach the following results by taking the time derivative of V () along the trajectories of

(8):

n

DTV@) =Y {sign(ef )l @) +sign(el, 1)L @)

a=1

+ sign(ER el @) + sign&l el m)

<> Eq(ko))héif(m +el o)

a=1g=1

n
+ oW el 0 -y 1R 01+ D 651 o)
B=1

n n
+ Y 6L IH O+ Y ofHR ¢ — 0 ()]
B=1 B=1

+ Y @llHLC— o))
p=1

+ 108 vl 0) = 0 S ) gf (g )
B=1

+ Y 162 (g (1) = 6ag(vy D18 (vg (1))
p=1

+ ) ol k) — o Ok vf t — o))
p=1

+ Y lwks (rd (0) = 0l (v O)NIgh (vg (t — o (1))
p=1

— sign(EX )R 1) + 90| €l ()] — v P1EL (1))

n n
+ D Ol HEOI+ D 64l HE (0]
p=1 B=1

n n
+ Y Bl HG = o)+ Y bl HE (¢ = o ()]
B=1 =1

+ ) 1625 ) = 0 ) llgh (v ()
p=1

+ Y 1B (va (1) — O (vl O)lIgh (v (1))
B=1

+ Y o0k 1) — ol O)Igh it — o (1))
p=1
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+ ) ol (va (1) — 0l (rd O)IIgK (v 1 — o (1))
p=1

- sign(ég(t))wg(t)}. (12)

It follows that the Assumption 2.4 and 0 < o (t) < oy, 6 < o < 1, obtain that

DV =YY sq(k<r)>{|é§(r>| +1EL D)

a=l g=1

+ 001 € 01— W18 @) + 3Bl €f
p=1

n
+ D Ouppl €f <r>l+ZwR SIS S N
B=1 B=1

n
+ ) lagg — dgg MK +Z|waﬂ | M
- sign(éR(t»% (t) +¢<q>| el i —y@IEL®)

+ Ze Lopl € (0 +Zeiﬁpﬁ | ef ()] +Z|9§,3 — 05 1M;
B=1 B=1

+Z|% 9ﬂ|Mﬂ+Z|waﬂ | M
B=1

+ Z |k — kg ME — sign(éga))so;(r)}

<Zzuq(k(r>){(1 YEEE DI+ (1 =y )L 0]

a=1g=1

n
+ | 80+ 0808 + 0pu) | 1 €8 )]
B=1

n
+ Y 2008 — 6 hMf
p=1
n
+ ) 20005 — Oagl + 0Ly — BLgI M}
n
— 5ign(EX @)X )+ | 80+ " Ohu0l + Opal) |1 €L )]
p=1

- sign(éé(t))wé(r)}. (13)
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The feedback controller (9), it follows that,

DTV =Y Y aqac(z)){(l —YIEE DI+ (1 = Y EL )]

a=1g=1
n
+ | 6+ D OF 08 + 05,05 |1 €8 )]
p=1
n
+ > 2068 — 051 + 108 — oM
p=1
n
D 21bap — bagl + 1y — yg DM
p=1
— kR @1ERnf — Q1R - (f o)) €f 0F - of
n
+ | 80+ Oh0l + 05001 €l 0] | — 81 €8 1)1 - pLl €l )]

p=1

— K@el @ —kelo) - ¢l €l @) —wé}-

Then,

n m
DTV <Y Y Eq<k(t))[(1 —yINES D]+ (1 =y D)EL O]
a=1p=1
B n
+ | 6+ D 0,08 + 0,05 | 1 €5 )]
p=1
B n
+ | 80+ Oh0k + 0400 |1 €L @)
B=1

— kR1ER@))E —KkLIEL DS — kol &R ()] — kol &1 (1)

- B el m-pllel o1 -k ef ofF -l el o

n
+ > 2068 — 081 + 108, — oM
=1

n
x Y 20k — 0Ll + 100k — BLgh M — f —wé]- (14)
B=1
If the condition (10) holds, we obtain that
DTV@) < —kFIER DI —klEL D) — R ek f -1 el o
< —miny<qentkZ kL R ML R O +1 €l OFF +1E801F +1EL @)1

< -9 vip

min
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>0, 0< 2 < 1 are constants. Therefore, we get V(€ (1)) =0, V¢ > ¢* and

JARICEION

QW a-b’

By Definition 2.5, we conclude that the CVIDNNS s drive system (6) can be achieved finite-

VI-{(e)

QLlILi)n(lié) .
m}

(a)
where €, 7

the settling time t* =

time synchronized with CVIDNNSs response system (7) and the setting time t* =

Remark 3.2 Unlike the results for asymptotical and exponential synchronization of CVIDNNs
with and without separate real and imaginary parts in [43, 44], this paper studies finite-time
synchronization of the T-S fuzzy CVIDNNSs drive system (6) and CVIDNNs response system
(7) under feed-back controller. Different from previous work which focus on the asymptot-
ical and exponential synchronization, we care more about the length of convergence time
and design a controller to make it be able to adjust to an arbitrary length. It has been proved
that finite-time synchronization has better application in the practical fields, such as signal
processing, pattern recognition, associative memories and optimization problems. Then, by
light of the proposed settling-time techniques in (10), our goal is achieved. Theorem 3.1 gives
the sufficient conditions on finite-time synchronization of T-S fuzzy CVIDNNSs with time-
varying delays. The settling time function is bounded above by a priori value that depends
on the design parameters, which is associated to initial conditions. It shows that the reaching
time is secured during a prescribed manner. According to the settling time formula (10), we
know that t* is inversely proportional to 2, Rt k(f , and ké.

3.2 Asymptotically Synchronization Via Feed-Back Controller

Next, we investigated asymptotically the synchronization of the CVIDNNSs drive system (6)
and CVIDNNSs response system (7), under feed-back controller is equivalent to the stability
of error system (8).

The feedback controller designed as

{¢>§(r) = — (kg 165 1 + g1 €F ()] + 85 )sign(€]) 15)
ol(t) = —(kLIEL @)+ pLI R (] + 8L)sign(El)

where k§, ké, @5, 65, 85, (Sé are gains.

Theorem 3.3 Under Assumption 2.4, the CVIDNNs drive system (6) and the CVIDNNs
response system (7) can be achieved asymptotically synchronized via controller (15), if the
Jollowing condition are satisfied as follows:

() kR =1 —minj<gem {vi”}

(i) kL =1 —miny<qgem{ws”)

(i) PF = maxi<g<n {8} + Xh_, OF, 0% + 6,05

(iv) Pl = maxi<gem{06”} + Xh_y L, 08 + R 0l)

V) 88480 =Y h 2008, — 681 + 108, — of,HMEF
+ Y ho 200k — 6L + 10k — DLy M}

(16)

Proof We choose Lyapunov-function same as in (11) and time derivative of V (¢), obtain that

IOED Y Eqac(z)){(l —yDHIEk D+ —yDIEL o]

a=1g=1
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- ¢‘1+Z<9ﬁapa+é,§ap§> | eX o)

n
+ | 0L+ D Oagps + 05,00 | 1 €4 0

n

AR AR ~R v R R

+ 2200 — fapl + 1y — il M
n

+ Y 2000 — Olgl + |k — dlgh M
=1

— of — ol —kR1ER @) - kLIEL )] - pR1 X (1)) — bl €] (r>|}. (17)
Then,

DV <Y Y aq(km){(l — YD —kBER D+ (1 -yl —kDIEL )]

a=1 q—l

+ ¢(q>+2<eﬂapa+é,§apa> pX |1 eX o)

n
b Lo+ Sl + o -0l |1 o
ﬁ:l

n
AR SR ~R v R R
+ ) 2008 - 651+ 108 — ol HMf
=1

n
+ > 20005 — Ol + |0Lg — VaﬂbM,é—wo’f—w;}. (18)

If the condition (16) are satisfied, then DTV (t) < 0, Vt > 0. Therefore, the error system
(8) are asymptotically stable, i.e; the CVIDNNS response system (6) can synchronized with
the CVIDNNS drive system (7) via controller (15). ]

Remark 3.4 Compared with [43] where the exponential synchronization of CVIDNNS, where
the exponential stabilization of CVIDNNSs [44] are studied, we achieve the finite-time syn-
chronization of the T-S fuzzy CVIDNNSs in this paper. Unlike previous research results,
which has focused on asymptotical or exponential stabilization and synchronization, we are
more concerned with the length of convergence time and have designed a controller that
can adjust to an arbitrary duration. Many author, it has been demonstrated that finite-time
synchronization is more useful in practical applications such as secure communication.

4 Numerical Examples

In this section, a numerical example is provided to demonstrate the validity of the main results
of Theorem 3.1.
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Example 1 Consider the following drive-response T-S fuzzy CVIDNNS, as well as the two
fuzzy rules:

2
Vult) =Y Eq(k(t))i[—qbé‘”ya(t) — D7 0)]

g=1

2
+ ) Oap (Va2 (vp (1))

p=1
2
+ Za)aﬂ()’a(t))gﬂ(yﬂ(t - a(t)))}, (19)
p=1
and
. 2
Vo lt) =Y Eq<k(r>>{ O Do (1) — Y P (1)
q=1
2
+ Y Oup (Pu(1)2p(Pp (1))
B=1
2
+ Y wupPu()gp(Ppt — 7 (1)) +¢z(t>}, (20)
p=1
o = 1,2, time delays o(t) = e, with o)y = 0.78, ¢>(l) w;l) = q’)él) = Wz(l) =
272, ¢ = yP = P = wéz) = 391,68 = —1.04,6F = —1.70,68 =
201,08 = —0.92,68 = 233,68 = —1.18,08 = 2.69,68 = —1.87,68 = 1.04,
0l, = —1.27,6!, = —0 15, é’z = 140,00, = —1.24,0], = 0.49,é’1 = 1.50,6), =
031,60}, = —2.19, & 1 = —2.13, wn = —0.92,0f = —2.13,0f = 1.24, a)21 =
052, o) = 149, ox, = —2.04,08 = -2.57, of, = 2.10, a)“ = 3210, =

1.40, & 2 = 4.12, w5, = 3.01, 05, = 2.27, 05, = 3.37, a)22 = —3.26, activation func-
tion gg(-) = tan3h(-) + tan5h(-)i and membership functions E;(k(t)) = 69”‘(’)‘/(1 +
E*ON By k() = 1/(1 + KONy, where k(r) takes y1(f) and i (¢) in the drive and
response systems, respectively.

Under the initial values y (s) = 2.4 —3.1i, y»(s) = —1.342.0i, y; = =2.5=3.1i, y»(s) =
2.6 — 5.1, p1(s) = —1.2 4 0.3i,72(s) = 2.1 + 1.7, y1(s) = —0.3 — 2.8i, ya(s) =
2.5 —2.8i, s € [—1,0), the drive-response CVIDNNSs (19) and (20) are unsynchronized
without control,as illustrated in Figs. 1, 2, 3 and 4.

Next we designed controller from (9), we select control parameters, klR = 1.2, kf
23,k =07,k = -09,¢f = 23, (R = -45,¢] =09,¢f =1.3,pF =3.5,pF
—3.9,p = —5.6,p5 =0.6,k; = 1.7,ka = 0.8,8F = —3.5,88 = —4.5,5] = -73,8}
2.1.

Then, according condition (10) is satisfied. It can be obtained from Theorem 3.1 that the
drive system (19) and response system (20) with above parameters can achieve synchro-
nized in finite-time. Figure 5 and Fig. 6 show the synchronization error trajectories of real
and imaginary part for drive system (19) and response system (20) via the controller (9).

Furthermore, the estimated setting time is obtained as t* = %IE(O;)) = 0.9372.
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Fig.4 Time evolutions of the states y2 (r) and 7. (t) for drive-response system (19) and (20) without controller
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Fig.5 Synchronization error trajectories El (1), e (t) under controller (9)

Remark 4.1 From Figs. 5 and 6, we find the T-S fuzzy CVIDNNS drive system (19) and
response system (20) successfully realizes the finite-time synchronized under the feed-back
controller (9). From Figs. 7 and 8, we find, the asymptotically synchronized when T-S fuzzy
CVIDNNS drive system (19) and response system (20) via controller (15) is unstable, we
enhance the control strength. The control strength weakens with the T-S fuzzy CVIDNNs
drive system (19) and response system (20) achieving the finite-time synchronized.

Remark 4.2 1In the compare with controllers (see [43, 44]), the sufficiently small gains would
lead to small control inputs, but the required synchronization speed may be quite slow. Our
controller designed to achieve synchronization, the controller (10) with parameters § cR,
< kR and k’ should be selected in accordance with the synchronization speed to be quick
and the control input not to be very large, considering the designer requirements.
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5 Conclusion

We investigated the finite-time synchronization problem for T-S fuzzy of CVIDNNS in this
study by divided into the real and imaginary parts of complex-valued values. Some easily
verified algebraic criteria to ensure the finite-time synchronization of CVIDNNSs are estab-
lished by utilizing the Lyapunov function and inequality analytical techniques. A numerical
example showed the validity of our theoretical results. For further works, we will study the
sampled-data event triggered control of CVIDNNs with time delays.
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ABSTRACT ARTICLE HISTORY
In this paper, we study the robust H.. performance for discrete-time T-S Received 1 November 2018
fuzzy switched memristive stochastic neural networks with mixed time- Accepted 30 January 2020

varying delays and switching signal design. The neural network under KEYWORDS
consideration is subject to time-varying and norm bounded parameter Switched; memristive; H..
uncertainties. Decomposing of the delay interval approach is employed in performance; Lyapunov-
both the discrete delays and distributed delays. By constructing a proper Krasovskii functional; neural
Lyapunov-Krasovskii functional (LKF) with triple summation terms and networks

using an improved summation inequality techniques. Sufficient condi-

tions are derived in terms of linear matrix inequalities (LMIs) to guarantee

the considered discrete-time neural networks to be exponentially stable.

Finally, numerical examples with simulation results are given to illustrate

the effectiveness of the developed theoretical results.

Introduction

As it is well known, in the theoretical modelling of traditional neural circuits, the system parameters
are determined by the electric components such as capacitance and resistance. Recently, the
memristor has received increasing research attention due to its advantages over resistance such as
small size, low energy consumption and storage capacity (Chua, 1971; Strukov, Snider, Stewart, &
Williams, 2008). Due to the rapid development of the memristor, the memristive NNs have stirred a
great deal of research interests and considerable research efforts have been made on the dynamical
behaviour analysis issues of memristive NNs such as stability issues (Anbuvithya, Mathiyalagan,
Sakthivel, & Prakash, 2016; Li et al, 2017b; Mathiyalagan, Anbuvithya, Sakthivel, Park, & Prakash,
2016) and synchronisation problems (Li et al., 2017a; Que et al., 2010; Yang, Luo, Liu, & Li, 2017). It
should be pointed out that, in the existing literature, almost all the memristive NNs concerned are of
continuous time. Actually, the discrete-time NNs could be more suitable to the model digitally
transmitted signals in a dynamical way. Therefore, the memristive NNs of discrete-time case are of
great importance for both theoretical and practical reasons. Very recently, rich body of works have
been done on the dynamic behaviour of the switched NNs, especially for the memristive system
(Gao, Zhu, Alsaedi, Alsaadi, & Hayat, 2017; Jiang & Li, 2016; Syed Ali & Saravanan, 2018).

In the past several decades, memristive NNs have attracted an ever-increasing research interest
due to their superior performance for advanced challenges in applications such as signal processing,
pattern recognition, image processing, associative memory and power systems. In this applications,
most of the NNs are implemented by digital computer, including microprocessor and
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© 2020 Informa UK Limited, trading as Taylor & Francis Group
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microcontrollers, with necessary input/output hardware. As we know, the fundamental character of
digital computer is that it processes information in discrete steps. Therefore, discrete-time NNs are
better matched than their continuous-time analogs in today’s digital world (Jin, Hen, & Wu, 2016;
Song, Gao, & Zheng, 2009; Song & Wang, 2007). Hence, it is essential to study the dynamical
behaviour of discrete-time NNs. Moreover, time delays are frequently encountered in various
engineering, biological and economic systems. Due to the finite speed of information processing
and the inherent communication time of neurons, the existence of time delays usually causes
oscillation, divergence, or even instability of NNs. Therefore, it is of both theoretical and practical
importance to study the dynamical behaviour of discrete-time system with time delays (Lin, Wu, & Li,
2016; Liu, Wang, & Shu, 2016; Wang, Xue, Fei, & Li, 2013; Wu, Liu, Shi, He, & Yokoyama, 2008; Wu, Su,
Chu, & Zhou, 2010; Yu, Zhang, & Fei, 2010; Zhang, Xu, & Zou, 2008).

In the last few years, the problem of stability analysis of both continuous-time and discrete-time
stochastic NNs has been the crucial topic for researchers (Maharajan, Raja, Cao, & Rajchakit, 2019;
Sowmiya, Raja, Cao, Li, & Rajchakit, 2018; Syed Ali & Marudai, 2011). In practice, the stochastic
disturbances which certainly existed in the NNs are the main source of disturbances. When
compared with the typical neural networks, the stochastic NNs have more practical significance
when the stochastic effects are taken into account (see (Chinnamuniyandi, Raja, Cao, Rajchakit, &
Li, 2018; Deng, Hua, Liu, Peng, & Fei, 2011; Hua, Liu, Deng, & Fei, 2010; Maharajan, Raja, Cao, Ravi, &
Rajchakit, 2018; Selvaraj, Sakthivel, & Kwon, 2018; Sowmiya, Raja, Zhu, & Rajchakit, 2019)). However,
it is well known that the stability of a well-designed neural network may often be destroyed by its
unavoidable uncertainty. In practice, uncertainties often exist in most engineering and commu-
nication systems and may cause undesirable dynamic network behaviours. More specifically, the
connection weights of the neurons are inherently dependent on certain resistance and capaci-
tance values that inevitably bring in uncertainties during the parameter identification process. The
deviations and perturbations in parameters are the main sources of uncertainty. So, it is important
to study the dynamical behaviours of NNs by taking the uncertainty into account (Jarina Banu,
Balasubramaniam, & Ratnavelu, 2015; Kwon, Lee, & Park, 2012; Li & Cao, 2016). A switched system is
a hybrid system which consists of several subsystems and a switching signal that handle the
switching among them (Arunk- umar et al.,, 2012; Liberzon, 2003; Zhang & Yu, 2009). Switching
among systems may produce many complicated nonlinear system behaviours, such as multiple
limit cycles and chaos. However, it should be mentioned that all these existing studies about the
stability analysis are performed for switched system using the Lyapunov asymptotic stability
theory, which is defined over the infinite-time interval. But in many practical applications, the
transient behaviour of system is concerned over a fixed time interval, in which the system states
need to grip below a prescribed upper bound and larger values are not permitted during this time-
interval. Recently, many biologists are focusing on the transient values of the actual network states.
Practical examples for switched systems are automated highway systems, automotive engine
control system, chemical process, constrained robotics, power systems and power electronics,
robot manufacture and stepper motors (Hou, Zong, & Wu, 2011; Phat & Ratchagit, 2011). Recently,
there are many results that have been reported for switched discrete-time NNs along with switch-
ing signal (see (Lien, Yu, Chang, Chung, & Chen, 2012; 2013, 2014) and references therein).

On the other hand, H,, concept was proposed to reduce the effect of the disturbance input on the
regulated output to within a prescribed level. Analysis and synthesis in H,, setting have good
advantages such as effective disturbance attenuation, less sensitivity to uncertainties and many
practical applications (Zha, Fang, Li, & Liu, 2017; Zhang, Shi, & Shi, 2017; Zhao & Hu, 2017). It is well
known that the H,, performance is closely related to the capability of disturbance rejection. On another
research direction, Takagi-Sugeno (T-S) fuzzy systems have been verified to be a powerful tool for
controlling nonlinear systems owing to their universal approximation characteristics. The T-S fuzzy
model approach combines the flexible fuzzy logic theory and successful linear system theory into a
uniform framework to approximate a broad range of complex nonlinear systems. The advantages in
using a small number of rules to model higher-order nonlinear systems based on T-S fuzzy model were
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exposed in (Dong, Fang, Shi, & Wu, 2019; Qiu, Gao, & Ding, 2016; Takagi & Sugeno, 1985; Tian, Yue, &
Zhang, 2009; Wu, Dong, Shi, Zhang, & Huang, 2019). In general, the switched signals with local input-
output relations are represented by T-S fuzzy systems which can be described by fuzzy IF-THEN rules.
Noting the importance of switching signal design, it is natural to wonder how to address the discrete-
time problem for stochastic NNs by T-S fuzzy approach. The advantages of the memristors good
features such as small scale, pinched hysteresis and plasticity. If the synapses of the neural network is
imitated by memristors, the induced switched memristive NNs become more complicate. One of the
reasons comes from that the memristor circuit itself exhibits some switching behaviours depending on
states. The study on discrete-time T-S fuzzy switched memristor-based on delayed NNs is of interest
and significance. But the research on this field has not been fully covered so far.

Besides, discrete-time switched memristive NNs based on T-S fuzzy approaches are often
subject to instantaneous perturbation and abrupt change, i.e., disturbance, at certain moments.
This can be caused by environmental noises, switching behaviour and control effects in a
dynamic system. Noise can affect dynamical behaviours of the neuron systems. Due to possible
faults, time delays and disturbances, some subsystems of a switched memristive neural network
may be unstable. Therefore, how to stabilise the discrete-time T-S fuzzy switched memristor-
based with unstable subsystems is a challenge. However, to the best of the authors knowledge,
the Hy, performance for switched T-S fuzzy discrete-time memristive stochastic NNs with switch-
ing signal has not been adequately addressed in the literature yet, not to mention that the Hy,
performance index is imposed simultaneously. It is, therefore, the purpose of this paper is to fill
such a gap.

Based on the aforementioned factors, we study the problem of robust H,, analysis for discrete-
time switched memristive stochastic NNs with mixed time varying delay. To guarantee the expo-
nential stability and disturbance attenuation performance, the Lyapunov functional method and
some summation analysis techniques are utilised. The major contributions of this paper are sum-
marised as follows.

(1) The discrete-time switched memristive stochastic NNs with time-varying discrete delay and
bounded distributed delay are firstly proposed.

(2) By constructing a new Lyapunov-Krasovskii functional which including the lower and upper
delay bounds of interval time-varying delays new sufficient conditions that guarantee the
exponential stability are established in terms of linear matrix inequities (LMls).

(3) Based on the novel summation inequality technique, a new switching signal design approach
is developed to guarantee the H,, performance for consider NNs.

(4) Finally, the effectiveness and advantages of the derived results are demonstrated by numerical
examples.

Notation: Throughout this paper, N stands for the set of positive integers, R" denotes the n-
dimensional Euclidean space, R™™ is the set of n x m real matrices. For a matrix B and two

. . A B . . .
symmetric matrices A and C, { B C} denote the symmetric matrix, where the notation x represents

the entries implied by symmetry. For X € R™™, the notation X > 0 (respectively, X > 0) means that
the matrix X is a real symmetric positive definite (positive semi-definite). The superscript T represents
the transpose of the matrix (or vector). | denotes the identity matrix of the compatible dimensions,
diag{ ... } denotes the block-diagonal matrix and | . || is the Euclidean norm in R”. Ayax and Agin
denote the maximum and minimum eigenvalues respectively. /;[0,00) is the space of square-
summable infinite vector sequences over [0, ).
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Problem description and preliminaries

We consider the following switched memristor discrete-time stochastic NNs with time varying delay
which is represented by a T-S fuzzy model composed of a set of fuzzy implications and each
implication is expressed as a linear system model Wu et al. (2019).

Plant Rule ¢: IF y, (k) is iit, y, (k) is 5 and - -- and y, (k) is ¢
THEN

uk+1) =Aulk)u (k)+’3€(u(k)) (u(k)) + C(uk)f (u(k — d(k)))

+D" (u(k) S0 F(u(k — i) + ECv(k) + ok, u(k), u(k — d(k)))w(k), M
y(k) —Aeu(k)+D€ u(k — d(k)) + G'v(k),
U(l) = (l), I—ko —dz,..., 0,

where u(k) = [uy(k), us(K), ...,u(k)]” is the state vector with n neurons; f(u(k)) = [f;(u;(k)),
f(uz(k)), ..., f,(un (k)] denotes the neuron activation function; v(k) € R" is the disturbance input
which belongs to /[0, 0); y(k) € R™ is the measurement output; d(k) and (k) denote the discrete
delay and the finite-distributed delay, respectively, and satisfy d; < d(k) < d, and 1y < 1(k) <15,
where d, > d; >0 and 1, > 1,>0 are prescribed integers; A¢(u(k)) = diag{a(u(k)),a’(ux(k)),
- al(un(k))} is the state feedback matrix; B (u(k)) = (bj(ui(k))) e CH(u(k)) = (cfi(Ui(K)))psn
and D(u(k)) = (df(ui(k))),., represents the connection weight matrices. E, G', Af, Df, are
known constant matrices with appropriate dimensions; ¢(/) is a given initial condition sequence.

In the system (1), the stochastic disturbance term o(k, u(k),u(k — d(k)))w(k) can be viewed as
stochastic perturbations on the neuron states and delayed neuron states with

E{w(k)} =0, BE{w*(k)} =1, E{w()w(j)} =0 (i # ).

The function o(k,u,y) : R x R” x R” — R" is Borel measurable and is locally Lipschitz continuous,
satisfying the following Assumption 2.1:

Assumption 2.1. There exist two positive constants p, and p, such that
o' (k,u,y)o(k,u,y) < pru"u+poy’y, Yk >0, uy € R". 2

where frf@ =1,2,...,r) is the fuzzy set, y(k) = [, (k) V,(k) ... y,(k)]” is the premise variable vector
and q is the number of IF — THEN rules.

Now, the defuzzified output of the T-S fuzzy model (2) is represented as follows:

u(k+1) =31 @' (P0k) A (u(k))u(k) + B (u(k)f (u(k)) + C(u(k))f (u(k — d(k)))
+D (u(k)) S Fu(k — i) + ECv(k) + o (k, u(k), u(k — d(k))w(k)],

y(k) =21, ¢'(0(k) [Afu(k) + Déu(k — d(k)) + G'v(k)],

U(I) —(P(I),/—ko—dz,...,ko,
where ¢'(y(k)) = EPW( ”(k) , P(7(k) =TT, 7L(v5(k)), in which 7l(y,(k)) is the grade of the
membership functlo,n of y,(k) in 7. According to the theory of fuzzy sets, we have
PUK) >0,1=1,2...q. X0, 0 (9(k))>0Vk and ¢'(J(k)) satisfies ¢'(j(k)) >0,/=1,2,..q
and 7. ¢'(§(k)) =1 Vk.
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Assumption 2.2. Given any x,y € R(x#y),j € {1,2, ...,

uous and bounded, and there exist constants F;, I-'j+ as well as F* = diag{F; ,F{, ...,

diag{F; ,F5,...,F, } such that the following condition holds:

According to current-voltage characteristics of memristor Chua (1971),
ai(ui(k)), bjj(ui(k)), cj(ui(k)) and dj(ui(k)) are considered as follows

o) = {7 Lioie,
e L
SRty
- i

in which switching jumps k>0, |a;]| <1, |a;j|<1, b,,, 5,,, Gy, Cj, di, EI,J ihj=1,2,..,

constants with respect to memristances.

1 n 1
ai(ui(k)) = c [Z(M,j + Wj) x sgn; + -
T L= i

M M M
bij(ui(k)) = == x sgny;, ¢(ui(k)) = —* x sgny, dj(u;(k)) = —=* x sgnj;.

G G G

where sgnj; = 1, if i#j holds, otherwise,

n}, the activation functions f;(-) is contin-
Frland F~ =

(4)

the definition of

n are known

— 1;C; and R; stand for the capacitor and resistor, respec-

tively; M and W are the memductances of memristors. Since the memductance cannot be
negative, it is clear from the description that b;(-), ¢;(-) and dj(-) are nonpositive if i = j holds,

otherwise, nonnegative.

a; = min{a;,a;}, ai = min{a;,a;},
b 7mm{b,,,b,,}, i 7min{5,'j,5,-j},
¢; = min{cy, ¢}, c,-j = min{Cj, ¢},

Ul
ij
d; = min{dy, d;},d = min{dj;,d;},

ij dy )
A~ =diag{a; ,a;,...,a, },At = diag{af,ad,...,a'},
B” = (bi;)(nxn)ﬂ B = (by )(n><n)7
= (Ci/_')(nxn)v = (C;)(nxn)7
D™= (dif)(nxn)7 D" = (dl;‘r)(nxn)'
It is clear that A®(u(k)) € [A~,A*], B (u(k)) € [B~,B"], C‘(u(k)) € [C,C*] and D'(u(k)) € [d~,d*].
Define
= AT+AT . (af+a; a +a;, af+a,
A = ey n
2 dlag{ 2 ) 2 ) ) 2 b



6 (&) R VADIVELETAL.

_ BBt (b tby c_C+C G +¢
2 2 ' 2 2 ’
nxn nxn

_ + —

D~ +D" d; +d;
2 2 '
nxn

The matrices A‘(u(k)), B®(u(k)), C'(u(k)), and D(u(k)) can be written as A‘(u(k)) =
(

)
AC 4 DAC(K), B (u(k)) = B + AB(k), C(u(k)) = C* 4 AC(k), D¢(u(k)) = D' + AD(k). Therefore
we have

oot

D

utk+1) =0, @' (D){A" + BAC(K)u(k) + [B + ABL (K)F(u(k))
+[C" + AC () F(u(k — d(k))) + [D + AD (k)] 1) F(u(k — i) + Ev(k)

+0' (k,u(k), u(k — d(k)))w(k)}, ®)
y(k) = 3, ¢' (k) {ATu(k) + Dju(k — d(K)) + G'v(k)},
u(l) = (), = ko — d, ..., ko,

where AA“(k) = Y1, kvi(k)k], DB (k) = 77 kitj(k)k], AC* (k) = YL, kigij(k)k] and AD*(k) =
> kisii(k)k[ ka € R is the column vector with the nth element being 1 and others being 0,
vi(k), tj, gj and s; are unknown scalars satisfying |v;(k )| < &,, [ti(k)| < 5,-,-, lgii(k)| < ¢j and [s;(k)| <
dy with @, = 255 by =2 b” ,& =350 and dy = 255 AAL(K), DBY (), ACt (k) and AD! (k) are
the parameter matrices of the following structures

DAY (k) = EFE NG, DB (k) = ECFU (KNS, AC(k) = ECFE (KN, AD(k) = EFE(NL.  (9)
where ¢, N¢, N¢, NS, N are known real constant matrices. F¢(k) are unknown time-varying

matrices and satisfy ./“-"ﬂ(k)}'6 (k) < I, where I is the identity matrix with appropriate dimension.

Switched memrristive stochastic NNs

Consider the memristive based switched stochastic NNs based on the system (8) as follows:

U(k+1)—z¢ k) {Agquo (u k) (k) + By (u(k)F(u(k) + Coqpy (uk)f (u(k — d(k)))

DSy (u Z F(u(k — i) + EL o v(k) + 0 (, u(k), u(k — d(k)))w(k)}, 10

Zs‘b u(k) + Digguk — d(k)) + Gy v(K)},
U() (/)lfko*dz,

The switching signal o(k) : R” — 0 = {1,2,...,N} is the switching rule, which is a function depend-
ing on the state at each time and will be designed. A switching function is a rule which determines a
switching sequence for a given switching system. Moreover, o(k) = i means that the i subsystem is
activated. N is the number of subsystems of the switched system. Firstly, we will introduce the

switching regions and the corresponding switching law. Given P>0 and U> 0, define the domains by

O;(P,U,Al) = {u(k) € R" : " (k)Y;u(k) < 0}, (1



JOURNAL OF EXPERIMENTAL & THEORETICAL ARTIFICIAL INTELLIGENCE . 7

where )7; = AfTPAf — U, i € O.From the similar proof of Lien et al. (2012); Phat and Ratchagit (2011), it
can be easily obtained that

N
U o =R"\{o}. (12)
i=1

Construct the following switching region:
Q=01 Q=0 \Q1, Q3 =03 \Q\Qy, ooy

We can obtain |JY, Q; = R"\{0} and Q; N Q; = @, for all i#j, where ¢ is an empty set.
After dividing the whole state space R" into N sub regions, we construct the switching signal as
follows:

o(u(k)) = i, Yu(k) € O (i e U) (13)

Definition 2.3. (Zhang & Yu, 2009) The system (1) is said to be exponentially stable, if there exist a
switching function o(-) and positive number c such that any solution u(k, ¢) of the system satisfies

L u(k) (1< X | lls, Vk = ko, (14)
for any initial conditions (ko, ) € Rt x C". ¢>0 is the decay coefficient, 0< A < 1 is the decay rate,

and || @lls = sup{l| ¢(/) |, | = ko — 2, ko —da +1,.... ko}.

Definition 2.4. (Phat & Ratchagit, 2011) The system of matrices u € R"{0} is said to be strictly
complete if, for every u € R" {0}, such that u"Hu< 0. )
It is easy to see that the system of matrices {H;} (i € U) is strictly complete iff | J\, Q; = R" {0},

where O; = {uR" : u"Hju< O}(i € 6)

Definition 2.5. (Lien et al., 2014) Consider system (10) with the switching signal in (13) and the
following conditions.

(i) With v(k) = 0, the system (10) is exponentially stable with convergence rate 0< a< 1.
(ii) With zero initial conditions, the signals v(k) and y(k) are bounded by

a v (k)v(k),

NgE

Yo a Y (ky(k) < K

k

o0

0

>
Il

0

forallv € L,(a,0,00), v # 0 for constants k>0 and 0 < a< 1. In the above conditions, the system (1)
is exponentially stabilisable with H,, performance k and convergence rate a by switching signal
in (13).

Lemma 2.6. (Lien et al., 2013) The system of matrices {H;} (i € 6) is strictly complete if there exists
@ > 0,5 & such that SN &H; < 0. If N = 2; then the above condition is also necessary for the
strict completeness.

Lemma 2.7. (Liu et al, 2016) Let R, € R™" be a given positive definite matrix. Then for all
Y0,Y1,Y2, -, ¥n € R", the following inequality holds

3 n+2
HT+R2T’17

n
1
> VYR Yy > m(%ﬂ — ¥0) Ra(Yns1 — Yo) toam

k=0

where Yy = Y1 — yk and m = Yot + Yo — 725 ko Y-
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Lemma 2.8 . (Jin et al., 2016) For a positive definite symmetric matrix Z,, any matrix J, t(k) € [d1, d3]

and n(k) =u(k+1)—u(k), the sum term R(k) given as R(k) = Z;Z‘_;}k)nT(G)Zzn(G)—i—

Zg;i%j n’(6)Z,n(6) can be estimated as
AT~ dy—d(K) 7, .
>T r1 R J di M1 0 > r]

diR(k) > ' (t) ([A } L '[J + . d(l;);d1 W (1) &

where

R = diag{Z,, 32}, My =R—JR ST, My =R—JR'J, diy = d> — dy,

q(t) = [u" (k), u" (k — dy),u” (k — d(k)),u (k — d2), b] (), b3 (1), B (1)),

=

S () B S B () N S L ()
HOEDS CICEEDY mvbﬂﬂ—gdzm’

Bo— e — é3 P— €3 — &4
1 e +é3—2¢ |’ 2 é3+eé4 —287|’

é= [Onx(s—l)xm Inxn, On><(7—s)n]:S =1,23,..,7

Lemma 2.9. (Arunkumar et al., 2012) For any symmetric positive-definite matrix Z; € R™", the
integers 1, and 1y, (12 > 11),x(t) : {11, 7131, ...,Ta} — R, such that the following sums are well
defined, then

(5510 2 (3or0) <7572

t=T t=1,

holds, where T =1, — 771 + 1.

Lemma 2.10. (Syed Ali & Marudai, 2011) Given constant matrices 61, §,, 63, where §; = 61T>O and
T

& & | 0.
65 -6,
Lemma 2.11. (Arunkumar et al., 2012) For any vector x,y € R", matrices A,P,D, E and F are real
matrices of appropriate dimensions with P>0,F'F < | and scalar >0, the following inequalities
hold:

(i) 2x'DFEy < e 'Xx"DD"x + ey ETEy.

(i) If P — eDD" >0, then (A + DFE)TP’1 (A+ DFE) < AT(P—eDDT) 'A+ ¢ 'FTE.

8, = 8,>0then &, + 616,783 < 0 if and only if {

Main results

We design a switching rule for memristive discrete-time stochastic NNs (1) with mixed time-varying
delay and derive the condition to guarantee that the system is exponentially stable. In order to
discuss robust exponential stability of system (1), we consider the following nominal system without
parametric uncertainties:



JOURNAL OF EXPERIMENTAL & THEORETICAL ARTIFICIAL INTELLIGENCE . 9

u(k + 1) = 3 90 (k) + B (k) (u(k)) + EXF(u(k — d(k)))
1=1
FBES w(ulk — ) + ENv(K) + ok, u(k), u(k — d(k))w(k)),

pa (16)
q
y(k) =" ¢'(9(k){A}u(k) + D}u(k — d(k)) + Gl v(k)},
=

u(l) = o), = ko — da, ... ko.

The following theorem gives a sufficient condition for the existence of an admissible reasonable
switching rule for system (16) with disturbance input v(k) = 0 to be exponentially stable. At first, in
order to make the presentation more sententious, we define:

7d1+1 o (dz—d1+1)

(dy —d(k))
di—1" 72 (d(k) —dy)(d(k) —dy — 1)

(dy—di) ’

1

7A3:

(d(k) —dv) (dy —di +1)

b5 = (da—dh) "° " (d(k) —dy)(d(k) —dy — 1)

5. 0= {u" (k) T (u(k))}.

Theorem 3.1. For some constants a € (0,1],d, da, 71, T,and0 <y, < 1,i € 0, Z,L y; = 1, if there
o, W

exist positive definite symmetric matrices P,Z;,Z,R,,Rs,S,U and Q = {WT T
4

], the diagonal
matrices U;(i = 1, 2) such that the following LMIs hold:

P<Xl (17)

Wigia D M3 M4

* -7 0 0 <
= 0 18
o * * —2Z; 0 ’ (18)
* * * —R>
N ~ ~ ~
> vilA)PAI <0, (19
=1

then the system (16) with time-varying delay is globally exponentially stable with convergence rate
A = \/a by the switching signal designed by (13).

LP” = U —aP + (d2 — d] + 1)ad‘ T2 — Rz(]ld1 — 3Cld1A1R2 +)\*[A)1 — Gd1Z1 — F] U] — 3ad‘A1Z1 + d$2R3,
Wi, = —Rya™ — 30" ARy, W13 = a Z; — 3a% Zy, Wis = AL PB! + a® (dy — di + 1)W + FaUs,

3 4 Z]
Rya® + —~—Rla® Wig = 30 -1 4 3¢ "1

~oT =~ 3
Wi = A" PC, Wiy =

L= 1 di —1 di —1 di—1’
~ T ~ . d>
Wy, = A PDL Wy = —Rya® — 3a% AR, + A%p, — 30,07 R, — (2, + D325) (dr—dh)
2 — U
ad2 ad1 d,
— (32, + 31032,) - Ry, Wo3 = Ry, — 3M,a% R,
1

(d2 —dv) d(k)—d d(k) — d
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dz dZ T

07_ 07 _ dy Rz dy RZ
+(22+A322)(d2_d1) (3ZZ+3A322)(d2_d1)7LP27—30 d1_1+3a 41
d d pT a® T r_a®
LPZS = 3A20 1R2 + 3A5Cl 1R2, tpzw = (322 + 3A3Zz) W =+ (322 + 3A3ZZ)W,
Rl 2 — dq
a® d d d d %
Wiz =——— Ry — 300" Ry — a®*T, — FiU; — a2y — 30" A Zy — (2 + N3Zp)) ————
33 d(k)—d12 207 'Ry — a2l 1Uy — a4, a“"MZy — (Z, + 32)(d2—d1)
327 4 a2y O 2, + a7y
-3z, + 32)m—(2+ sz)ma
d] d 3d1 d Cld2 adz
Yoy =——a"Z) ————N4a"" 7 7y +NsZy) ———~— (323 + 30N525) ——
34 d17d(k)a 1 & —d(k) 1a"Zy + (22 + 52)(d27d1) (32 + 52)(d27d1)’
d d d pT A d Z1T
LP36=—GZW+F2U2,LP3323A6G]R2+3A601R2,w39:3a]d 1+3a1d 1’
1— 11—
a® T T *
LP?,]O == (322 + SA?’ZZ)W + (322 + 3A3Zz)m,
o T r,a%
W312 — (322 + 3A522) W + (322 + 3A522)m7
Yy 2, 43052y " D apatz, (2t sz
=—(32,+3 - 300727, — e
a4 (32, + 52)(d2—d1) dr —d(k) 417y — (Zo + 52)(d2—d1)’
% T ra®
qJ4H = —(322 + 3A522)m + (322 + 3A522)m,

T2(T2 +T1)(T2 -1+ 1)

~€T ~
5 S—Uy,Wss = B; PC!,

LPSS = EIETPBl{’ + ad] (d2 — d1 + 1)T4 +

Ry

. L~ .
q)512 = Bi PDf7LP66 = Ci PCf - UZ - ad2T47LP612 = Ci PDf7L|)77 = —120d1 m:

qJ88:3 (dZ_d'I _1) 30d1R27W99:_120d1#7
(d(k) —dv)(d(k) —di + 1) (di+1)(dh — 1)
d d>
Wi, = —12(32; +30325) ———~,¥Y11,, = 432> + 3D0525) 1=,
1090 ( 2 32)(d2—d1) 1 ( 2 52)(d2—d1)

~ T -
Wip, = —S+D; PD',Ws = diag{Zs, 325}, X* = AmaxP,

W3, = —a®Rs, Wiz, = —a®W,, Wiy, = —a®Rs, Ty = [ Z]2)],T5 = [(d2 — d1)F] 23],
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Ta = [VdiZTRy), 21 = Wy — W], Wy = [AL 0008 C 000 DY0O0], Wo, =[I 000]. (20)

5 times 13 times

Proof. We consider the Lyapunov-Krasovskii functional for model in (16) as
6
= Vilk,u(k)), 21
=1
where
Vi(k, u(k)) = u(k)Pu(k),
0

k—1
Valku(k) =di Y Y a0 ()zin(),

i=—d1+1 j=k+i—1

—d, k=1

Va(ku(k) =diz > > d T In()Zang),

i=—dy+1 j=k-+i—1
-1 —

Vak, u(k) = Z a“ I (j)Ran(j),

i=—d(k) j=k-+i

ik u(l) = S a“’[f&%?»]r‘?{f&oo?))]

j=k—d(k)

E ] L)

i=—dy j=k+i
—d1—1 k-1
Ve(k,u(k)) =dz Y Y d " u(j)Rsu(j) +TZZZ Z a1 I (u(j))SF(u(j)),
i=—d, j=k+i B=ty v=1 j=k—v

where n(k) = u(k + 1) — u(k). Next, we will show the decay estimation of V(k, u(k)) in (21) along the
state trajectory of system (16). To this end, define V(k + 1) — V(k) = 21‘6:1 AVj(k), then we have

AVy (k) = u' (k + 1)Pu(k + 1) — au’ (k)Pu(k),
— [Au(k) + B (u(k))F(u(k)) + C{Fuk — d(K))) + B > f(uk -
0k, u(K),u(k — d(k))w(k)]PIAu(h) + B (uk)F(u(k) + E/F(ulk — (k)

+Df Z wif( o (k, x(k), x(k — d(Kk)))w(k)] — au” (k)Pu(k).

From Assumption 2.1 and condition (17), we have

o' (k,u(k), u(k — d(k)))Pot (k,u(k),u(k — d(k)))
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AV, (k) = d

AV3(k) =

< Amax(P)o;" (k. u(k), u(k — d(k)))o (k, u(k), u(k — d(k)))

<X (pyu” (Kyu(k) + pou’ (k — d(k))u(k — d(k))),

0 k k—1
> {Zak‘fnTU)Z1nU)— Y. dn()z UU)}

i=—di+1 j=k+i Jj=k+i—1

0 k—1
=d Y {n (k)Zyn (k) + Z dIn"()zinG) = Y o In"()ZinG)

i=—di+1 j=k+i Jj=k+i

—n"(k+i—1)Zia"'nk+i—1)}

0

=din(kzink) —dv > n'(k+i—1)Za nk+i-1)

i=—dy+1

k=1

=’ (k)Zin(k) —di Y ' ()Za7n(),

Jj=k—d

—d; k—1
(da — Z{Zak I ()ZanG) - D a“fnTmzzno')}

i=dy+1 j=k+i j=k+i—1

—d, k-1
=(d—di) Y {nr(k)zzn(k) + > dINT(ZnG) —a " (k+i—1)Zntk+i—1)

i=dy+1 j=k+i

k—1
-3 ak‘fnT(j)Zzn(j)}

furad
k—di—1 )
= (d; —dv)’n" (K Zan(k) — (d2 = dv) Y I’ (Zan(j).
j=k—d;

i { > a7 ()Ran() — Z_:ak”nr(j)ﬁ’znﬁ)}

i=—d(k) \j=k+i+1 j=k+i

- k—1 ) k—1 )

> {n’(k)Rzn(kH > dInT(hRanG) - > dIn’()Ran(j)
i=—d(k) j=kti+1 Jj=k+i+1

—a " 'n"(k+DRn(k + 1)}

k—

jkd(k
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k k=1

Avs(ky = > d IR ()an() - o IR7 (j)Qn()

j=k—d(k+1)+1 j=k—d(k)

—d;—1 k=1
+ ) { Y dIRTpang) - Y ak”ﬁT(J)Qﬁ(J)}

i=—dy \j=k+i+1 Jj=k+i

=n"(kank) + Y &I ()ang) - a® R (k — d(k))Qn(k - d(k))

k=1 —di—1 k=1 A
- Y dIRHeaG) + > {ﬁr(k)Oﬁ(kH > a I’ ()en()
j=k—d(k+1)+1 i=—d, j=k+it1

k=1
a Rk hQntk+i) = Y akjﬁT(j)Ofl(j)}

j=k+i+1

< (di2 + 1) (k)QA (k) — a®R" (k — d(k))Qn(k — d(K)),

AVs(k) = _di?{ Xk: “IuT (k)Rsu(k) — Z a7 (K)Rsu( k)}

i=dy \j=kti+1 =kt

+ vif(u(k)) Sf(u —TZZZarsz v))Sf(u(k — v)),
B=r1;, v=1

k—di—1

= dhuT (K)Rsu(k) — diz Y a*IuT())Rsuj) + vaf(u(k))"SF(u(k))
j=k—d,

—TZZC(TZfT Sf(u(k — v)),

k—d;—1

= d5,u" (K)Rsu(k) — diy > dTu"()Rsu(j) + vif (u(k)) SF(u(k))
j=k—da

(k)

(k)
= a T (u(k —v))S > f(u(k —

While
k—d; —1

k—1
dIn"(HRanG) = D dInT(HRanG) + Y aInT(HRan().

j=k—d(k) j=k—d, j=k—d(k)

k=1

Using Lemma 2.7, we have
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k—1
—d n' ()21 In(j) < —a®[u(k) — u(k — d1))"Z1[u(k) — u(k — dy)]
—k—d,
J ) ) .
d, _ _ i
—3a% |u(k) + u(k — dy) p i:kZd u(:)}
) 1 (24)
di +1 2
g |t tulk—d) -2 Hi_kzmuo)}
— awm |2 [mek)
"o 3% ﬂ)z] 15355
where e; = [Opx(i—1)ns |, Onx (14=ipnlnxc1ans | = 1,2, ..., 14 and II; = [e] — el e + el — 2¢]].
k—d; -1 _
- Y dIn(HRan() < a* d(k)%d [u(k — dy) — u(k — d(k))]"Ra[u(k — dy) — u(k — d(k))]
j=k—d(k) !
d1 3(d(k) —di +1) _ B
0 — k) —d, ) Uk ) ulk— dk)
2 k—d, 7
AW, 2, MO Relulk )+ ulh— ()
2 k—d,
S u(j).
dk)—di + 1. kzd(k) )
k—1 T R,
T " u(k) — u(k — d1) } —& 0
2 @M DRn) < @ [u<k>+u<k—d1> B S IN) 3,40 R,
u(k) —u(k —dv)
[u(k) Fuk—dy) — g2 5K, u) ] 23
According to Lemma 2.9, we have
iy k=T (DRauli) < —eT (k) | €13 "Ry Wy1[ers K 26)
_,»:kz_dza TRRsuG) < =€) | |7 R || o €K

Then, for any matrix W, the improved summation inequality in Lemma 2.8 is employed to estimate
other sum terms possessed time-varying delay d(k) in AV;(k,u(k)), we have

i=k—d, i=k—d, i=k—d(k)

k—di—1 k—d(k)—1 k—di—1
(dy —di)a® > UT(i)Zzn(i):adz{ > o'z + D) "IT(")Zzn(")},

< Ay (k).
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Where
BT (W Vo] [Z20 (W — oW, VD) 0 f
Ma(k) = | ¢ W, + 1 d(k)—d Tiy-1 r |
r * 4 0 aa Wa = VIW, V) I
Thus, it is clear that
AVy(k) < (dyr — d1)*n" (K)Zan(k) — Ay(k). (27)

where j=1,2,...,n thus, there exist matrices U, = diag{u1, U12, ...,U1n} >0, U, = diag{ua, Uz,
..., Uan} >0, such that

_ Fo+F"
z”:r{ u(k) ]T FF K =25tk { u(k) }<0
J 4 FF -
2 twlen ] | s e | L)

{““%Tﬁﬂﬁz‘&ﬁ}bﬁ%ﬂ<°

Similar to this, one can get

utk—d(k)) 1'[ UFi —UsF ][ ulk —d(k))
[f(U(k - d(k)))} [—Uze U, } [f(u(k - d(k)))} <0 (28)

Combining (21) to (28) and using Schur complement Lemma, it yields

Wis14 r2 ra r4
= A 0 0 o
o= T T g 6+ dT oYulk),
* * * —R;

€' (k) = [u" (k) u" (k — di) u" (k — d(K)) u” (k — d2) " (u(k)) f"(u(k — d(k)))

k—dy—1 k—d; k—d(k)

k k
DA D Wiy D W)y Y dTi) Y W)
i=k—d; i=k—d(k)+1 i=k—d(k) i=k—d(k) i=k—d,
(k) k—d;—1 k—d(k)—1
S futk—v)) > dTi) YD d)|.
v=1 i=k—d(k) i=k—d,

By using Definition 2.4 and condition (19), we know that the system of matrices ¥; = (/Z\f)TPZ\f —
U7i €Uis strictly complete, and the sets Q; and Q; are well defined, such that

N N
Ua=r{o}, [Ja=r {0},
i=1 i=1

QNQ =0, i#.

Therefore, for any u(k) € R", k>0, there always exists an i€ {1,2,...,N} such that u(k) € Q;.
Choosing the switching rule (13) with condition (19), leads to

AV(K)|ypy—o = V(k+1) = V(K) <0,
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V(k+1) < V(k), (29)
From (21), there exist two positive constants ¢; and ¢, such that
a uk)l? < V(k), V(0)<cllu(0)] (30)
Where

€1 = Amin (P)
G = )\max(P) + 4d$)\max(zl) + 4(d2 - d1 )ZAmax(ZZ) + d1)\max(R2)

+ (1 + dZ - d1 ))\max(Q) + 2d12)\max(R3) + dZ)\max(S)~
From (29) and (30), one obtains

Q

I ulk) 1< 3y 1Ol )

By Definition 2.3, we know that the system (16) is exponentially stable with decay rate A = \/a. This
completes the proof. O

Theorem 3.2. For some constants a € (0,1], di, da, T1, T and 0 <y; < 1,2?’:1 Yy, = 1(i € (S) if
T, W

there exist positive definite symmetric matrices P,Z;,Z,,R,,Rs,U,Q = [WT T
4

},S, the diagonal
matrices U;(i = 1, 2) such that the following LMIs hold:

P< Xl (32)
[(Wiae  Yq r M3 s Y 0 ]
* L|J15H15 0 0 0 0 0
* * —Z; 0 0 0 0
0= * * *x —-Z, 0 0 0 <0, (33)
* * * * —R, O 0
S * * x  —K? i
Vi(A)) PA] < U, (34)

i=1

then the system (16) is globally exponentially stable with convergence rate A= Vva and Hg
performance k by the switching signal designed by (13).
Here

Y, =[v],000Y], Y],000 Y] 00],Y,=[A};0D;; 000 Gl', Yo = ATPE!,

5 times 11 times

Yer = B'TPE!, Yr1 = G'TPE!, Yy = DiTPE!, Wi515 = E'TPE!. (35)
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Proof. In the case of the initial condition is zero, consider the performance index,
oo
J(n) =y (K (k) — K2V (k)v(K)], (36)
k=0

for all non zero v(k), by following the proof of Theorem 3.1, the performance index can be
converted to

J(n) =Y Iy (K)y(k) — K2V (k)v(k) + AV(k)] < E(6)WE(1), (37)

where €1(t) = [€7(t) VI (t)]. In the view of LMI (33), we have J(n) < 0, that s,

S (k) 2 (v(k] <0,

k=0
in(k)y(k) < iszT(k)v(k), Vv(k) € Ly(a,0,00). (38)
k=0 k=0

By Definition 2.5, the system (16) is exponentially stable with convergence rate 0<a<1 and H,

performance index A = \/a. |

Robust switched memristive stochastic nns

Now, we can extend Theorem 3.1 and 3.2 to obtain the corresponding results for switched uncertain
memristive NNs (10), set

(047 AB] AG AD{]=EF{(R)NY Ny N5 Nil. (39)

The following theorem provides the robust exponential stability conditions for uncertain switched
memristive stochastic NNs (10).

Theorem 3.3. For some constants a € (0,1], di, d2, T1, T2, and 0 <y; < 1,2,{":1 yi=1(@G¢e),if
n W
wr T,
matrices U;(i = 1,2) and scalars €1;>0, ;>0 such that the following LMIs hold:

there exist positive definite symmetric matrices P,Z1,ZZ,R2,R3,Q:[ }, the diagonal

P< X (40)
[(Wig1a Vg 0 M7 e Yo Yo  Yq]
* Wis15 0 0 0 0 0 0
* * —K2 0 0 0 0 0
r 0 0 0 0
o= * * * 16,16 <0 41
* * * * |—17y17 0 0 0 ’ ( )
* * * * * —1 0 0
* * * * * * —e; 0
B * * * * * * —éy; |

then the system (10) is globally exponentially stable with convergence rate A= Vva and Hg
performance k by the switching signal designed by (13).
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Where

F7=[A“000BC 000 D 00E'],T1g=[A' —1000B'C‘ 000 Df 00E],
5 times 5 times
W [/000 OOO] r1616——P+E15,5’,r1717——W+62(€,5,
7 times 6nmes
W=dZi + (dy — d1)°Zy + Ry, Y = [N, 00 0N, NS, 000 N, 000],

5 times

(42)

Ys= [N, 000N, NS 000 N, 000].

5 times

and the remaining terms are defined in Theorem 3.1.

Proof. The result is carried out by using the techniques and the similar lines of proof in Theorem 3.1
and 3.2. Thus we have,

B0+ 0y~ vk < o[ )

+u"(k+D)Pulk+1) +y" (k)y(k) — K2V (k)v(k),

]&(k) cllownto

here

u"(k+ 1)Pu(k + 1) = [[AL + DAL (K)u(k) + [B + ABY (K)f(u(k)) + [C + AC (k)] (u(k — d(k)))
+ [Df + ADf (k)] f f(u(k — i) + E‘v(k) 4 o(k, u(k), u(k — d(k)))w(k)]"P
[1A7 + 047 (k)]U(k’)l (B} + 8] (K)f (u(k)) + [Cf + AC] (K)]f (u(k — d(K)))
+ [Df + ADf (k)] Tﬁf(u(k — i) + Efv(k) + o(k,u(k), u(k — d(k)))w(k)]
= [Abu(k) + Bf(u(k)) + C'f(u(k — )+ Df Zf ) + Efv(k)
+o(k, u(k), u(k — d(k )))W(k)] (P - ewEfo"T) "[Afu(k) + Bif(u(k))
+ Cf(u(k —d(k))) + Df Z f(u )+ Efv(k) + ok, u(k), u(k — d(k)))w(k)],
(44)

Similarly,

n"(k)Wn(k) = [Afu(k) + B{f(u(k)) + C'f(u(k — ) + Df Z f(x(k — i) + E v(k)

+ o(k,x(k), x(k — d(k)))w(k) — u(k)] (W™ — ex&E]) " [Afu(k) + B{f(u(k))
T(k
+ Clf(u(k —d(k))) + D> f(x(k — i) + Efv(k) + o(k, x(k), x(k — d(k)))w(k) — u(k)].

1

(45)

Combining (43)-(45), using Schur complement Lemma and following the ideas in proof Theorem 3.1,
we get (41). This completes the proof. O
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Remark 3.4. In Theorems 3.1 and 3.3, the criteria that ensure the exponential stability of discrete time
neural networks with time-varying delay are established in terms of LMIs. If there is no parametric
uncertainties, stochastic terms, T-S fuzzy and switching signals then the DNNs (1) is reduced to the
following neural network model

ulk +1) = Au(k) + BF (u(k)) + CF(u(k — d(k))), (46)

where the time varying delay d(k) satisfies di < d(k) < d,, where d, and d, are constants. According to
Theorem 3.1, we have the following Corollary 3.5, for the asymptotic stability of discrete time NNs (46).

Corollary 3.5. For some constants di, d,, 11, To, if there exist positive definite symmetric matrices

P,Z1,Z>,Ry,R3, and Q = “—/ZT 7V_ﬂ, the diagonal matrices U;(i = 1,2) such that the following LMls
hold:
Wisis T T3 T4
o-| T E 8 S
* * * —R,
where

Wiy = (da — dy + 1)a" T, — Ra™ — 3a" AR, — a®Zy — FiUy — 30" AvZy + di,Rs,

l'l"]z = 7R20d1 — 3ad‘A1R2, l'|"13 = ad1Z1 — 3ad1A1Z1,‘-IJ15 = ATPB€ + ad‘ (dz — d1 + 1)W+ ,'-2U17

T

V4 V4
W6 = ATPC W,y = Rya® Rla® Wio = 3a® — =1 4 3¢% _ 1
16 , Y17 d1—12 +d1—12 , Y19 d1—1+ di—1
dz dZ
LPZZ = —Rzad1 — 3ad‘A1 R2 - 3A2ad1 R2 - (Zz + A3Zz) m - (322 + 3A3Zz)m
o di . d
L Ry Wya=— Ry — 300" Ry + (2o + D32 —————
d(k)*d] 2 23 d(k)*d] 2 2 2 (2 3 2)(d2*d1)
a® R, RY
— (32, 4+ 303Zy) ———— ,Wyy = 30 —=— + 3a% —2
(322 + 32)(d2—d1)’ 27 = 3d d1_1+0 a1’
d2 adz
Wag = 30,a™R; + 306a% R}, Wy, = (325 + 3032,) @ —d) + (32} +3032)) &=
a® d d d d a®
l'I"33 :m/‘?z —3Aza 1R2 —a 2"'2 —F‘|U2 —a 1Z] — 3a 1A‘]Z‘] — (Zz +A322)m
T r_a® *
—(3Z MNZ))—— — (L + DNsZp) ———
( 2+ 32)(d2—d1) (2+ 52)(d2_d1)7
d 3 a® a®
Wy =— 1 ___gh7 L NahZy + (2, + DsZ,) — (32, + 3Ms2))

di —d(k) ~dy —d(k) (d, —dh) (d, —dv)’
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Z; zT
q’36:—OIdZW+/'-2U2,W38:-’)A6<31d”‘?2—0—-”Aéﬂd”"?;L|’3»9:?’athd 1+3ad1d 1 1
1= 1
@ T T o
Y. = (32, +3A3Z 3Z, + 3737,
v = Ch IR g gy Ca R G gy
a® d a®:
Wa = —(3Z, + 305Z - 304,07, — (2, + DNsZy) ——
44 ( 2+ 52)(d2—d1) d1—d(k) Vo V4 (2+ 52)(d2—d1)7
& T r,a®
Yy, = —3Z; +3052)) ———+ (32, +3AsZ,)) ——
41 ( 2+ 52)(d2_d1)+( 2+ 52)(d2_d1)7
2l pat | LML +0) (-1 +1) S,
Y55 = B; PBI-—FG (dz—d1+1)T4+ 3 S—U,Ws6 =B PCi,
~ T~ R2
WYeo =C; PCE — Uy — a®Ty, Wy = —120%" ——— 2
o T e B T e - 1)
dy —di — 1 Z
lng£;:3 ( 2 ! ) 3Gd1R27W99:—120d1—1,
(d(k) — dv)(d(k) —di + 1) (di +1)(dr = 1)
d, d,
Wio,, = —12(3Z 4 3032,) ———— AL Wi, = —4(3Z, + 3A522)m,

lpuwz = —ad2R37L|J12]3 = —adz Wz,LP1313 = _adst.

and the other terms are same as defined in Theorem 3.1.

Proof. Consider the same L-K functional as defined in Theorem 3.1. The proof immediately Follows
From The Similar Way Of Proof of Theorem 3.1, hence it is omitted. |

Remark 3.6. The Equation (1) is described by a discrete-time T-S fuzzy switched memristive neural
networks modelled in (10). In this model the system dynamics are captured by a set of fuzzy IF-THEN rules
with switching signals that represent local linear input-output relations of a nonlinear system.

Remark 3.7. Primarily, computational complexity will be a big issue based on how large are the LMis
and how more are the decision variables. In Theorems 3.1 and 3.3 we have used maximum number of
decision variables in our LMIs. However, large size of LMIs yield better performance. The results in
Theorems 3.1 and 3.3 are derived based on the construction of proper L-K functional with quadratic,
triple summation terms, and by using a newly introduced summation inequality techniques which
produces tighter bounds than what the existing ones such as the Auxiliary function based integral
inequality and Reciprocally convex approach produce. It should be mentioned that the obtained H,
performance for the considered NNs with switching signal and mixed time-varying delays are less
conservative than the existing ones in the literature, it is easy to see in Table 1. Meanwhile, it should
also be noticed that the relaxation of the derived results is acquired at the cost of more number of
decision variables. As far the results to be efficient enough it is more comfortable to have larger
maximum allowable upper bounds but still in order to reduce computation complexity burden and
time computation, our future work will be reducing the number of decision variables by applying Finsler’s
Lemma in our work
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Remark 3.8. Theorem 3.1 develops a globally exponentially stability criterion of discrete-time T-S fuzzy
switched memristive stochastic NNs. Theorem 3.1 makes full use of the information of the subsystems
upper bounds of the time-varying delays, which also brings us the less conservativeness.

Remark 3.9. It is very interesting to note that, in this paper, the reduced conservatism is primarily from
the construction of the suitable Lyapunov-Krasovskii functional and the use of bounding techniques in
summation terms. In recent years, some researchers have used the inequality techniques, such as
Wirtinger based integral inequality and novel summation inequality techniques. These two inequalities
are the best techniques to reduce conservatism. In addition, these above summation technique is given
to take fully the relationship between the terms in the frame work of linear matrix inequalities (LMls) into
account, which gives the conservatism of our results.

Remark 3.10. Generally, switching signal design with memristive concept, T-S fuzzy and uncertain
parameters are not simply applied to stochastic NNs in discrete time case. Some research publications
have tackled such problems. However, the authors used very simple LKFs to solve the stability problems
in those articles. A new LKF with the information of time-varying delay (like discrete, distributed delay
involving both upper and lower bounds, ie., 11 < 1(k) < 13, di < d(k) < d,) is proposed for the
stability analysis of H., performance with switching signal in this paper, considering that some
computational complexity can occur in our method. However, Robust H,, performance for discrete
time T-S fuzzy switched memristive was completely studied for stochastic NNs with mixed time delays,
which is the main contribution and motivation of our work.

Remark 3.11. It should be highly pointed out that, in the previous literature authors in [12,13,15,16]
investigated the problems with simple delayed NNs with various stability criteria. So far, it is noted that
unfortunately in the existing literature memristive stochastic NNs with the presence of T-S fuzzy,
switching signal, and uncertain parameters has not been considered yet. The model considered in the
present study is more practical than that proposed by [23,38,39], because they consider only stochastic
NNs with switching signal design, but in this paper they consider both memristive and uncertain
parameters with switching signal for the available neural network model. Moreover, in the proof of
theorems and corollaries, we utilise the wirtinger and novel summation inequality technique has been
widely employed to tackle time-varying delay such as defined in V(k,u(k))(s = 3,4) and was shown
more tighter than the ones based on Jensen’s inequality formula.

Numerical examples
In this section, we provide numerical examples with simulation results to illustrate the effectiveness

and advantages of the proposed theory.

Example 4.1. Consider the following T-S fuzzy memristor based stochastic uncertain NNs with time
varying delays and switching signal:

Zq: ¢'((K)) AT + DAY (K)]u(k) + (B + 8B{ (k)JF(u(k) + [C] + AC] (K)If (u(k — d(K))

=1

(k)
+ [Df 4 AD! (k Z f(u ) + Ev(k) + o(k,x(k),x(k — d(k)))w(k),
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0= # G ALu(k) + Dlu(k — d(k) + Gv(k)],

=1

U(I) = ¢(I), | = ko — dz, ...,ko.

The parameters of the first subsystem are
1 ) — 047 ‘U](') < ”7
611(111())_{0.67 ‘U1(~)>1‘,

! 0.5, jur(-) < 1],
by (ui (")) = {02 {Z1E)>1|7|

1 B 03, | 2() S 1|:
by (ua2(+)) = {0.15,7’U2(')>1|7

1 02, u () <1,
(i) = {0,57 \Z1(~)>”7

0.4, |uy(-) < 1],
0.6, [uy(-)>1],
0.2, |uy(
bry (u ( :{ 03| \U1
6, |ux(-) < 1],
. B 2
by, (ua (- _{ —0.18, |uz(-)>1],
J (u 03, |ur(r) <1,
p() = 0.2, |us()>1],
B 0.3, |U2( <1
Coa (U2 (- _{01 luz(-)>1],

] 06, |ur(-) <1,
d}z(m(')) = {0.7, |Z1(')>1|:

datin() = { 70 ) = 1

" 045, |ua(-) < 1Y,
ay(ua(1) = {0.8, |JZ(())>1I, |
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The parameters of the second subsystem are
3000y _ J 06, Jui(r) <1,
a(ui() = { 0.85, |uy(-)>1],

0.55, |us () <1,

i) = { oo sl

_ f0.25, fuy(-) < 1],
b3, (uz(")) = {0.5’ |ul:(-)>1\,

0.5, jui () <1,
h(ui() = {0.2, {518>1|7|

_ 05, Juy() <1,
Gl = { 2ot S,

0.6, ui(-) < 1],
0.45, |ui(-)>1],

{5
a0 = { oty
i) ={ 205 0 < |
e, 020 = { 5 fox) 11
chiwi() = {31?3: AESH
& (a()) = {2‘1672’ DREE
d, () :{j ; {Z]Eﬁifd"

{5

_ 034, Juy() <1,
a0 = { 930603,

Q

b 0.4, |ui(-) < 1],

12( —0.64, |u;(-)>1],
6, |ux(-) < 1],

R B 2

b3, (ua()) = { —0.35, |ux(-)>1],

3 (u {06, |ui() <1|

R () = 0.45, |ui(-)>1],
—0.56, |U2 <1,

x(u2()) { 0.45, \Uz )>11,
6, |ur(- <1|

R 1

dyy(un ( { —0.55, |us(-)>1],

[ -0, |us() <1,
a3, (ua(+) = X

0.8, |ua(-)>1],

0.35, |ux(+) < 1],
0.6, |us(-)>1]|,

0.4, |ui(-) <1,
—0.65, |ui(-)>1],

o
8
{
o) = { 2o 5
{
{
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Ni; =Ny = N32 =Ny = dlag{OZ, 02}

The membership functions for Rules 1 and 2 are @'(uj(k)) = 1/exp(—2us(k)), ¢*(us(k)) =
1—@'(ui (k). The activation functions are described by fi(y) =% (la-+1|+la—1|), f(y) =
&(la+1+Ja—1]). It can be verified that Assumption 2.1 is satisfied with
Fy = —0.1,Ff =0.1,F; = —0.2,F; = 0.2. Therefore, we can obtain

—-0.01 0 0 0
F“{ 0 70.04}’5*{0 o}'

If we choose p, = p, = 0.1,a = 0.5, assumed that the distributed delay t(k) satisfies 5 < (k) <9,
thatis, 77 = 5 and 1, = 9 and the time delay lower bound d; = 2 and upper bound d, = 8, then by
solving the LMls in Theorem 3.3 using Matlab-LMI control toolbox, we get the feasible solutions are
as follows:

p_ 104{7.6469 0'0007],21 B [76.6670 0.5967 } 7, - 103{4.9264 0.0027}7

0.0007 7.6525 ~ | 0.5967 81.6048 0.0027 4.9477

T, — 26.8707 —0.0241 T, — 980.7714 —0.8760 W— 95.1496 —0.1099
27 1 -0.0241 26.6600 |' * | —0.8760 971.1925 |’ —0.1099 94.2281 |’

R, — 104[136.6891 0.3123 ]’R3 B [ 6.9083 —0.0061}’52 103{ 2.2745 —o.oozo}

0.3123  139.2056 " | —0.0061 6.8549 —0.0020 2.2571

U 104{1.7314 0 }U 104[8.0768 0
1= s U2 =

_ 10

e = 10* x 6.4585, A* = 10.5241.

Select the switching signal by o(u(k)) = i, u(k) € Q;, i = 1,2. Therefore, it follows from Theorem 3.3
that the memristive based stochastic neural network (48) with switching signal and T-S fuzzy effect is

exponentially stable. For given initial state [2, —2]T, Figure 1 shows that the state trajectories of the
considered neural network converges, which provides that the discrete time stochastic neural
network is stable.

Example 4.2. Consider the following memiristive based stochastic NNs with time varying delays and
switching signal:

u(k + 1) = Au(k) + Bi(u(k)f(u(k)) + G (u(k — d(k)))
003 f(ulk — 1))+ EwlK) + olk x(K) (K — d(K))w(K),

y(k) = A],‘U(k) + D1,'U(k — d(k)) + G,'V(k)7

u(l) = (), = ko = da, ... ko

Consider the same input known matrices from Example 4.1 and let d; = 2, d, = 8, the activation
function are taken as follows: f;(y) = f,(y) = tanh(y). It can be verified that Assumption 2.1 is
satisfied with F; = 0,F = 0,F; = 1,Ff = 1. Thus,
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Figure 1. State responses of MNNs (46) in Example 4.1.

0 0 05 O
Fr = {o o}’Fz_ { 0 0.5}'
By using the Matlab LMI control Toolbox solve the LMIs in Theorem 3.1, we obtain a set of feasible
solutions as

p_104[3:1010 000017 , _ [49.9511 —0.0656] , _ . 5[ 22342 —0.0020
=~ 7100001 3.1020 |"“" T | —0.0656 49.8721 "2~ 'V | —0.0020 2.2284 |’

I, — [28.5132 0.0034 },n _ [994.3211 0.1083 ]’W

95.8580 0.0024
0.0034 28.4704 0.1083  991.3597 ’

0.0024 95.5614

R, — 10t| 881245 —00655] . 5[4.2691 0.0004] . _ . 5[1.8646 0.0002

2= —0.0655 87.8132 "3 0.0004 4.2630 |7 0.0002 1.8619 |
. 4[1.0344 0 431824 0 .

Uy =10 [ 0 10317 | V2 =10 [ 0 3.1821],)\ = 15.3742.

select the switching signal by o(u(k)) = i,u(k) € Q;, i = 1,2. On the other side, by setting the upper
delay bound d, = 8, we have the H,, performance k = 0.8947. Thus, it can be concluded that the
memristive stochastic NNs (16) is exponentially stable and the state trajectories of the dynamical

system are converge to the zero equilibrium point with an initial state [3, —3]T, it is shown in Figure 2.

Example 4.3. Consider the following discrete NNs (46) with the following parameters:

0.1 0 002 © —0.01  0.01
A= [ 0 0.3]’3*{ 0 o.oo4]’C* {—o.oz —0.01]‘

tanh(ky)

and the activation function satisfies f(k) = {tanh(k )
2

} satisfies Assumption 2.2.
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Figure 2. State responses of MNNs (16) in Example 4.2.
Table 1. Calculated maximum d, for given d; for Example 4.3.
d 2 4 6 8
(Wang et al., 2013) 13 16 17 19
(Wu et al., 2010) 15 17 18 20
(Jarina Banu et al., 2015) 30 32 34 36
Corollary 3.5 32 34 35 38

For different values of d;, the upper bounds of delay d, are obtained by various approaches,
which guarantee the asymptotic stability of the NNs (46). From the values listed in Table 1, one can
easily see that the stability criterion proposed in Corollary 3.5 is less conservative than those in Refs.
Jarina Banu et al. (2015); Wang et al. (2013); Wu et al. (2010).

Example 4.4. Consider the following discrete NNs (46) with the following parameters:

08 O 0.001 0 —0.1 0.01
A= 1T 0o 8= "0 oms)c=| 02 Zon )

and the activation functions satisfy Assumption 2.2 with F; = F; =0, F{ = F; = 1. By using the
MATLAB LMI toolbox, we can solve the LMI in Corollary 3.5. This ensures the asymptotic stability of
the system (46). For different values of d;, the allowable upper bounds of time delay d are obtained
by various approaches, and they are listed in Table 3. Moreover, the number of decision variables in
(Jarina Banu et al., 2015; Kwon et al., 2012; Selvaraj et al., 2018) are 15n?+ 5n, 17.5n%+ 4.5n and 28.5n?
+7.5n. In this paper, the number of decision variables of Corollary 3.5 is 4n%+ 6n. Therefore, from the
values listed in Table 3 and number of decision variables in Table 2, one can easily see that the
stability criterion proposed in Corollary 3.5 yields less conservatism than those in Jarina Banu et al.
(2015); Kwon et al. (2012); Lin et al. (2016); Selvaraj et al. (2018); Song et al. (2009); Song and Wang
(2007); Wu et al. (2008); Yu et al. (2010).
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Table 2. Number of decision variables involved in various papers.

No of decision variables

(Selvaraj et al., 2018) 15n2+ 5n
(Jarina Banu et al., 2015) 17.5n%+ 4.5n
(Kwon et al., 2012) 28.5n*+ 7.5n
This paper 4n’+ 6n

Table 3. Calculated maximum d, for given d; for Example 4.4.

dq 2 4 6 8
(Song et al., 2009) 11 1 12 13
(Song & Wang, 2007) 11 12 13 14
(Wu et al., 2008) 15 16 17 18
(Yu et al.,, 2010) 13 15 17 19
(Lin et al., 2016) 15 17 18 19
Corollary 3.5 18 19 21 22
Conclusion

In this paper, the problem of robust H,, performance for discrete-time T-S fuzzy switched memristive
stochastic NNs with mixed time varying delays. By employing, some novel summation inequality
techniques and LMI approach, we designed switching signal such that the resulting closed-loop
neural network is robustly exponential stable with a prescribed H,, performance. The obtained
results are all in the form of an effective linear matrix inequality (LMI), which can be easily optimised
by MATLAB-LMI control toolbox. Finally, numerical examples are given to show the superiority of our
proposed stability conditions. In the end, we would like to conclude that the results we presented
here are quite general and the conditions are relatively easy to check. Therefore, it is believed that all
the results obtained in this paper can be extendable to complex-valued NNs and state estimation
issues of general-switched systems with multiple channels subject to random packet dropouts.
Moreover, the model proposed in this work can be also extended event-triggered mechanism to
the coupled NNs with imperfect communication, such as packet dropouts and quantisation. We will
also target on the complex phenomena like the randomly occurring uncertainties, incomplete
measurements, MJSs with repeated scalar nonlinearities, T-S fuzzy-based piecewise Lyapunov func-
tion and decentralised event triggered with asynchronous sampling. Which makes the model more
practical. Which will be investigated in our future work.
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ABSTRACT

This paper deals with the problem of H./passive non-fragile synchronisation for a class of complex
dynamical networks subject to Markovian jumping time-varying coupling delays. Gain variation is
represented by a stochastic variable that is assumed to satisfy the Bernoulli distribution with white
sequences. The synchronisation error system became stable through our designed controller. By
Lyapunov-Krasovskii stability theory, a new stochastic synchronisation criterion is established for
the considered network in terms of linear matrix inequality (LMI). An illustration is given to show

effectiveness of the proposed theoretical results.

1. Introduction

In the last few years, the spearheading works of Watts
and Strogatz in Watts and Strogatz (1998), New-
man (2003), Syed Ali and Yogambigai (2016), and X.
Wang and Chen (2003), which investigated complex
networks have gained much attention as a result of
its theoretical relevance and potential applications in
most significant real-world networks, such as trans-
portation networks, communication networks, social
networks, biological networks, electric power grids
and others. Complex network is commonly envis-
aged as a large set of interconnected nodes, in which
each node represents a dynamical system and the
edges represent connections. Particularly, the unpre-
dictable system see has ended up being very productive
and turns into a key way to deal with researching
complex networks of connecting objects. Thus, stud-
ies of complex behaviours in complex systems have
in the fields of science and engineering (see Abhijit
& Lewis, 2010; W. Guo et al., 2010; Lu & Ho, 2010; Qiu
et al,, 2020, 2019; Strogatz, 2001; Sun et al., 2020; M.
Wang et al., 2020, 2018a, 2018b; Wu, Shi, et al., 2013;
Yu et al,, 2011; W. Zhang et al.,, 2014, and references
therein).
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Synchronization as a collective behaviour of net-
works, appears in a widespread field, ranging from
natural networks to artificial networks such as flush-
ing fireflies, brain web, yeast cell, semiconductor lasers,
sensor networks. Because of the ubiquitousness of
synchronisation, scientists attempt to understand the
mechanism behind the phenomena and the way it
works to get its advantages. For example, in sensor net-
works, the clock should be synchronised so that the
sensor network can process data more correctly and
in semiconductor lasers, they need to be synchronised
in order to generate large power lasers (Behinfaraz
& Badamchizadeh, 2018; Behinfaraz et al., 2019; Yu
etal.,2011). Consisting of large amount of nodes, com-
plex dynamical networks (CDNs) have been observed
to show synchronisation in many cases, including
both the manmade and the natural networks. Thus,
the synchronisation phenomenon has received much
attention among researchers (Cai et al., 2016; Du
& Xu, 2014; Karimi & Gao, 2010; Lee et al., 2012; Qi
et al., 2010; Yu & Cao, 2007; Yue & Lam, 2005; Zeng
& Cao, 2011; Zhao & Zeng, 2010).

Hoo synchronisation control is an available mech-
anism for attenuating the effect of disturbances in
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networks (X. G. Guo et al., 2015; H. Shen et al., 2015).
Hoo synchronisation control is generally applied to
the problem of optimal control. Designing an Ho
synchronisation controller for the stability of error
system will refrain the interference. For example,
Hoo synchronisation of complex networks the stud-
ied in B. Shen et al. (2011). Passive synchronisa-
tion analysis and design of complex systems, have
paid much attention in the last decades (Selivanov
et al., 2015). In Yao et al. (2009), passivity analy-
sis for complex dynamical systems with and with-
out coupling delay was investigated. The passivity
theory becomes a powerful mechanism to synthesis-
ing complex neutrons (Gao et al., 2007). Research
on the Hy and passive filtering, for a more flex-
ible design where studied by many authors (Fang
& Park, 2013; Wu, Park, Su, Song, et al., 2013; Yang
et al.,, 2013).

On the other hand, Markovian jump systems intro-
duced by Krasovskii and Lidskii (1961) have a crucial
role in the area of control and operations research
communities. Dynamic systems can be modelled by
a special class of hybrid system such as Markovian
jump complex dynamical networks. Markovian jump-
ing systems have been one of the important research
topics in the area of signal processing, control sys-
tems, and a good deal of results were available in the
literature (see Alfa, 2004; Asmussenn & Kella, 2000;
Barron, 2018a, 2018b, 2019; Barron & Yechiali, 2017;
Breuer, 2010; Ross, 1969; Ruiz-Castro, 2016; Yang
et al,, 2013 and references therein). Markov jump sys-
tems are a class of hybrid systems and have attracted
considerable attention because of their extensive appli-
cation in modelling many practical systems with ran-
dom abrupt changes in their structure and parame-
ters including manufacturing systems, aerospace sys-
tems, etc. In Desouza and Fragoso (1993) and Wu
et al. (2011), it has been shown that the switching
between different modes can be governed by a Marko-
vian chain and hence the neural networks with such
a jumping character are actually a class of special
Markovian jumping system (Dong et al., 2012). So
far, a lot of results have been obtained on various
analysis problems for Markovian jumping neural net-
works, for stability analysis and for passivity analysis.
In literature, several works have been illustrated on
Markovian jump complex dynamical networks (see
Ma & Zheng, 2015; Yi et al., 2013 and references
therein).
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Actually, the evolution of many practical systems
is always affected by various stochastic disturbances
and uncertainties from unpredictable environmental
conditions. Thus, stochastic modelling has been of
great consequence in branches such as neurotransmit-
ters. Dynamical behaviours of complex systems are
mainly affected by the external disturbances. There-
fore, synchronisation analysis for stochastic systems
has received much research interest. A robust resilient
control problem of discrete-time Markov jump non-
linear systems has been solved by employing the linear
matrix inequality and stochastic analysis techniques
(Y. Zhang et al., 2017). Based on the dissipative theory
and the event-triggered sampling scheme, the non-
fragile control design problem for a class of network-
based singular systems with input time-varying delay
and external disturbances has been addressed (Sak-
thivel et al., 2017). Therefore, it is reasonable to con-
sider the non-fragile control design in the study of
synchronisation of CDNs. Consequently, so far, inves-
tigations on Hoo/passive non-fragile synchronisation
of Markovian jump stochastic complex dynamical net-
works with time-varying delays have not been consid-
ered until, now, which motivates this study.

This Motivates to study the Ho/passive non-fragile
synchronisation of Markovian jump stochastic CDNs
with time-varying delays.

(1) We proposed a mixed Ho, and passive perfor-
mance index for dealing with the synchronisation
control problem for CDNs. The synchronisation
control problem based on the proposed index is a
more general case.

(2) The role of the designed controllers is analysed
in detail by constructing a suitable comparison
system.

(3) The synchronisation criteria are derived accord-
ing to whether the node systems in the CDNs
or the goal system satisfies the corresponding
conditions.

(4) A novel Lyapunov functional is constructed which
includes details of time-varying and non-fragile
state feedback controllers.

(5) Finally, an example is given to illustrate the effec-
tiveness of our proposed method.

Notation: R" denotes the n-dimensional Euclidean
space and R"*" is the m x n real matrices, respec-
tively. 77 > 0 is real symmetric and positive definite.
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AT means the transpose of matrix A and the aster-
isk ¢’ in a matrix is used to represent the term which
is induced by symmetry. I is the identity matrix with
compatible dimension. The symbol ‘®’ stands for Kro-
necker product. E is the mathematical expectation
operator. Let (I', £, Q) be a Complete probability space
which relatives to an increasing family (&)~ of o-
algebras (£)~0 C £, where I is the sample space, £ is
o -algebra of subsets of the sample space and Q is the
probability measure on £.

2. Problem formulation and preliminaries

The complex dynamical networks (CDNs) with Marko-
vian jump parameters, outer coupling and stochas-
tic noise, which consists of N identical nodes and is
defined over the Wiener process is described as

dxi(t) = | A®)xi(t) + £ (&, xi(t))

N
+ ) EiCO0))xi(t — b(b)
j=1

(1)
+ ui(t) +wi(t) | dt

+ o (4 xi(t), xi(t, — p(H)dw(b),
Z(t) = JMt)xi(t), i=12,...,N,

where x;(t) € R" is the state variables of the ith
node of the network and u;(t) € R" is the control
input of the ith node; Z(t) is the output; f(-,-) €
R" represents a non-linear vector-valued function;
{n(t) (t > 0)} is the continuous-time Markov pro-
cess which describes the evolution of the mode
at time t; A(n(t)) is a constant matrix with suit-
able dimensions; the function o (- -): R x R" x
R" — R" is the noise intensity vector-valued func-
tion; w(t) = [01(t), 02(t), ..., 0nt)]T € R™ is an
m-dimensional Brownian motion defined on the prob-
ability space (T, £, Q) with E{w(t)} = 0, E{w?(t)} = 1
and E{o(s)w(t)} = 0 for s # t, where [E is the math-
ematical expectation; C(n(t)) € R"*" is a constant
inner-coupling matrix of the nodes; E = (Ejj)NxN
matrix of the outer-coupling matrix representing the
topological structure of the complex networks; w;(t) €
R? stands for external disturbance which belongs to

L,[0,00), J(n(t)) is a known matrix with appropri-
ate dimension. Which is defined as follows: if there
is a connection between node i and j (i # j), then
Ej=1, if i and j has connection (i # j), if there is no
connection Ej; = 0.

The matrix E of diagonal elements fori = 1,2, ... .,
N is defined as

Bi=— > E. )

The function p(t) satisfies,

0<p; <p®) <Py

with by, by, i, are scalars.

The process {n(t),t > 0} is a right continuous-time
homogeneous Markovian process, it takes values S =
{1,2,...,N'}. More precisely, n(t) is associated with
the transition probability matrix ® = {n,},Ve,j € S
which is given by the following transition rates:

0<hbt)<um, (3

Pr(n(t 4+ At) = jIn(®) = o)
it +oap), if o # j
14 Mo AL+ o(AY), ifp=],
(4)
where At >0 and limay—o(0(At)/At) =0 and

mej > 0 for p # j is the transition rate from mode
o at time t to mode j at time t + A and 7, =

N .
= Lt Lie Tl
For convenience, each possible value of n(t) is
denoted by g, o € S in the sequel. Then we have

A®) = A, CIH) =C, TN = T,

where A, C, J,, for any p € S, are known constant
matrices of appropriate dimensions.

dxi(f) = | Agxi(t) + f (4 xi(h))

N
+ ) EiCoxi(t — b(t))
j=1

(5)
+ ui(t) +wi(t) | dt

+ O'(E,Xi(tj),xi(tj - b(@)))c{@('@),
Z(t) = Toxi(t), i=12,....,N,



To synchronise all the N identical nodes in the net-
work (5) to a common value, let us define the synchro-
nisation error vector as e;(t) = x;(t) — s(t), where
s(t) € R" is the state vector of the unforced isolated
node that can be expressed as

ds(t) = [Ags(t) + f (6, s(t)]dt, (6)

and is assumed to be noise-free, that is, o (, s(t), s(t —
pb(t))) = 0. Based on this error vector, we now choose
a robust state feedback controller (1), which is insensi-
tive to the uncertain perturbations or gain fluctuations
and of the form:

ui(t) = (Ko + BHAK(H))ei(t), i=1,2,...,N,

(7)

where K, is the controller gain matrix that is to
be determined in the forthcoming section, The real-
valued matrix AK; (t) representing the controller gain
fluctuations, and S8(t) is a stochastic variable describ-
ing the randomly occurring controller gain fluctua-
tions. It is here assumed that AK;(t) takes the form
AR (t) = M To(t)N;, where M and N, are known
real constant matrices and I (t) is an unknown time-
varying matrix satisfying FPT (t)I'o(t) < I. Further, it
is assumed that the stochastic variable S(t) obeys
the Bernoulli distribution with the following probabil-
ity rules: (i) Prob{B(t) = 1} = E{B8(t)} = B, and (ii)
Prob{B(t) = 0} =1 —E{B({)} = 1 — B, where p ¢
[0, 1].

Subtracting (6) from (5) then by using (7), we can
obtain the following closed-loop form of the error
systems:

ei(t) = |:Ap€i(§) + gt ei(t))

N
+ Y EiCoei(t — (1)) + (K,
j=1

(8)
+ BOAK(6))ei(t) + Wz'(‘g):| dt

+ 0 (8, ei(t), ei(t — b(H))dw(t),
Z(t) = Jeei(t), i=1,2,...,N,
where g(t, e;(t)) = f(t, xi(t)) — f(t,s(t)) and & (%,

ei(t), ei(t — b)) = o (t, xi(t), xi(t — b(£))) — o (4,
s(t),s(t — p(t))). By using the Kronecker product
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properties and mathematical manipulations, the error
system (8) can be written in the following compact
form:

Qo) = [(A, + K, + FMTo(ON;
+ (B(t) — BIMT(HNe(t) + G(t, e(t))
+ (E® Cpe(t — b(t) + w(p) |

+ 6 (4 e(), e(t — PO o),

Z(t) = Jee(t),
(9)
where
T
o) i= el . e] (O ek®)]
Glte(®) = [g" (b e1 (). 8" (6 e2(0),
T
X .....,gT(t,,eN(E))] ,
&t e(), et — b(t)))
=67t e, et = o)),
x 61 (t, e2(t), e2(t — b(1))),
X oo 50 (6 en(t),

T
>

x en(t = p(1)]
T
w(t) = [wlT(t), wl(t), . wITV(t)] .

Assumption 2.1 (Syed Ali, 2014): The noise intensity
function o(-,-,-) : RT x R* x R" — R™™ is uni-
formly Lipschitz continuous and also satisfies the lin-
ear growth conditions. Moreover,

Trace{& T (1 (1), (5 — P(1))

& (6 xi(t), it = b)) |
< x] () Xxi(t) + x7 (4 — b(§) Yxi(t — b(t)),

where X and Y are positive diagonal matrices with
appropriate dimensions.

Assumption 2.2 (Z. Wang et al., 2006): For any j €
{1,2,....,n}, ﬁ(O) = 0 and their exist constants Fj_
and FjJr such that

Fj_ < M < F]+’ Yo, # . (10)
o1 — o)
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Definition 2.1 (Joby et al., 2016): Given a weighting
scalar o € [0, 1], the synchronisation error system (9)
is said to be asymptotically stable with a prescribed
Hoo performance & > 0 if for all non-zero w(t) €
L5[0, 00), the response Z(t) under the initial condition
satisfies

Tp - . ~
/O [ =02 ®Z) + 20 - 32 R)w(n) |

_x2 ooy
> —0 ; [w (H)w)]dt, (11)

for any 7, > 0 and any non-zero w(t) € £3[0, 00).

Remark 2.1: It should be pointed out that the per-
formance index in (11) is a mixed Ho/passive index,
which may reduce to the H, performance index or the
passivity performance by tuning the weighting param-
eter 0. More specifically, when o = 0, the expres-
sion in (11) becomes the passivity performance index;
and when o = 1, the expression in (11) degenerates
into the Ho, performance index. When o € (0, 1),
the expression (11) stands for the mixed Hoo/passive
performance index. Therefore, from an application
viewpoint, our mixed Hoo/passive non-fragile con-
troller design method is more convenient for users
than some existing passive non-fragile controller
design methods or H~, non-fragile controller design
methods.

Remark 2.2: The authors in Xu et al. (2006) and
Lien et al. (2007), studied the non-fragile control for
dynamical systems with time delays. In Xu et al. (2006),
authors discussed the stabilisation and H, control for
uncertain stochastic time delay systems via non-fragile
controllers. The non-fragile observer-based control
for linear systems via LMI approach was investi-
gated in Lien et al. (2007). In Chen et al. (2011),
authors pointed out the non-fragile observer-based
Hoo control for neutral stochastic hybrid systems
with time-varying delay. The non-fragile synchroni-
sation of neural networks with time-varying delay
and randomly occurring controller gain fluctuation
have been studied in Fang and Park (2013). In
Wu, Park, Su, and Chu (2013), authors analysed the
non-fragile synchronisation control for complex net-
works with missing data. But in this paper, we have
introduced the synchronisation for Markovian jump-
ing CDNs with time-varying coupling delays. More-
over, we have introduced the non-fragile controller

and derived the sufficient conditions in terms of
LMIs, using Hoo/passive synchronisation of stochas-
tic analysis technique which makes the results less
conservative.

Remark 2.3: The stochastic variable B(t) is intro-
duced by the motivation of Li et al. (2012), wherein
the Bernoulli distributed sequence S(t) was used to
model the missing information of the system. In our
work, we have used this to describe the probabil-
ity of the random time-varying delay in different
intervals.

Remark 2.4: It should be noted that, so far in the liter-
ature, several control approaches have been proposed
for the synchronisation problem of several CDNs
(Cai et al, 2016; Lee et al.,, 2012; M. J. Park et al,
2012), wherein the interconnection topology among
the nodes are assumed to be fixed. However, in prac-
tice, this assumption is practically difficult or even
impossible. However, yet now, there were no results
reported in the existing literature for the synchroni-
sation analysis of stochastic CDNs with Markovian
jump parameters. According to this fact, in this paper,
Hoo/passive synchronisation problem of Markovian
jump stochastic CDNs with time-varying delays is
investigated. Furthermore, due to random behaviour
in the dynamics of stochastic CDNe, it is very difficult
to determine the exact fixed control value. Therefore,
in this paper, the feedback control gain is considered
with uncertain terms, which is more significant to
reflect the realistic scenarios.

Remark 2.5: As like the system defined in Syed Ali
and Yogambigai (2018), my problem also contains the
same system but by employing the innovative LKFs
and utilising the Lemmas name we get the less con-
servative results.

Lemma 2.2 (N. Wang et al., 2016): For any constant
matrix M € R"™" MT = M > 0, scalars o« and B

with o > B and vector x : [B,a] — R", such that the
following integrations are well defined, then

— (@ —B) f ) xT () Mx(s)ds
B

<- (/: x(s)c(s)TM </ﬂa x(s)({s) ,



_ 2 o pro
— w / / xT(s)/\/lx(s)c{so[u
B Ju

([ [
x M (/ﬁa /ua x(s)cfsdju) .

Lemma 2.3 (P. Park et al., 2011): Assume that <,
M; and E; are real matrices with appropriate dimen-
sions and FiTFi < I. Then, the inequality Q + M;F,E; +
E'FIM! <0 holds if and only if there exists a
scalar € > 0 satisfying @ + e 'M;M! + €E[E; < 0 or
equivalently

Q M; €E!
¥ —el 0 | <0O. (12)
* * —el

Lemma 2.4 (Langville & Stewart, 2004): The proper-
ties of Kronecker product have the following properties:

(1) BX)®Y=XQ(BY);

2) X+YV)QZ=XQZ+YQRZ
B) XQY)ZQW)=(XZ)® (YW);
4 XenT=xTeY"

3. Main results

In this section, we present results for non-fragile syn-
chronisation of complex dynamical networks with
Markovian stochastic
noise.

jumping parameters and

Theorem 3.1: For given positive scalars Qy, Q,, I,
5, B € [0,1], matrices Jo» the network (9) is asymp-
totically stable in mean square with prescribed mixed
Hoo and passivity performance level & > 0 under the
non-fragile control (7), if there exist matrices P, >
0, 71>0, 7,>0, T3>0, Uy >0, U >0, U3 >
0, £y > 0, positive diagonal matrix ), and positive
scalars L1, €1 such that the following matrix inequalities
hold:

P, <MI, pes (13)
[Qoimliox10 €17, Ug
Q, = * —eI 0 | <0, (14
* * —el
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where

Q11 = PeAo + ALP] + Pk + KL P)
N

+) TP+ MR+ T+ L+ T
j=1

+ Qith + Qi + Qs — F1Y + 20 T, T,

Q12 =P (E®Cy), Q15 =Py + F2),
Qo9 =P, —2(1 — )3T,
Qo2 = MRy — (1 — w)7Ts,
Qo3 = —T1 + QL1 Qoas = —To, Quss = =D,
Qees = —U1, Qo777 = —(1 — Wy, Qg = —Us,
Qoo = =01, Q1010 =—L1, Q= Q, — Qy,

9, =[fP.M, 0 0 0 0 0 0 0 0 0],

ve=[N, 000 000 0 0 0].

Proof: For each p € S, define e; = e(t +5), —p, <
s < 0. Construct Lyapunov-Krasovskii functional as

4
V(et)tﬂ) P) = Z Vn(etatja P)’ (15)
n=1

where,
Vile, th0) = el () Poe(t), (16)

t
Valey thp) = / . el (s)Tre(s)ds
t—b;

%
+ / eT(s)Tze(s)({s
=P

§
gy
§=p(t)

0t
Vi(ep, t,0) = by / / el (s)Uye(s) 5O
—p; Jt+0

el () Tze(s)ds, (17)

b1 pt—h1
+ b1 / / el(s)L1e(s)sdH,
—p, Jt+0
(18)

0 %
Va(ey, t,0) = bz/ f eT(s)Z/lze(s)c(sc[G
=p) Jt+6

0t
+ b, f f el (s)Use(s)dsB, (19)
—p, Jt+0

with P, >0, 7, (v=1,2,3), U, (v=1,2,3), Ly,
]912 = ]92 - ]31~ n



1276 (&) M.S.ALIETAL

Based on Ito’s differential formula (He et al., 2016),
stochastic derivative of V (e, t, o) can be calculated by
C{.‘V(etp ti’ P) = ,CV(@(;, tj’ P) + Ve‘(etp tﬂ» P)a (§7 e(tﬁ)’

x e(t — b)) dw(b), (20)

where

LV (e, t,0) = LVi(ep, b, 0) + LV (e, 8, 0)
+ LV3(eq, t,0) + LVa(e, t,0)  and

V(e tsp)

Ve(eg)tjx P) = 9e

The derivative of V(ey,t,0) along trajectories of (9),
can be calculated as,

LV (e, t,0) = 2T () Ppl(A, + K
+ B (Mo (H)N)
+ (B(t) — BY M (HNe(t)
+ G(t, e(t)) + (E® Cole(t, — p(t))
N
+wOIdt + Y meje’ (6)Pje(t)
j=1

+ Trace{&T(s, e(t), et — b(t)))

X Pob(tetet = bH)}. @)
LVy(ep,t,0) < e )(T1 + T2 + Ta)e(t)

—e'(t — b)) Tie(t — by)

— €' (t — py)Tae(t — by)

— (1= e (4 — b)) Tre(t — b(t)),
(22)

LV3(ey 1) = bie' (H)Ue(t)
%
— Py f el (s)Ure(s)ds
t—b1
+bhel (t — b Lie(t — by)
t—p;
— b1z / ; el (s){sLie(s)ds, (23)
t—p2
LVi(ep,t,0) = b3e’ (1) Ua + Us)e(t)

t
— py(1 — ) el ()Ure(s)ds

§=p®)

"
P, / et 1)
t—ps

Further, by using Jensen’s single integral inequality (N.
Wang et al., 2016) in (24) and (25), we can get the
following inequalities:

t
b / e (s)Uye(s)ds

t—Pp1

g ¢
<_ f T () /
t—p1 t—b1

t—Ppy
i / O sLreto
t—ps

e(s)ds, (25)

t—p1 t—py
<_ / e (5){sL f eds,  (26)
t—p> t—b,

"
— b, / el ()Ure(s)s
T

t £
< - f el (s) sty f e()ds,  (27)
t—p(t) t—p(t)

—b(t

t
— b, f el (Uze(s)ds
t—p,
t %
<_ / T (5){sls / (s (28)
=P, t—b>

On the other hand, Assumption 2.1 and condition (13)
gives that

Trace{o T (4, (0, e(t = PP, - o (4 ()
xe(t = b))}
< - Trace] o (4, (), et = P(£))o (6 (1),
x e(t = b))
< - [T ORae®) + € (4 = b))

x Raelt = b)), (29)

where A are positive scalars and R3, R4 are known
constant matrices.

Moreover, according to Assumption 2.2, for positive
diagonal matrix ), the following inequality hold:

[ e(t) ]T[Fly —Fzy:H: e(t) }<0
Few)| |-BY Y ||[Fthew)] ="

(30)



From, (20)-(30), taking both sides mathematical
expectation we get,

E |:CCV(€1;>§>P)

({E i| = ]E[EV(%,@, P)],

=E[17®)( + 9, Te(t)v
SRCANOUSLPIC) RIEID
where
0= [@l,m], Lm=12,....,10,
with

On = PoA, + AIP] + PK, + KIP!
N
+Y mPi+ MR+ T+ T+ Ts
j=1

+ bilh + b3l + p3Uhs — F1Y,
On="P,(E®C,), O15="P,+F,
O = P> O =MRy— (1 — )T,
n=-Ti+bpL1, Ou=-T,
Oss = -V, Og=-Uh, O =—1-pih,
Os = —Us, Bg9 = 0,01010 = —L1,
b2 =Py — b1

@)

Based on Lemma 2.3 for any positive scalar €;, the
right-hand side of (31) can equivalently be written as

@IOXIO + ﬁprp(g)vp + (ﬁprp(t)UQ)T
< ©10><10 + elz?pvp + élﬁpTUp. (32)

By applying Schur complement Lemma, the inequali-
ties (32) becomes,

Orox10 €17 vl
(:3p = * —eI 0 < 0, (33)
* * =t

we get

E[LV (e t.0)] <E[nT®Omm ] <0. (39

Hence, using Lyapunov stability approach, we can con-
clude, the stochastic system (9) is asymptotically stable
in mean square.
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Next, we study the mixed Ho, passivity perfor-
mance of system (9) with non-zero disturbance input
(w(t) # 0) for any t; > 0. Now, we define

T ~
=& [ o2 020 - 20 - 032 it

- SZWT(E)W(E)]OEE}, t=0, (35)

and we can see that,
By _
J(t) = E { /0 02" ©2(0) 20— 0)52" Ww(t)

— BT (WD) + LV e tp) |t

~E[£Vente)]

] _
<E /O nT(E)Qpn(E)OEt;], (36)

where

n) = el et —bw) et —py

"
T —by F(te() f T
t—p1

§ §
/ el (s)ds / el (s)ds
t—p®) t—bs

=Py T
wl (t) / eT<s>o[:s] ,
t—P,

and Qp is given (14). Hence for w(t) # 0 we get,
Jv(t) < 0, and (11) satisfies. Therefore, for any non-
zero w(t) € [0,00), (11) holds for all t > 0.

Hence by Definition 2.1, gives the asymptotic stabil-
ity in mean square of the system (9).

Theorem 3.2: For given positive scalars Q;, (5, 14, 5,
B € [0,1], matrices Jo» the network (9) is asymptoti-
cally stable in mean square with prescribed mixed Hoo
and passivity performance level 5 under the non-fragile
control (7), if there exist symmetric matrices X, >
0, P >0, T, >0 (I=1,23), Uy >0 (v=1,2,3),
219 > 0, any matrices Z, with appropriate dimensions,
positive diagonal matrix Y, and positive scalars A, > 0,
€1 such that the following matrix inequalities hold:

X,—mI>0, p€S, (37)

o, = [ﬁplm] <0, (38)
15x15
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where
Qo = A X, + AL+ Z+ 2] + Tio + Top
+ Too + Qilhe + Qilh + Qls, — 1Y
+ T (X, Qoi2 = (E® CA,,

Qois =P+ F2Y, Qoo =1-2(1—-0)X,7],
Qo1 = Mo, Q2 = XN, Qi3 = XoV'Rs,
59114 = [\/n_lXpT,. oo /T Xy

X e o TN |,

§9115 = X Q922 =—(1- M)Tsp,

Qoo = Xy Ry Qs = —7:19 + Q%zzlp:

Qp44 - %p) S2955 = y’ Qp66 = —Lﬁp,

9977 = _(1 - :U“)Z/{Zp’ 9988 = —Z/I3p,

Qoo = =01, Qo010 = L1y Q1111 = —€1l,
Qo212 = —a1l, Qo313 = —Ml,
Q1414 = —diag[Xl,...--- o> Xor1s

X Xogty oo X,

Q1515 = —0l, A} = ——,
Al

Other terms ﬁplm are defined in Theorem 3.2. The feed-
back controller gain matrices in (7) are computed by
Ko = Z. X7

Proof: Let X, =P, ! and pre and post multiply
the matrix Q, by diag{X,, X,, Xy, X, Xo, Xy, Xy, X, T,
X, 1, I}.

Now, we introduce the followmg new variables:
X T X, = T(l_123)XZ/{VX lep(v—123),
XEIX—Elp,XPX PandZ Ko Xe.

Moreover, the conditions in (37) can be obtalned
from (13), (14), respectively, which are the desired
conditions. Hence, the proof is completed. |

Remark 3.1: The two stochastic variables satisfying
Bernoulli random binary distributions are adopted to
character the randomly occurring phenomena in the
synchronisation problem for complex dynamical net-
works. It can be observed that when E =1, the con-
trollers (9) are degenerated to the general non-fragile
controllers. By utilising the stochastic information, a

better synchronisation performance can be obtained
with less conservatism.

Remark 3.2: Itis noted that the non-fragile stochastic
Markov jump synchronisation problem for CDNs (9)
in Theorem 3.2 and the desired controllers can be
obtained when LMIs (36) are feasible then it is solvable
(Figure 1).

4. Numerical example

In this section, a numerical example is presented to
demonstrate the effectiveness of the proposed syn-
chronisation control scheme for the complex dynami-
cal network (9).

Example 4.1: Stochastic Markov jump CDNs with 3-
nodes and modes 2, is considered as

C{j(f(tj) = [(Ap + ’Cp + ,B_Mprp(tj)Np
+ (B(M) — BIM T (HDNe(t) + G, e(t))
+ (E®Cole(t — b)) + w(t)|d

+ 6t e(t), e(t — b)) dw(b),
Z(t) = Jpe(t),

with the parameters

[0.5 0] 03 0
A= L0 05] Cl_[o 0.3}’
[25 0] 02 0
AZ__O 25| Cz_[o 0.4
[0.5 0]
Fr= L0 05]

Itis clear to see that f (t, x;(t)) satisfies Assumption 2.2,
and F; = 0. In this example, we consider the Markov
jump topology with two modes, the outer coupling
matrix is assumed to be

-2 1 1
E=]1 -1 0
1 0 -1

Then it is easy to verify that p; = 0.1327, b, = 0.04,
o = 0.5, 4 = 0.01,5 = 0.4036 and

0.5 0 0.6 0
R3_[o 0.5]’ R“_[o 0.6:|’

2 4
jl:[s 4]‘



-

System
Not
Stable

START

h 4

Give Initial

Parameters and
Matrices

h 4
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0.01 0.1 0.02 0.02
Ml_[o.oz 0.02]’ M2_|:O.03 0.01]’

0.01 0.02 0.02 0.01
Nl_[o.m 0.03]’ NZ_[om 0.01]’

and I'g(t) = sin(t). By solving (37), (38) we get the
following solutions:

|

Apply non fragile
control

Y

Execute LMI and find
Gain Matrix

NO

‘/ Feasible
—
Solutions
Y

|

System
Stable

END

Figure 1. Flow graph of the proposed method.

The stochastic variable representing the controller gain
fluctuations is chosen as S(4) = 0.25 + 0.25 sin(t).
Furthermore, the uncertain matrices in the control

gain are taken as

P1

P

T

T

T

U2

U

Uz,

Z

Zy =

[—5.7174
| 0.0044

[—5.7136
| 0.0033

[11.9073
0

[10.6298
| 0.0214

[10.5379
| 0.0214

[10.5645
| —0.0288

[10.6007
| 0.0270

10.5088
| 0.0270

[ 10.5097
| —0.0484

[11.4159
| 0.0004

[11.5294
| 0.0000

[11.4159
| 0.0004

[11.4153
| 0.0005

[11.5293
| 0.0001

[11.4153
| 0.0005

[—25.7784
| 1.2256

[—26.7399

| 1.5280

0.0044
—5.7131

0.0033
—5.7163

0
11.9073

0.0214 |
10.5908 |

0.0214 |
10.4989 |

—0.0288
10.5385

0.0270
10.6096

0.0270
10.5178

—0.0484
10.5345

0.0004 |
11.4152 |

0.0000 |
11.5293 |

0.0004 |
11.4152 |

0.0005 |
11.4155 |

0.0001 ]
11.5293

0.0005 |
11.4155 |

1.2256

—26.95

|

J

>

|

>

|

89:| ’

—26.3696

1.5280 }
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Figure 2. Error trajectories of the system in Example with node 3.

v [0.1391  0.1353
' 701353 0.1384 ]’
¥ — [0.1033  0.0990
>~ 0.0990 0.1018

r _ [11.4178  0.0002
17100002 11.4175]°

r _ [11.4175  0.0003
27100003 11.4176]

The corresponding non-fragile controller gain matri-
ces obtained are as follows (Figure 2):

~3.9494  3.8698
_ 3
ki=10 |:4.0378 —4.1422}’
—4.0304  3.9358
_ 3
Ky =10 [ 3.8810 —4.0340}’
~ 1
e =122138, % = —— =120978.
1

Remark 4.1: In Examples of Sakthivel et al. (2018),
authors have taken the discrete time-varying delays as
71(t) = sin(t), 12 (t) = sin(t). It followed that © = 0.5
and Bernoulli distributed sequence B = 0.9. But in
this paper, in Example 4.1 discrete time-varying delays
are chosenasp; () = 0.1327 + sin(t), p,(t) = 0.04 +
sin(t), o = 0.5, u = 0.01, 5 = 0.4036, we can con-
clude that our results are better than those in Sakthivel
et al. (2018)

5. Conclusion

In this study, He and passive non-fragile synchroni-
sation of Markovian jump stochastic CDNs with
time-varying delays, randomly occurring gain vari-
ation and stochastic noise is investigated. Moreover,
we have introduced a stochastic variable satisfying
the Bernoulli distribution to represent the random
gain variations in the non-fragile controller. Lya-
punov-Krasovskii stability theory and some stoch-
astic techniques are employed. We developed a new
Hoo and passive performance stochastic synchronisa-
tion criterion for the investigated system in terms of
LMIs and given a design algorithm for the proposed
non-fragile state feedback controller to a solution of
the attain set of LMIs. At long last, a numerical exam-
ple is given to validate the efficiency and feasibility of
these technique expected in this paper. We can extend
the present results to the analysis of synchronization of
Hoo filter design with discrete-time Markovian jump
CDNes.
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ABSTRACT This paper addresses an adaptive fuzzy feedback controller design problem for finite-time
Mittag-Leffler synchronization (FTMLS) of fractional-order quaternion-valued reaction-diffusion T-S fuzzy
molecular modeling of delayed neural networks. A novel approach is proposed to effectively deal with
the joint effects from fuzzy rules and reaction-diffusion terms for the class of T-S fuzzy fractional-order
reaction-diffusion delayed quaternion-valued neural networks (FORDDQVNNs) under consideration.
By employing Lyapunov stability theory, Caputo fractional derivative, several algebraic criteria are estab-
lished to guarantee the FTMLS of T-S fuzzy FORDDQVNNs via designed fuzzy feedback controller.
Moreover, the adaptive controller and parameter update laws are designed via adaptive control methods.
Compared with existing results in the literature, we also show that our results are less conservative than
existing ones with these illustrative T-S fuzzy FORDDQVNNs. A numerical example is presented to verify
the analysis results and illustrate the effectiveness of the proposed FTMLS conditions.

INDEX TERMS Quaternion-valued neural networks (QVNNSs), fractional derivatives, reaction-diffusion

terms, Takagi-Sugeno fuzzy, adaptive control law.

I. INTRODUCTION

Based on these biological knowledge, the stability of
molecular models of genetic regulatory networks, neural
networks (NNs) and etc., has received more and more
attention [1]-[3]. Note that these applications have impor-
tant relationships with their dynamic behaviors, the internal
dynamics of NN, such as stability, multistability, synchro-
nization, and so on, and have received increasing atten-
tion in past decades [4], [5]. In order to describe physical
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phenomena more accurately, fractional-order neural net-
works (FONNs) are recognized as a significant improve-
ment over the integer-order NNs because of their long-term
memory and hereditary properties [6], [7]. Subsequently,
FONNSs as a kind of important biological networks, have
attracted increasing interests [8], [9]. In the study of FONNS,
the discussion of dynamical behaviors is always a hot topic,
such as Mittag-Leffler synchronization [10], stability [11]
and so forth [12], [13]. Time delays, such as leakage
delays, distributed delays, discrete delays, and neutral delays
are widespread and inevitable in NNs [14]-[17]. It is
a source of oscillation, divergence, instability, chaos and
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poor performance. Therefore, investigation of delayed
NN is not only of theoretical significance but also of practi-
cal significance.

As a typical collective behavior, synchronization has
attracted considerable attention due to its theoretical
importance and practical applications in various fields
such as the modeling brain activity, cryptography, clock
synchronization of sensor networks [18]-[20]. Until now,
the problem of synchronization for fractional-order systems,
particularly, dynamical networks [21] has been much ana-
lyzed, and widely control strategies, including the sliding
mode control [22], impulsive control [23], the pinning con-
trol [24], and the adaptive control [10] have been concentrated
on this topic. The above mentioned types of synchronization
are shows that the trajectories of the response system can
reach the trajectories of deriving system over the infinite
horizon. In the application point of view, the synchronization
should be realized in finite-time which is more and more
important. Thus, it is necessary to analyze the finite-time
synchronization of FONNs. Recently, many authors have
paid their attention and interest for the analysis of finite-time
synchronization of FONNs and some good results has been
reported in [25]-[27]. For instance, the author [28] investi-
gated the FTMLS of memristive BAM FONNs with time
delays via state-feedback control. Chen et al. [29] studied
FTMLS of memristor-based FONNs with parameters uncer-
tainty by using Lyapunov-like method.

Reaction-diffusion NNs (RDNNs), in which the neuron
states are dependent on both time and space, can perfectly
describe the time and spatial evolutions. In comparison with
the traditional NNs, RDNNs could realize better approxima-
tions of actual systems. It is thus reasonable and important to
consider NNs with diffusion effects. Recently, many elegant
achievements on qualitative analysis of dynamical behaviors
for various RDNN models have been reported in [30]-[32].
In recent years, many efforts have been dedicated
to investigating synchronization of RDNNs with time
delays [33]-[35]. Also, relatively recently, reaction-diffusion
terms have been incorporated into some fractional-order
models [36], [37]. For example, Stamova and Stamov [38]
developed impulsive control on Mittag-Leffler synchroni-
zation of FONNs with time-varying delays and
reaction-diffusion terms. On the other hand, recent years
have witnessed a rapid growing interest in adaptive
control [39], [40] which is an important control technique and
has been widely used to synchronization of NNs with reaction
effects. These days, adaptive control has been applied to
adjust control gains to achieve synchronization of FONNs
with reaction effects. Based on the Caputo partial fractional
derivative and adaptive control technique, some sufficient
conditions for ensuring coupled networks synchronization
of fractional-order reaction-diffusion systems were discussed
in [41].

Takagi-Sugeno (T-S) fuzzy model [42] is widely rec-
ognized as an effective mathematical model, which sup-
ports various kinds of analyzes of which synchronization is
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a promising topic in the fuzzy control community, espe-
cially for nonlinear systems. Among various kinds of fuzzy
methods, the T-S fuzzy systems are widely accepted as
a useful tool for design and analysis of fuzzy control
system [43]-[45]. Recently, the T-S fuzzy rules have been
connected with the RDNNs and several accomplishments
have been achieved. Based on the T-S fuzzy model, a fuzzy
controller of state-feedback type was considered for fuzzy
memristive-based RDNNs in [46]. In [47], the fuzzy adaptive
stabilization problem was discussed for T-S fuzzy memris-
tive RDNNs by employing the event-triggered sampled-data
control. Authors in [48] analyzed the synchronization of
RDNNSs subject to partial couplings and T-S fuzzy nodes
under pinning control. In [49], another fuzzy sampled-data
controller was adopted to deal with the synchronization of
T-S fuzzy RDNNGs.

Above all, although the corresponding methods and
techniques for studying real-valued NNs (RVNNs) or
complex-valued NNs (CVNNs) cannot be directly used to
investigate QVNNs, QVNNs can be converted into four
real-valued systems by applying Hamilton rules to quater-
nion multiplication [50], [51]. Considering the simple rep-
resentation of quaternion, which is easy to understand the
geometrical meanings, QVNNs can be applied to various
fields of science and engineering. Up to now, direct quater-
nion approach [52], plural decomposition approach [53], real
decomposition approach [54], and have been proposed to
investigate the dynamical analysis and synchronization for
integer-order QVNNSs. Recently, some researchers attempted
to investigate the advantages of quaternions into FONNs.
It is also necessary to point out that fractional-order QVNNs
have many applications in engineering and science, such
as wave propagation, electromagnetic waves, diffusion, and
viscoelastic systems. So far, there have been some results
on the dynamic properties of fractional-order QVNNS, but
there are few results to propose Mittag-Leffler synchroniza-
tion criteria for fractional-order QVNNSs [55]-[57]. Further-
more, the FTMLS problem of fractional-order QVNNSs by
using linear feedback controllers have been investigated [58].
Since reaction-diffusion of CVNNs and QVNNs have
storage capacity advantages in comparison to RVNNs,
the synchronization issues of CVNNs and QVNNs with
reaction-diffusion terms have received growing research
interest in recent years [59]-[62]. However, to the best of
our knowledge, these results are under the assumption that
the reaction-diffusion QVNNS are of integer-order, and there
are no results on the FTMLS of fractional-order systems via
adaptive fuzzy feedback controller. Therefore, it is highly
important and indeed imperative to study the FTMLS prob-
lem of FORDDQVNNS both in theoretical interest and prac-
tical applications.

Inspired by the above-mentioned arguments, in this
paper aims to design an adaptive fuzzy feedback controller
scheme for FTMLS problem of T-S fuzzy FORDDQVNNS.
By virtue of the Green formula, Caputo fractional deriva-
tive and inequality technique, several algebraic criteria are
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established to guarantee the FTMLS problem of the proposed
model. The main contributions of this paper are listed as
below:

(1) First, the quaternion algebra is introduced in
fractional-order reaction-diffusion system. To avoid the non-
commutativity of quaternion multiplication, the QVNNs are
decomposed into four RVNNs by using plural decomposition

approach based on Hamilton rules: 2 = —1, j> = —1,
k2= —1,ij =k, ji = —k, jk = i, kj = —i, ki = j, and
ik =—j.

(i1) This paper is one of the first paper that combines
the fuzzy IF-THEN rules and the quaternion algebra with
fractional-order RDNNs and attempts to achieve the FTMLS
of T-S fuzzy FORDDQVNNs and the fuzzy-dependent
adjustable matrix inequality technique is more flexible and
helpful to reduce the conservatism.

(iii) By the construction of fuzzy feedback controller,
Lyapunov functional, and some novel easily verifiable alge-
braic inequality conditions is established to achieve the
FTMLS of T-S fuzzy FORDDQVNN:S. It is worth noting
that the effect of the reaction-diffusion on the FTMLS is
considered in our results. Also the suitable adaptive controller
is designed with adaptive law which guarantees the FTMLS
of the proposed model.

(iv) Based on the previous papers on QVNNs, such as
without reaction-diffusion terms [50]-[58], without fuzzy
rules in [62], and without fractional-order [62], the effects
of reaction-diffusion on the fractional-order system are addi-
tionally proposed in this paper, which means that our consid-
ered QVNNs are more general and may better meet practical
requirements. Several corollaries are provided to show the
advantages of the obtained results. It is noted that our results
are comprehensive and include some existing ones [59]—[61]
as special cases.

(v) To further illustrate the effectiveness of our theoretical
result approach is demonstrated by numerical example and
from the simulation results to comparing control scenarios
are given.

Notation: Real numbers, complex numbers, and quater-
nion numbers are referred as R, C, and Q respectively.
R CP Q™" represents the set of all nxn real-valued,
complex-valued, quaternion-valued matrices, respectively.
The Caputo fractional derivative operator cDg is chosen
for fractional-order derivative with order A. For gp =
(@192, on) € QU let o] = (@il 92l - loal)”
be the modulus of g, and |||l = (X4_; lpel*)? be the
norm of ©.

Il. MODEL DESCRIPTION AND PRELIMINARIES

A. QUATERNION ALGEBRA

Quaternions are an associative algebra defined over the real
field R. A real quaternion, simply called quaternion, can be
written in the form

h=h+hi+Wj+i*k € Q
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with real coefficients 4", A, # and il comprises a real part
denoted by Z(h) = A", and a vector part with three imaginary
components, denoted by . (h) = hli+Hj+i*k.

The imaginary units, i, j, and k obey the following rules:

PopPok=—1,

ij=—ji=k,
jk = —kj =1,
ki = —ik =j,

which implies immediately that the quaternion multiplication
is not commutative. o
For two quaternions p = p"+p'i+p’ j+p®k and B = K+
ADi+rDj+r®k, the addition between them is defined by
pth = P+ @'+ D+ k.
The product between them is defined as
ph — (prhr_pihi_pihj_pkhk)
+(prhl+plhr)+p/hk_pkh])l
_I_(prh/+p/hr —plhk-l-pkhl)j
+(p" K R W —p Rk
For a quaternion 7 = 2" +A' i+ j+1*k, the conjugate of 7,
denoted by /* or £, is defined as
B =h = h —hi—Wj—i*k,

and the modulus of 7, denoted by |%|, is defined as

1 = VAR = (P P4 R

Definition I [38]: For any t > 0, Caputo fractional
derivative of order M(0 < A < 1) for a function x(t,7) €
C[0, b1x 2, R] is defined by

8)‘)((t,z)_ 1 /’ Ox(s,z) ds
ar  TA-NJy  ds (=)’

where T'(v) = fooo e~ 'tv=1dt. In the case when,

d}\
LD = CDix ).
Definition 2 [10]: The one-parameter Mittag-Leffler

function is defined as

tx)
ot -

o n

X
)= T(iatl)

n=0
where A > 0, and x € C.
In this paper, the fractional-order quaternion-valued
reaction-diffusion molecular model of neural networks with
time delay is considered as the following form:

0*30(1, 2) —ii( a%e(t,z))
otz o 2

—agSo(t, DY boalp(y(t, 2)
¢=1

n
+ ) doggp(3y(t—0 (1), D)+Tp,
@=1
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(or) the vector form

3, z
% = AS(t, 2)—AS(t, 2)+BF(3(t, 2))
+DGR(t—o (1), D)+Z, (1)
where A € (0,1), 6 = 1,2,...,n; Q is a bounded
domain with smooth boundary 922 in R™, and the
space vector 7 = (zl,zz,.. JZm) € K S(t,z) =
(311, 2), (2, 2), -..,J‘\”Sn(t,z)) € Q" A(t,2) = Yo,
L (QBD): Q = diag@ie: e Gua) € RV
with Q > 0 is transmission diffusion operator;
A = diag(ai,ap,...,a,) € R™" with a9 > O
B = (bG(p)nxn € ann and D = (dQ(p)nxn €

Q™" are stands for the interconnection weight matrix;
FO@,2) = (A1), A ), LiGalt, ) €
Q" and G(J(t—0(1),2)) = (gl(«n(t (1), 2). (31—
o(),2),...,gn(Spt—0o(2), z))) € Q" define without
and with time delay, the activation function respectively;
= (1,1, ...,2,) € Q"is the external input; Jy(¢, z) € Q
is the quaternion-valued state variable for the 6th unit at
time ¢ and in space z and 0bes1sously, Jp = \sg—l—oéi—l-

SYASEK; bag = b bbb b K dog = dj b, i+
dgwdgwk Fo(30(0,2) = f7 (0 DG D,
(t, z))J+f¢( (1, 2K 8, (gl1—0(0), ) = g¢< r(t—o (1),
D)+, (R (1—0 (1), 2)i+gl (N, (1—o (1), D)+ (I (1—0 (1),
ks Ly = I +7i z+IJ91+Ikk. The initial and boundary
values of (1) are set as

{fs(z, =0, (t.2) € [—0, +00)x I,

S(Sa Z) = Ilfl(sv Z)’ (S’ Z) € [_O" O]ngv

where (s, z) is bounded and continuous on [—o, 0]x 2,
Yis,2) = (i, 2, ¥5(5,2)..., (s, )5 ¥is,2) =
YO (5. Y5, DY, D EGs, Dk.

Viewing system (1) as the drive system, we introduce the
response system as

330(1,2) < D 339(t,2)
- =Za—<q9a 324 )

a=l1 Lo

—as36(t, D+ _ bofy(34(t, 2))

p=1
n
+ Y o8y (t—0 (1), D+ Tg+ug(t, 2),
=1
(or) the vector form

9*3(t, 2)

= A3(t, 2)—A3(t, 2)+BF(3(t, 2))

+DG(3(t—o (1), D)+I+i(t,z),  (2)

where A € (0, 1), A3(t,2)=> ., (CIGaMB’%g’Z)); 3(t,2) =
(31(t,z),...,3n(t,z)) e Q" ut,2) = (@t 2,...,

un(t, )Y € Q" is the controller which will be designed.
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Moreover,
3(,2)=0 (t,z) € [—o, +00)x082,
3(s,2) = v¥s(s,2), (s,2) € [—0,0]xL,

where S (s, z) is bounded and continuous on [—a, 0]x€2,
Ye(s,2) = (Y7 (5,2, ¥5(5,2) .., Ya (s, 2)5 ¥(s,2) =
Y75, DS, it S (5, (s, O

B. FUZZY LOGIC MOLECULAR MODELING

A fuzzy dynamic model has been proposed by Takagi and
Sugeno [42] to represent different linear/nonlinear systems
of different rules. Based on this, we shall construct T-S fuzzy
system to describe molecular model of FOQVRDNNSs struc-
ture. Similar to [47]-[49], we consider a T-S fuzzy molecular
model, in which the £th rule is formulated in the following
form:

Plant rule £ : If 81 (1) is &5, Ba(t) is 5, ..., B.(1) is Er

Then
Ay
% = AS(t, 29— A3, D+B F(3(2, 2))
+D:G(3(t—0o (1), D))+, 3)
J(t,z) =0 (t,2) € [—0, +00)x 02,
S(s,2) =¥'(s,2),  (s,2) € [—0,0]xQ,

where B¢(t) ¢ = 1,2,...,r) and Ei & = 1,2,...,0)
show the premise variable vectors and fuzzy sets, respec-
tively; ¢ is the number of fuzzy If-Then rules; Az =
diag(ag1, aga, . . ., agy) with Ag > 0; B = (beoy) € Q™1
Dg = (dgpy) € QM.

By employing the weighted average fuzzy blending
approach, the overall T-S fuzzy FORDDQVNNSs (3) can be
described as

*3(t,
%Z) = Zgzl Ve (B[ AS(t, 2)—Ae3(t, 2)

+BeF((t, D)+ Ds G(3(t—0 (1), )L}, @)

J(t,z) =0 (t,2) € [—o, +00)x0€2,
‘NS(S7 Z) = ’ﬁl(sa Z)v (Ss Z) S [_Ga O]XQv
where 5{(0 = (Bi®), Bo(0), ..., BT, We(B(1)) =
s 8B 1 hich Eg(ﬂg(l)) is the grade of mem-

Yot MMimr S8t
bership of B(¢) is Ei. According to the fuzzy theory it
follows that Zg:] Ve(B(t)) = 1 and We(B(r)) = O for
E=12,...,0.

The considered T-S fuzzy response (2) is in the similar
form (4),

8t 3(t,
% = YL, W (BaD{A3(1. - A:3(t.2)
+B:F(3(t, 2)+D: G(3(t—o (1), 2))
+I+ie(t, 2)}, ®)
3(,2)=0 (t,2) € [—0, +00)x 0,
3(S, Z) = wK(Sv Z)1 (S, Z) S [_0, O]XQ,
where ﬁg = (ugl, Uz, ..., ugn)T.
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By applying the non-commutativity of quaternion multipli-
cation with hamiltonian rules (4) and (5) be rewritten as the
following four real-valued equations

(1, 2)
ot
¢
Z W (B AT (1, 2)—Ae S (1, DHBEF" (Y (1, 2)

—B;F( N, )=BLF (Y (1, )~ BEFE (3% (1, 2)
+D:G" (X' (t—0 (1), 2))— DS (S (t—o (1), 2)
—D’ G (¥ (t—o(t), 2)-DEG* (S (t—0 (1), 2))
+I’}, (6)
3, 2)

ar*

=ng(ﬂm) A1, )= AeS' (1, )+BEF (¥'(1, 2)
=1

+BLF (3" (1, ) BLF* (3% (1, 2)—-BEFK (2, 2)
+D;G (X (1—0 (1), DHDLG (¥ (1—0 (1), 2)
+D’ G (& (t—0 (1), 2)-DEG (3 (t—0 (1), 2))
+I’}, )
(. 2)

or*

¢
= Y W (BO) A (t, )~ AN (1, D BLFI(Y (2, 2))
£=1
—BLF (3% (e, )+ BLF" (3" (1. )+ BEF (32, 2))
+DpG (V1= (1), 9)=DG (3 (10 (1), 2))
+DLG' (X (t—0 (1), DHDEG (' (1—0 (1), 2))

+T7}, @®)
a3k, 2)
ar*
¢
= Y W (B[ A (1. - A (1, )+BLFF (3K (1. 2)
g=1

+BLFI(¥ (1, 2))~BLF (3(t, 2)+BEF (¥ (¢, 2)
+D;G* ¥ (1—0 (1), DH+DLG (V(1—0 (1), 2))
—DLG' (3 1—0(1), DHDEG (¥ (1= (1), 2)

+Ik b 9)

(or) two complex-valued equations of drive system

3R, 2)

¢
= Z\Dg(ﬂ(t)) ASR(t, )~ ASR (1, 2)

+BRFR( R, 9)-BLF (3 (1, 2)
+DEGR (R (t—0 (1), 2)
—DLG (¥ (t—o (1), D)+IF}. (10)
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a)\n\l
at(t 2 Z‘-IJS(/S(I)){ASI(I 2)—A:d (1, 2)
£=1
+BEFN (1, 9+ BEFR(SR(1, 2))
+DFG (3 (1-0 (1), 2))
+DLGRR (-0 (1), )+I'}, (11)
9*37(t, 2)
ot
¢

Z W (BN A (1, 2)—Ae 3 (2, 2)

+BgF (3 (t. 2)—BLF'(3'(t, )~BLF (3 (. 2)
—BEFK (3K (1. )+ DLG (3 (1—0 (1), 2))

~D}G'(3/ (-0 (1), 9)-DLF (3 (1—0 (1), )

—DEGH (3 (t—0 (1), D)HT +ilf (1. )} (12)

3*3i(t, 2)
ot

¢
=Y W (B A3, - Ae3i(1. 2)

£=1
+BLF(3' (e, D)+BLF (3 (1, )+ BLF* (3" (1. 2))
—B{F* (31, DHDE G (3 (1—0 (1), 2)

+DLG (3 (1—0 (1), DD, G (3K (1= (1), 2))
—DEG! (3 (t—0 (1), DHT +ilf (. 2)}. (13)

9*3(t, 2)
ot

¢
=) W (BN AT (1, - A3 (2, 2)

£=1

+BLFI(3 (1, 2)—BLF*(3* (1, )+ BLF (3 (1, 2)
+BEF (3, DHDEC (3 (1—0 (1), 2)

—DLG 3F (10 (1), 2)+DLG (3 (t—0 (1), 2)

+DEG (3 (10 (1), D)+ +il (1, 2)}. (14)

3*3%(t, 2)
ar*

¢
=Y W (B A3 (1, - A 35 (1. 2)

=1
+BLF (35 (t, )+ BLFI (3(t, 2)~BLF'(3/(t. )
+BEF (3 (t, )+ DEGH (3 (t—0 (1), 2)
+DLG (3 (10 (1), 2)-D,G (3 (1—0 (1), 2))

+DEG (3 (t—o (1), DHI il (1, 7)), (15)
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(or) two complex-valued equations of response system

3R
— = ; Ve (B[ A3 (1. )~ A3t 2)
+BEFRG3" (1, 2)-BLF (3 (1. 2)
+DEGR (3 (10 (1), 2)
~DiG 3! t—o (1), DI+ (1. )}, (16)
310 o
— = D W (B){AZ (1. 2)-A:3 (1, 2)

£=1

+BEF (3" (1, )+BLFR (3R, 2)
+DEG (3 (1—0 (1), 2)

+DLGR R0 (1), HT +il (1, 2} (17)

Associated with system (6)-(9) and (12)-(15), initial and
boundary value conditions are as follows

It z) = (t,2) € [—0, +00)x 0,
(s, z) = ¥(s,2), (s,2) € [—0, 0]xQ, 18)
3(t,2) =0, (t,2) € [0, +00)xdQ,
37(s,2) = ¥<(s,2), (s,2) € [—0, 0]xQ2.

Assumpnon 1: Throughout, this paper, we assume that
fg()andg()(9—12 n,n = r,i,Jj,k) are respec-
tively of function fp(-) and gg( ) satisfy the following inequal-
ities for any v, v € R,

I, @D~ (92)| < FJ191—al,
lgn (@) —gp ()| < Gp 19—l

where fg, gg (n = r,1,j, k) are positive constants.

Assumption 2: Forany6 =1,2,...,n,a=1,2,..., m,
the constants qgq are such that qgo > Goo > 0.

Now define the error p(z, z) = 3(t, 2)—3(t, 2) £ " (t, 2)+
i (1, D+l (1, D+kh (¢, 2), namely o' (1,2) = 3 (t, 29—
37(t,2), 9.2 = 31, 2-3(t.2), §/(t,2) = I, 2)—-
(e, 2), 9*(t,2) = 3K, =3 (¢, 2). Simplicity we denote
t, = t—o(t). Then the error dynamics system between
(6)-(9) and (12)-(15), can be obtained with four parts as:

3'p"(t,2)

¢
Py D W (BuN{ AR (1, DA (1. 2)

E=1

+BL[F" (3" (1, 2)—F" (3 (1, 2))]

—BL[F'(3(t, 2)—F'(¥'(t, 2))]

—BL[FI(3/(t, 0)-F(¥ (1. 2)]

—B{[F*(3* (1. )—F*(3* (1. 2))]

DG (3 (ts, 2))—G" (¥ (15, 2))]

—DL[G' (3 (ts, 2)—G'(3'(t5. 2))]
DG (3 (to. ) -G (& (1. 2))]

—D§ [G*(3*(ts, 2)-GF (315, 2))]

+i(t, 2)}, (19)

+

.
§
i
4
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I i(t, 2)
ot

¢
=D V(B Ap'(r, - Asp'(1.2)
£=1
+BL[F'(3'(t, 2)—F'(¥'(t., 2))]
+BL[F" (37 (1, 2)—F" (3" (1, 2))]
+BL[F*(3 (. 0)—F* (3" (¢, 2))]
—B{[FI(3/(t. 2)-F/(¥ (1, 2))]
+D;[G (3 (to, 2)—G' (31, 2))]
+Dg [G"(3 (1o, 2))—G' (3 (15, 2))]
+DL[G (3 (15, 2)-G (S (15, 2))]
D[ (3 (ts. )G (Y (15, 2))]
+ilg (1, 2)}. (20)

I (1, 2)
ot*

¢
= Y W (B AP, - A1, 2)
£=1
+BL[F/(3(t, 2)—-F (¥ (t, 2))]
—BL[F*(3" (., 2)—-F* 5", 20)]
+BL[F (3" (1. 2)—F" (¥ (1, 2))]
+BE[F'(3(t, 2)—F'(¥(t, 2)]
+D;[G (3 (15, )G (Y (15, 2))]
Dg [G* (3 (15, 2)-GF (¥ (15, 2))]
D.[G"(3"(ts, 2)~G" (¥ (15, 2))]
+D§ [G'(3'(ts, 2)~G'(3' (1, 2))]
+ill (1. 2)}. 1)
o, 2)
o>

¢
= D W (B A (1, - A" (1, 2)
£=1

+BE[FF 3 (1, ) -F* (341, 2))]
+BL[F/(3 (1, 2)—F/(J(t, 2))]
—BL[Fi(3'(t, )—F'(3'(t, )]
+BE[F (3 (1, 2)—F' (3 (1, 2))]
+DE[GH (3" tr, =G (3" (1, 2]
+Dg[GJ e, -G 1, 2)]
DG (31, ) -G (3 (1o, 2))]
+DE[G7 (3 (15, 2)—G" (¥ (15, 2))]
+ik (1, 2)}. (22)
The initial and boundary values of (19)-(22) are set as
p(t,2) =0,
©(s,2) = P(s, 2),
where ¥/(s, 2) = ¥<"(s, D=5, 2) () = r, iy j, k).
We define, p(r,2) = ((9" (1, 2)7, (©'(r, ), (@1, 2)7,
@) dpD) = (BT (B,
AP/ ). Ak )T), Tt = (@)

(t,2) € [0, +00)x 022,
(s,2) € [0, 0]xL2,
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@, )T, @, ), @, ))' P, ) = ((F(3
(t, )—F"(3 f(r N, (Fi3i@, )-F (3, )", (F(3(,
D)—FI(t, )T, (FR3*(t, 2)—FF(3* @, z)))T)T, G($ (o,
D) = (B e, -G (ts, 2N, (G'(3(ts,2)—
Gty DN, (C(F(te, ))-G(V(ts, DN, (GX(3K(ts,
D)-GF (& (te, )T,

.A —dlag(.Ag Ag, A, Ag),
By -B. -B, -B
SR

B, B B B
| B -B. B B
o ¢ -
_ G ¢ cg.
¢ cf G =G
¢ G G G

Then the system (19)-(22) can be expressed as

9t i ¢ R
% =Y W B[ Ap(t, DAt 2)

E=1
+B:F(§(t, D)+C: Gt DHUe(t. D). (23)

The initial and boundary values related to system (23) are
of the form

P, 2 =0,
9(s,2) = ¥(s, 2),

(W (s, T, @i, )T, @is, )7,

(t,z) € [—o, +00)x0€2,

(24
(s,z) € [—0o,0]xL,

where &(s,z) =
W (s, )"

Definition 3 [60]: The drive system (4) is said to be
finite-time Mittag-Leffler synchronized with response system
(5) for proposed controllers. That is, the state of error sys-
tem (23) is said to be Mittag-Leffler stable in finite-time
under initial condition (24), if there exist posmve con-
stants {8",€", O, w, T} (r; =r,ijk), 8 Zn G
YA 197G, 2l < 8", and
IIW(S I =6, Such that ||"(t, 2|l < €" and |p(t, 2)| =<
1V (s, DI{E.(—O))? < €, hold (t > 0,1 € F and F is the
interval [0, T)).

Lemma 1 [36]: For a continuously differentiable with

€ = > 4,

respect to its first argument function p : [0, v]xQ — R,
v > 0, we have

19*p2(t, 2) ¥ p(t, 2)

s =t ) ———, 1=20,z€Q,

2 9t T o, 2) ar* ¢

where 0 < A < 1.

Lemma 2 [36]: Let Q be cube |zx| < Iy (k =1,2,...,m)
and ¥(z) = 9(z1, 22, - - - » Zm) be a real-valued function which
defines on ¥(z) € CY(2) and it vanishes on the boundary 92
of 2, ie., 9(2)|;ea0 = 0. Then

) ) 99 (2)\2
sz? (z)dzflk/Q< 7% )d

130868

Lemma 3 [38]: Assume that the function V € Vg is
such that for t > 0 and the inequality CDSV(I, o(t,z)) <
—aV(t, p(t, z)), where A € (0, 1) and & > 0. Then

sup  V(0, p(0, )Ex(71"), t>0.

—0<s<0

VY, p(t,2)) <

IlIl. MAIN RESULTS
In this section, some sufficient conditions are derived by
designing suitable controllers respectively to achieve FTMLS
of the drive-response system (4) and (5). To achieve the
FTMLS of drive-response system, the following controllers
are designed
il(t.2) = —pulepp(t. 2), (25)
where £ = 1,2,...,¢; Mge (n = r,ij, k) are fuzzy
feedback control gains to be determined later.
Remark 1: The control gains /Lge are considered to be

not same in itg ﬁé 12/E and ﬁ]g so the conservatism can be
improved.

Theorem 1: Under Assumption I and 2, the system (4) and
(5) achieve the FTMLS via controller (25) if the following
conditions holds:

i) ©= (U £) >0, (26)

(i) E(—0t") < —, 27)
where,

U = min {0}, U}, U, 0%}, £ = max {39,29,2’9,5:"}

1<6<n

_ e
2°

o)}

1 5 -
o) = min {E[z(agﬁngf;)—X; (Folbeo, |
-

i 1750 k Tt
_‘Ffmblé@w'_]:j |b]£9<ﬂ| — |b§9<p|+]:¢(|b%‘w0|
H1b g 1B o 165 o DG 1L gy | =G 1 |

k| 7k
~G) Ly, |-GEldk, ]}

n
U = ]21911;1 {E[Z(age-i-g-huég)_zl (-E;'bg(?(/)l
o=

T bl |+ T 18 g | = 16K |+ F (155 g

1Bk o 115k | =Dy D+ b, |Gy g |
k i gk

+GE Ly, 1~ ke, )]}

n
0, = min {5[2(a§9+Q+M’59)—Z AN
=v= p=1

— FE bl g |+Tp 1Blg, |+T 16K, |+ (1B o]

— 1D i | =155 o 11D o DG | gy | =G 1l |
i | gk

+Gy Ly, 1G5 1dks, )]}
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1 . n
Uk = min {5[2(a§9+Q+M1§9)_Z (‘F;'bgeco'

1<6<n
+F blg, | —F |béew|+]-"|b§9¢,|+]-‘§(|bg¢0|
— 15 i 1+ 1B o | =D g DG |l gy |G 1 |
k
G| s9«,|+gr|d§9¢,|)]},

Ly = max { Z% (14 g 1+1dg |+ sw9|+|d§¢9|)}’

1<6<n

1<6<n

€ = max {5Zgg(|d§¢,9|—|d§¢9|—|dé¢9|+ld§¢e|)},
p=1

1<6<n

. 1 <N . ;
¢ = max |2 Zgg(|dg¢9|+|dg¢9|—|dg¢9|—|d§¢,e|)},

£k = max { Zgg |dg o 1— |dg¢;9|+| <p0|_|d§w9| }

1<6<n

Proof: Con51der a Lyapunov function as follows

Jk n
1
V(e p(t, )=y / > @i ad  @8)

n=r.i’ % o=1

By calculating the Caputo fractional derivative of
V(t, p(t, 2)) with A € (0, 1), along the trajectory of the error
system, we can obtain

A Jok
d V(tc,ltf(t,z)) Z %d_x / 2(509)20 z)dz)}

n= r,i

- SISl i)
n=r, i =1

(29)

In particular, we have

& / ()21, 2dz)
_ d "2 _ds
- r(1—,\)/0 ds /Q(@ 2 (t’Z)dZ) (1—s)*

1 "o (t,2) ds
,/F(l x)(/ ds (t—s)k)dZ

/ 3 (), 2,
- Q ot* dz

From (29) and (30), we get

(30)

d*V(t, p(t, 2)) Mg (t, 2)
dr* : ZH Z/ gt'\ Z}'

ﬂrl

It follows from Lemma 1 that

arvi, Pt.2) _ a 599 (t 2)

—n = Z Z / o) Itz z}.
n_rJ

VOLUME 9, 2021

That is,
- Pt pr(t, 2)
Cni r o\
DV, p(t, 7)) < t,7)—2 g
oV, 91, 2) Z/Qm O—
pg(t Z)

+Z/ bog(t
+Z/gf9(r LGL @9“ 2
+Z/ 699@ 2)

We denote,

Wi = Z/ Pp(t-2 pg(t e,
@90 Z)

W, = Zf Pyt 9— e,
8
W = Zf w2 ‘3]9“ i,

Then,

o(t,2)

¢ n m 9 ag@ ’
< Z%(ﬂ(rnzfggog(m) Z— Gou—p ——
&=1 6=1

a=1 aZa

dz.

)

Za

—az@p(t, D+ Y big, [fr (3Lt D)—f; (3,1, 2)]

p=1

wa [FGBLE )£k 2)]

¢ 1

Z Lo LGB (8, )ALt 2))]

Z Do, [fs Bt D)—f5 (352, 2))]

+ Z dly, (8 (3h (1. 2) =g (3] (1 2))]
w—l
de 8, (3 (o, 2)—8L, (3 (15, 2))]
p=1

Z ! 00l 8 (3L, (t0 . )~ (15, 2))]

- Z g, 853l to . D)8 (S5 (15, 2))]

p=1

—Mgeéog(t, Z)}~

&1V
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By the boundary conditions and Green’s formula, we have

2/ o1, z)

88/')(90 Z))dz

Za

m
gy (1, 2)\2
=3 [ ana(P2Y
a=1 2 aZa
By using Assumption 2 and the light of Lemma 2, we have

Z/ oy 1, z) Q(m ape(t Z))dz
= —Z/ qba ape(t Z)) dz
—Z / B g2, 2

-9 /Q (op)*(t, 2)dz. (32)

According to Assumption 1 and the inequality 2|x||y| <
x2+4y?, we have

IA

IA

> b, /Q 950, DN (Bt D)2 (R0 (1. 2)]dz
p=1

IA

n
> F bk, fg 95 (t. 295t 2)dz
p=1

IA

5 2 Fylbka,l /Q ((0h)* (. DH@L (. D)dz,  (33)
p=1

> blg, /Q 90, D[f 30, D= (S (1, 2)]dz
p=1

IA

1< . . )
Ezfé;lb’gewl /Q ((@é)z(t,z)+(s®fp)2(t,z))dz, (34)

Vg, / (e, DL DIt )]z

IA

1
EZI oyl [ ()P40, 0)dz 69

Z Do, / 95 (1, D[fy G t, D)~ (S (2, 2))]dz

I /\

kauaw /Q (92, D+l D), (36)

Z dego /Q @5(& Z)[g;(B;(tas Z))_g;(S;(tav Z))]dZ
p=1

IA

1 n
3 L 0pldis,) [ (@ kP ) G)
p=1

> diy, / 9h (1o, D83 1o . D)8, (¥ (15, 2 ]dz
p=1

130870

< %g%ldéewl fQ (0. DHL) 0. D)z, (38)
Xn: Ly, fQ 9 (1o D[}, (3 (1. )~ (Y, (15, 2)) ]z
=3 ngl dly,| /Q (@)t DHPL) (1. D)dz. (39)
; do, /Q b (1o D[ 25 (3} 1o, D)= (S (1o, 2)]dz

1 n
< 5;g§|d§@¢| fQ ((96)7(t, D) (15, 2)dz. (40)

Substituting (32)-(40) into (31), we obtain that

n

¢
1 o~
UEDY ‘I’g(ﬁ(t)){—i > [2aco+Q+ugy)
£=1 =1

n
= 2 (Fy bkl =T bkgy | =F) gy 1= F i 16fg, |
p=1
+.F9|b§¢9|+gr|d§9¢| -G, |dge(p| g]| §9¢,|

—Ghldgg, )] / (9p)*(1, 2)dz

__sze|bg¢9|/(5og)2(t 2)dz

0=1¢=1
—gzzfélbéwl /Q (@2t 2)dz
0=1 =1
1 n n
_gzzfglb’éwal/Q(saé‘)Q(t,z)dz
0=1p=1
+5 Zzg0|d§<p9|/(6%) (ts, 2)dz
0=1¢=1
__Zzgeld&‘(/ﬁl/(pg)z(ta, )dZ
0=1p=1
—gzzgéldéwl /Q (9t 2)dz
0=1¢=1
__Zzgewg(pd/(@g) (tg,z)dz (41)
0=1 p=1
Similarly,
¢
1
W2 = Z\DS('B(U){ sze|bg¢9|/(s%) (t,2)dz
§=1 0=1¢=1

1 n . ) n .
- > [2(azo+Q+nig) =) (Folbzg,l

6=1 =1
+ T blg, [HFE By, | ]-"flbgg(p|+]-"(§|béw|
+GhldLg, |4+ dbg, 1 +GE Iy, |

VOLUME 9, 2021



G. Narayanan et al.: Adaptive Fuzzy Feedback Controller Design for FTMLS

IEEE Access

and

_gé|d§9go|)]/g(@é)2(t,z)dz

1 n n . )
—zzzfélb’éwel /Q (9p)(t, 2)dz

=1 ¢p=1

1 & .
+§szg|b]g¢9|/g(@§)2(t,z)dz

=1 ¢=1

1 n n )
£33 Ghld fQ (951, 2

0=1p=1

1 ShS i qr iN2
+§ZZ%I%9|[9(@9) (ts, 2)dz

0=1p=1

1 n n . )
) ZZ%"@M /Q(KJQ)Z(IU, 2)dz

0=1p=1

1 n n .
43 X2 Gyl [ b} @)

0=1 ¢p=1

¢ n n )
SDNACOIED I IEAL MY REALTET:
E=1

0=1p=1
n

1 n n _ - |
+§ Z Z ]:(5|b§<pe| / (@é)z(t, Z)dZ—E Z [2(6159
0=1p=1 £ o=l
. n . . .
+ Qi)=Y (F} bgo|=Ff 1bkog 7, g,
p=1
+F ko 1+-Fy Doy |+, |dig, | =Gy dzg, |
4Gy Ly, +G3ld, )] [ ()20, 2
1 n n
k\pi ky2
) DD Folbkyl /Q(pe) (t.2)dz

=1 ¢p=1

1L .
T3 D0 Ghldl | /Q (99)*(to, 2)dz

0=1p=1

AL '
3 ZZ%"’&M /Q(éﬁé)z(tg, 2)dz

=1 ¢p=1

AL . )
+§Zzg]e|ds¢e|/g(@§)2(to,z)dz

=1 ¢=1

1 n n )
=52 > Iildi gl /Q CARCS z)dz], (43)

=1 ¢p=1

¢ 1 X
Wy < Z\Pg(ﬂ(t)){z D0 Filbg el /Q (94)*(1, 2)dz
&=1

=1 p=1

—EZZ%%M/Q(@@%L@&

0=1p=1
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1 n n . ) )
+§szé|bls¢0|/g(@§)2(t,z)dz

0=1p=1

1 . k - ko 1.k
=5 > [2aeo+Qotuty) =3 (Fylbto,|
0=1 o=1
+F DL, |—FL L, |+ F B, [T B, |
plYE0p (2 177 p!YE0p 017&0¢
+0h |dLo, |+GhdL g, |-GhldLy, |

+Gpldg,|) /Q (98)2(t, 2)dz

1 It o .
+§Zzg9|d$(p0|/9(p9) (ty, 2)dz

=1 ¢=1

1 n n o ]
=522 Gildlyl /Q (95)(to, 2)dz

0=1¢p=1

1 ; .
+§Zzgje|d§¢9|/g(pé)2(ta,z)dz

0=1 =1
.

+§Zzg5|d§¢9|/Q(@é‘f(tg,z)dz}. (44)

0=1 ¢p=1

Combining from (41)-(44), we have

DV, p(t, 2)

n

¢
1 ~
= Y weBan|—5 X [2aes+O+uiy)
E=1 6=1
n .
o . -
= D (Flbkoy|=Fylbkoy | =Fi b, |~ Fi bk, |
p=1
+F (b g 1HbE g 1B 1+ 1D o DGy gy |

G Ly, |~ G Ly, |-GEldks, )] / (0021, 2)dz

. .
_% ; [2(a59+@+uge)—; (Fi 1Bl FLIBg,
+-F 1B | =T Dby 1 +F5 (1D g 1= by 1155 o
1By DG by 1+ dig, | +GE g, | =Gl kg, 1)]
.
x fQ (95)° (1, Z>dz—% ; [2(ago+O-+1rl)
"
= D (B bk 1= Fp bk 1T Vg, 1+ 1B
p=1
+ T (b o | 1Bk g — 1 o 1+ o G 1L, |

~GhldLy, 40,1, G dks, )] [ e,

1 . - 1 . .
-3 z [2(&56+Q+/L§9)— E (F]‘;'bg(’w""]:élbléew'
0=1 o

— Ty Vg 1+ F b g 1+-F§ (16 g | =1 o ]
— 1Dl g V4G g |G i gy | =G |l g, |+G ) i, 1) ]
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.
x/Q(pg)Z(t,z)dz-i-EZZQ@(IdgwIHdéwd

=1 ¢p=1

J k 2
Hdl g +1dE o) /Q(pg) (s, dzt5 Y > Gy

0=1 ¢=1

% (I o 1 =1 1~ g | +1dE 151) /Q (9t 2)dz

1 n n . ) .
5 2 D Go (It o +1d o |—1dl g~ 1dE )
0=1 =1

j 1 ol r i
x fQ @) (to et Y 7D~ G (1 gy 1= dE g

=1 p=1
+|d£§09|_|d§<p0|) /Q(@g)z(ta,z)dz}.
Thus,

CDEV(t, p(t, 2)
¢ n
1
= Y wep|{-3 2 u; f (95)°(1. dz
£=1 0=1 Q@
1 < . . 1 .
-5 2.0 / (99)*(1, Ddz—5 3 1 / ()% (2, 2)dz
9=1 Q@ 0=1 Q@
1 & 1 «
—520’5 / (pg)z(t,z)dz—i-zzz% / (95) (s, 2)dz
o=1 £ o=1 g
1< . . 1 .
+§ng / (pé)z(ta,z)dz—kzz% / (91 (1o, 2)dz
o=1 g 0=1 £
1 . k kN2
S [ b0, o]

J.k n
1
D DI N
. Q@=1

n=r.i

J.k n
1
+£) /Q > 5(603)2(15,z)dz
[ =1

n=r,i

< =0V, p(t, )+ sup LV(to, p(ts, 2)). (45)
12

o =s=I

As the above inequalities satisfies the Razumikhin condi-
tion [11], we have

V(s, 9(5,2) <V, 0(1,2)), 1o <s=t, >=0.(46)
From (45) and (46), we have
D}V, p(t, 2)) < —OV(1, (1, 2)). (47)

Applying Lemma 3 in inequality (47), it follows that

V(t, p(t,2)) < sup VO, ¥r(s, NE; (—O"), > 0.

o<s<0
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So, the equivalent inequality (28) can be derived as follows
J.k n
> [ S wihra. o

=1

n=r,i
Jk n
= > ( sup /Q > s, 9z B~ 01,
n=r, =1

i o<s<0

1
Denote [17(5, )= (50, <y<0 Jio X1 (g5, )
then

ik n ik
Z / Z(éﬁg)z(l,z)dzf Z 197(s, 2)|I*Ex(—Or).
iYL o—1

n=r.i’ o= n=r,i

According to inequality (27) and Definition 3, it follows
that

J.k &2
D 19" 2l = 87
n=r,i
Therefore,
J.k
> "l <e. (48)
n=r,i

Based on Definition 3, and the inequality (48), we can
conclude that the system (4) is said to be FTMLS with the
system (5) under controllers (25). O

Remark 2: Compared with the results in [62], the model
in this paper has the fuzzy rules, fractional-order case
and thus, our models are new and more general. Although
Song et al. [62] studied finite-time anti-synchronization of
memristive QVNNs with reaction-diffusion, and the controller
was state feedback controller not adaptive fuzzy controller.
Thus, to efficiently adjust the fuzzy control gains so that save
control cost, we introduce adaptive control approach in (49).
This is the first time to use an adaptive control method to study
the FTMLS of T-S FORDDQVNNs.

The adaptive fuzzy controller is presented as follows:

n 49
Dy = vip (), z)—%(w;9<r)—w")2, @
fore = 1,2,...,n & = 1,2,...,¢, where w" > 0 are
tunable constants, wge(t) > 0 are tunable functions, o7 > 0
and yg'g > () are constants.

Theorem 2: Under Assumption I and 2, the system (4) and
(5) achieve the FTMLS via adaptive controller (49) if the
following conditions holds:

() ®=N-p>0, (50)
2
(i) Ep(—dr) < & (51)

where,

-~ o ~ G
N =R/-P, o =minfe". 0", ). 0"}. Q= 75",

o
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R = min (&, &), &), &),

1<6<n

= max {me’me ‘Bj (Be

1<6<

)

ol ~ -
&) = min |5[2<a59+9+w’>—21 (FL 1B, |
=

—Fbg,|—F |b$0¢| ]—'k|b$9¢|+]-';(|b§¢9|

b g | H 1L o 1HBE 1o DG 1L |~ Gl g, |
k| 1k

g1| §9<ﬂ| gwldwcp')]]’

n
R/ = ]Ifneign {5[2(GEG+Q+W’)—ZI (Folbzg,|
¢

+]~"(;|b§9(p|+]-"‘|b§9¢| T 1bEg, 1+ Fo(1b% o
— (b i |15 g |~ 1By G g, |

k i 1k
+Gy g, 1 +Gy g, |- %'dsw')]]s

n
= i (YB3
¢

— FE bk | F 5Bl |- 16 |+ T (1B g

— |, i | =155 o 11D o DG | gy | =Gl |
i | 7k

+Gy Ly, 145 dk, 1))

n
% = min {5t Q-3 (it
<6< =
T b | =T 1By, |- T 1K, - (1B 4|
— 1D g 1 H1B | =B o DG | gy |+ 1 |

~Gy| $9¢|+g’|d§9w|)]},

{Bg — max { de |d§¢9|+|dE¢9|+| ¢9|+|d§¢0|)},

P, = max { Z% (I 01— |d§¢9| |d ¢g|+|d§(p9|)}v
. k

413/9 = max { Z% |d§¢;0|+|dg<p0| |d <p9|_|dw9|)}’

Py = max { de (14 g1 —1dz g1 +1d, w@"'dgw@')}'

Proof Construct a Lyapunov function of the following
form:

V(t, p(t, 2) = Vi, pt, )+W(t, p(t, 2)),

where,

Ve, p(t, 2) = Z / Z LoD, o,

7’]rl
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Wt p(t,2)) = Z f Zz ; ng(ﬂm)

n=r,i 59 E=1
X (@l (") ) dz.

By computing the Caputo fractional derivative of

V(t, 9(t, 7)), one has

CDAV(, p(1,2) < / Z@o(f 3 pg(t 2) Z)

n=
+Z / ngwm)
n=r.i Y o=1 59 £=1
x (@l (- " Dl | dz).
Denote,

J-k

Wl _ Z /Z "(t @9(1 ) Z),

W = Z / S wegon
n=r,i ¢ %o=1 89 £=1
X (@ (1)— w”)CDowsg}dz>

and then
Wi
¢ n n
1 ~
< Z Ve (BO) |3 2 [2a:+Q)- Y (F bt
£=1 =1 ¢=1

— T bgy | =T 1BLg, | =T 16, 1+ F (1B g
b g | 1L g 1HBE oo DG 1, | =Gl |

g1| SW' gk|d§9<p /(609)20 2)dz

——Z 2(ago+0)— Z FilbEg, 1+ bk, |
0=1 p=1

T B | =T 10K [T (1B g | = 1B g |
HBE o | =1L g DG dLg, |+ L, |

+GpldL g, |G} ldEg, ) / (PI)2(t, 2)dz

—-Z 2ago+9)— Z (7 by, | =T K b, |

p=1
+f'|b'$9¢|+]:’ |b59¢|+}'§(|bg¢9|flb'g(pgl
1B o 1+ 1By DG dLp, |~ G Ldig, |

+GpldL g, 145 Ik, ) / CARGEYE

——Z atgt O (FLlb, 47 by
o=1

—F |149¢|+f’|b59¢|+f5<|b5¢9| 16 g |15 |
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—|bt o )+ GldLp, 1+, |dw| —Gh\dL g, 1+ G ldEs,1)]
x/(pg)z(t,z)dz—/ ngg(gag)z(t,z)dz
Q Q o—=1
—/ Zwée(pé)z(t,z)dz—/ Zwée(pé)z(t,z)dz
/ Z ok (o2, et = Z 3 Gi1do
9 1 ¢=1

1 g 1] [ H1dE 1) /Q (9010, iz

1 n n ) ) )
3 2 D Gh(1dE gl =gy | —IdL o 1 +1d o)

=1 p=1

/(pg) (ty, 2)dz+ ZZQQ (Idf o141 o
9 1 p=1

—ld] 51 -ldE o) /(pé)z(ta,z)der ZZ%

o=1 p=1

x (1] |1ty 1 H1tL o 11l 1) /Q (955, 2)d2}.

Next,
W,
¢ n
< 3w (B1) /
2w [ (X5
/Q (> yii(wgga)—w")CDéw;@(n)dz

9150

+

f (t)—w’)cpgmgg(t))dz
Q

0= 1

+/(Z

2 \iTi Vi
Z\Us(ﬁ(t)) ([ Z k-0

X {ygg(@f)) (t, Z)_j(wsre—wr)}dz

(ks (=D} wg‘e(t))dz}

IA

/ Z_(wée(t) o ){759(800) (t,2)
» ; S .
_%(wég—wl)}dz+/s2 Z y/_'(nge(t)_w])
"o=1 Veo
X{Vé@(@G)z(f,Z)—%](wée—wj)}dz
/ Z_(wéé(t) o ){)/59(@9) (,2)

__(wge o )}dZ}
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1
— (@l Dy ) dz

¢ n
<Y wpan] /Q S (s - WA, e
=1

+ /Q > (@it )t 2)dz
=1

+ /Q Y (@l ) —-o)()(t. 2)dz
=1

+ / Z(wg‘@(t)—wk)(sog)z(t,z)dz

—0 / (wgg(t) w ) dz
Q

0= 1

_Q Z _(wge(t) w ) dz

991

e f Z—.(w§9<r>—wf>2dz
-0 / Z k(wge(n wk)zdz}

On the basis of above mentioned work, we can drive that

CDEV(t, p(t, 2)
¢ n
1 ~
= 2w Ban|—5 X [2az+O+w")
£=1 0=1

n

— Y (Fy 5oy |=Fi b | = F Brg, | Fi b g,
p=1

(1B g 11Dl g |16 g 115 o DG g |

Gl \dig, |-G Ly, |-G 1y, )] /Q (O 2z

1 - & . .
-3 Z [2(aeo+Q+m )= " (FLIbtg, 1+ Ibkg,|
0=1 o=1
+FE Wy, |~ T |b§9¢,|+fl'<|bg¢9|—|bgw|+|b’g¢9|
— By DG dE g, 14Ty dEg, 1+GE I, |-Gl 1y, )]

n

x / (pé)z(t,z)dz—i Z [2(a59+@+wj)

0=1

—Z T \Bfay | =T bloy 14+ 16g, 1+ Fy 16|
¢=1

T (1B o | 1By | = 1BE o |H1BE o DG L, |

—GK|dLg, 1+GyldLy, |+, |d§9¢|)]/(p§)2(t,z)dz

—-Z [2(ago+O+w)— Z (Fylbg, |1 +F) bk, |

po
~F! |1¥§9¢|+f’|bgg¢|+fg<|bw9|—|b oo HBL ]
— b o DG (L, 1+ dE g, |-G Ly, |+ 1dEy, )]
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/ (B, Dzt~ ZZ% 42 H1dE g )

Glgol

+|dg¢9| /(@9)2(IG,Z)dZ+ ZZ% |df 5]

0=1 p=1
_|dé‘ﬁ9|_|dé(p9|+|d§(p6|) /Q(BOZ;) (to, 2)dz

1 n n ) . ]
+§ Z Z gje(ldéfw@lﬂdé(ﬂel_'déw@ |_|d§w9 )

0=1p=1

/ (9Pt Dt ZZ% (0L g 1—1dL ]

91(p1

+|djw9|_|d§w9|) /;2(699)2(&1,1)5&

w2

-0’ Z—@se@) w')dz

991

(wgg(t)—wr)zdz
9 1

-0 (t)—wj)zdz
99 12
o / Z
1 n
Z‘Ps(ﬂ(l)){—z Z%/(&Oé)z(t,z)dz
g=1 o=1 £
1 & ; 1M _
3% | > % [ .o
1< 1
) ;ﬁ’é /Q(@g)z(t,z)dz—i-g ;mg /Q(gog)z(t(,,z)dz

| RN . 1 .
+§ g% /;2(609)2(la,z)dz+§02=;mjg /;Z(Wé;)z(tg,z)dz

(wse(t) otz

IA

%i&niz /Q (P8t 2)dz

—0’ 99212 —(wiy()—w")dz

—o' fQ ;%(wée(t)—wi)zdz

—d /Q Z—(

o / Z
< ﬁZ/Z LoD 2d

n=r,t

wly(t)—)

(zzrg@(t) wk)zdz}
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+P Z / Z ~(90) (1. 2)dz

n=r,i
_Q Z / Z wa(ﬂ(t))(wgg(t) wk)zdz
n=r.i " g=1 S95 1

IA

_ﬁV(t’ p(t, Z))+q3 sup V(ta 95, 2)

lo <8<t
—oW(r, p(1, 2)).

Fort, < s < t,t > 0, based on the above inequality,
the error state (¢, z) satisfies the Razumikhin condition [11],
which gives,

DVt p(t.2) = —(R=P)V(, p(t, 2)—oW(r. p(1. 2)
= _mv(tv p(h Z))_@W(tv K')(ta Z))
< —®V(t, p(t, 2)).

A

From Lemma 3, we have that

V(t, p(t,2) < sup V(0, Yi(s, 2))Es(—Dr"),

o<s<0

t > 0.

It means that

Z f Z L o1ra, oz

I]rl

Z/Zwmwwzfz
n=r,i n=r,i
x ( Z ‘Vg(ﬁ(t))(wgg(t)—wn)2>dz

5:1

[ Z ( sup / Z(we) (s, z)dz

n:rt 0<s=0 90 1

IA

2)/50

IA

z/z

et 2vgy

x(Z Ve (BNl 0" )dz | (— ™).
£=1

In view of (wge(O)—w”) is finite, it is obvious that there
exists a positive constant & leading to

sup f wa@)z(s 2dz)+ Z / Z

<s<
O'SO n=ri

2y§9

x ( 3 Ve (B, 0)—")? )dz
=1

Jj-k
SN NPT

Finally, we obtain that

Z / Z Lo, 2z
n= rl ]’k
<K Z ( sup / Z(we) (s, z)dz)EA( or*).
n=r,

0 <s<0 520 1
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According to inequality (51) and Definition 3, it follows
that

J.k &2
Wt )| < K§*—
Z'np( DI < K8
n=r,i
That is
J.k
> "l <€
n=r,i

According to Definition 3, we can conclude that the drive
system (4) is said to be FTMLS with the response system (5)
under adaptive controllers (49). [l

Remark 3: Most industrial processes are spatiotemporal
in nature, and the mathematical models of these nonlin-
ear processes are generally expressed by nonlinear PDEs.
In this paper, we designed adaptive fuzzy feedback controller
scheme for FTMLS problem of T-S fuzzy FORDDQVNNs. Up
to now, many interesting works concerning the property of
fractional-order QVNNs without reaction-diffusion terms and
fuzzy rules have been obtained, see [50]-[57]. Furthermore,
the FTMLS problem of fractional-order QVNNs by using lin-
ear feedback controllers have been investigated [58]. In [62],
finite/fixed-time synchronization problem was discussed for
memristive QVNNs with integer-order case. To the best of our
knowledge, the present study is the first attempt to analyze
the FTMLS of T-S fuzzy FORDDQVNNs under adaptive fuzzy
feedback controller scheme. Therefore, the theoretical results
established in this paper are new and extend some previous
ones.

Remark 4: In the implementation, due to the restric-
tions of equipments and influence of the environment, the
reaction-diffusion phenomenon and fuzzy rules in CVNNs.
Different from the existing reaction-diffusion CVNNs and
without T-S fuzzy rules in [59]-[61], reaction-diffusion
CVNNs without fractional-order case in [59]-[61], and the
T-S fuzzy fractional-order reaction-diffusion CVNNs is newly
built in (10), (11) and (16), (17), which not only consid-
ers the effect of the reaction-diffusion phenomenon but the
fuzzy-dependent adjustable matrix inequality technique is
more flexible and helpful to reduce the conservatism and
compared with integer-order neurons, fractional-order neu-
rons are helpful for effective signal detection and extraction.
Thus, compared with the models in [59]-[61], the model
in (10), (11) and (16), (17) is more applicable. T-S fuzzy
FORDDQVNNs can be regarded as a generalization of
fractional-order reaction-diffusion CVNNs, thus Theorem 1
and Theorem 2 can be used to estimate the FTMLS of T-S
fuzzy fractional-order reaction-diffusion CVNNs.

Combining (10), (11) and (16), (17), can derive the follow-
ing error system

k(. ¢
% = ; Ve (B ApR(t, 2)—Ae (1. 2)
+BE[FR3* (1, 2)—FR&" (1. 2))]
130876

—BL[F (31, )—F'(3'(1.2))]
+DE[GR (3" (1. ) -G (R (15, 2))]
—Di[G' (3 (s, )G (3 (1, 2))]
+ig(t, 2}, (52)
', 2)

¢
o = 2L VB[ Ap! (L )-Acp! (1,2)

E=1

+BE[F1 (3", 0)=F' (¥ (2, )]
+BL[FRG (. 2)—-FR(SR (@, 2))]
+DE[G (3 (1o, ) -G (3 (1. 2))]
+DL[GR (3 (ts . )G (3R (15 2))]

+itg (1, 2)}. (53)
According to (52) and (53) can be rewritten as
*o(t, ¢
i)t(k 9 Z V(B Ap(t, 2)— .Agp(t 2)

+E§F(p(t DHCeG(H(te, DHUe(1, )}, (54)

where, §(t,2) = (9", )7, (01, 2)")", A1) =
(AR, )T, (A (. 2)7) F($(t, )= ((FRG3R (1, 2)—
FRQR@, )7, (F1(3 1, )~-F ', )7) . C(gte.
) = (G*GR s, 2)-GF 1z, ). (G'(3 (1. 2))—
Gtz 2))7)", Tt = (@ )7, @b, ")’

~

- - BR _BI
As = diag(Ae, Ag), B = B% BRS , G =
£

&
R _ ol
EEd
Ce G
In the following, we use the fuzzy feedback scheme to

realize FTMLS between the system (54), then the controller
can be designed as

Wf(t, )= —pfeft. 2. .2 = —ple@ht. 2. (55)

where ;2?9 and ,&ée represents the control gain.

Corollary 1: Under Assumption 1 and 2, the system (54)
achieve the FTMLS via controller (55) if the following condi-
tions holds:

@ A=(5-¢) >0,

&2
(i) E,(— At* ) < =,

%zlmem {%6,‘3 } €= max{@e,(’f}

Bf = min { [2(ago+O+ii%)— Z (FR165, |
<0< e

—F i btg, |+ Fn(IbE o1 +1bE oo DG dy, |
_gé)ldéégol)]}’
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I
B! = lr<r1012 { [2(azo+Q+iik)— Zl (FolbEo, |
¢

+ TR bk, I+ T4 (IbE 1= 1Bt g DG ldgy, |
+g<§|d’§0¢|)]}’

l n
¢k — max {E Zg§(|d§¢9|+|d§¢9|)},
¢=1

1<6<n

1 n
¢ = max |1 Z Gh (1%, 1-1dL ) |

1<6n

>
Il

Designing an adaptlve controller uR(t z) and us(t Z) as
follows:

af(t,2) = —wfyp . 2),
(1, 2) = =l (1, 2),

R
0
“Diwf = v&(ha, D=2 @ O-o 2, (56)

1
Q
CDéwéle = Vgle(@é)z(t, Z)—E(wslg([)_wl)Z’

for0 = 1,2,...,m; & = 1,2,...,¢, where @® > 0,
@w! > 0 are tunable constants; zzrgRe(t) > 0, wslg(t) > 0 are
tunable functions; o > 0, o' > 0 and yf} > 0, yfy > O are
constants.

Corollary 2: Under Assumption 1 and 2, the system (54)
achieve the FTMLS via adaptive controller (56) if the follow-
ing conditions holds:

(i) ®=%—05>0,
2
(i) Eu(—dr*) < W

where,
T =8-Z, S_Imln (SR, sh,

Z = zZR =
1T§‘X{ X, 2}, 6 = min{o®, o'},

So = min { [2(az+Q+ ™)~ Z (F51boy |
o=1

—FL b o, [+ FR(BE o 1+1bE o D+GRIAE,), |
_gé|d§0w|)]}’

S} = min { [2(agg+0+)— Z (FLIBR,,|
<0< o
+ TR bl |+ T4 (IDE 1= 1Bt o DHGL1dEs, |
+gR|d§9¢|)]},

Zj = max { de |ds<a9|+|déw9|)}

2! = max { Zgg AR 11 1)}
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Remark 5: The result of Corollary 1 and 2 can also
be applied to T-S fuzzy fractional-order reaction-diffusion
CVNNs. Moreover, T-S fuzzy fractional-order reaction-
diffusion RVNNs are also applicable to the results in this
paper. This shows that the outcomes of this paper are more
general.

If transmission delay term are not considered, T-S fuzzy
FORDDQVNNSs (4) is reduced to T-S fuzzy fractional-order
reaction-diffusion QVNNSs

(¢, 2)

= Z\I-fg(ﬂ(t)) AS(t, 2)—Ae3(t, 2)

£=1
+BeF(3(1, )4}, (57)

and T-S FORDDQVNNS (5) is reduced to the controlled T-S
fuzzy fractional-order reaction-diffusion QVNNSs,

8"3(1,2)

—r Z\Ps(ﬁ(t)) {A3(1, 9—Ae3(t,2)

£=1
+Be F(3(t, )+ T+ie(t, 2)}.  (58)
In this case, we have the following corollary.
Corollary 3: Under Assumption 1 and 2, the system (57)

and (58) achieve the FTMLS via controller (25) if the follow-
ing conditions holds:

(i) W >0,
2

(i) Eu(—Vvt*) < 8_2’

V= 1mgin {85, R, &), 85,

N = [2(a59+Q+,U«ge) Z (FolbEoy—FIbzoy |
p=1
Fh B9, |~ K168 g 1+ (16 o 1+ 15 ]

1B} g 115 o D).

1 AL N :
S [2@c0+ Qi)=Y (FylbLa, 1+ Ibkg,|

N =
p=1
+F R 1Bl 1= T D g |+ F (1B g | — 1B ]
+|b1§(p9|_|b]§<p9|))]’
N, = E[Z(age-l-Q‘i‘Mjge)_Z (flw|b20¢|—f£|b’g9¢|
p=1
T 1Blgy [T 1K g, [+ (1BE | 1B g |
— 1B g 1 H1BE o ) ]
Rk = [2(61,594-@4*#50) Z (Fp 1Bk P beg,

p=1
— Fi Bgy 1T 1Bk I Fa (1% o1~ 1B ]

1B} g1~ 15% 4o D)]-
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Corollary 4: Under Assumption 1 and 2, the system (57)
and (58) achieve the FTMLS via adaptive controller (49) if
the following conditions holds:

(i) T=3-0>0,

2

'5?95310(}’ é = {Qrv Qi’ Qj7 Qk}v

J= mn{TJg,
<6<n

—

n
[2(a§9+Q9+wr)_Z (‘F(mbgecp'_]:(ﬁ)'bé@w'
p=1

) .
i Biag| =T 1Bay 4T (1B o1+ 1B o
HIB g 1H1BE 50 )) ],

N =

1 N :
Ty = E[Z(ase-l-Qe-i-wl)—E :(f<2|b29w|+]:<;|bl$9¢|
p=1

+fk|1¥59¢,| — T kg |+ Fo(1DE g |~ 1BL o |

~ 1 - . .
3, = E[Z(CLSQ—FQQ-FWJ)—Z (75 |brg, | =T K 1bkg,|
p=1
+.7-"|b’éewl+]-"’ |b§9¢|+]-"’ 1D 49| — |b’(p9|
—~ 1 - n o
T = 5[2aeo+Q+m")=Y " (Fy1bLoy 1+7; by, |

p=1
Fi\Bgy 1+ T b gy 1+ F o (1 41— 1BE g

1} g1~ 15% D) -

IV. NUMERICAL EXAMPLE
In this section, we present a example to demonstrate our main
results. In order to verify the effectiveness of the proposed
control strategies for the synchronization between drive sys-
tem (59) and response system (60).

Example: Consider the following 2D-dimensional drive
system with two plant rules.

*3(t, 2)

v Z‘Ps(ﬁ(t)) AS(t, )—Ag (2, 2)

=1
+B:F(3(t, )+De GR(t—0 (1), )+IL}.  (59)

Plant Rule 1: If B1(¢) is \.41, then,

3*3(t, 2)

P Z\Ifg(ﬂ(t)) AS(1, D= AI13(t, 2)

£=1
+B1F(3(t, )+D1G(3(1—0 (1), 2)+L}.

130878

Plant Rule 2: 1f B»(t) is uz, then,

9*3(t, 2)

o Z\Pg(ﬂ(t)) AX(t, 2)—Ap(t, 2)

£=1
+B2F (3(t, 2)+D2G(I(t—0 (1), 2)+L}.

The parameters are as follows

AJ(t,2) = Yoo (qea—aggéé’@) m = n = 2,
L = 3, L =5 Q = {z : z = (@2
lza] < 1}, « = 1,2, » = 093, A =
diag(3.2,3.9), Ay = diag(4.7,4.3), J(t,z) = ;‘s’(t,z)+
S, i (t, 3@, Dk, F(3(1,2) = (i3, )7,
(LR NN, GRE—0(1),2) = (g1(Xt—01), )T,
(©QR(—a®), 2NN, o) = 103f7et, Vi) =
cos®(Stanh(||31 | +1321)), W2(B(t)) = sin®(Stanh(| 31+

~ 2cos(t)—3sin(t)i—cos(t)j+2sin(t)k

1%21). Z() 3sin(t)+cos(t)i+2cos(t)j—sin(t)k }
1.9 0.2 bi11 bi12

(goa)2x2 02 29] By = biot b B, =
[bzn b212:| D, [dm duz] D, — [dzu dr12

b1 baxn diz1 din2 dxn1 daxn
where,
bin = 1.3-0.9i—1.3j+0.9k, b1 = 2.141.2i—0.9j—
2.1k, b1o1 = —1.942.3i+1.9j—-2.3k, b12p = —1.44+0.9i+
1.1j40.9%, by11 = 2.3—1.9i+1.3j+0.7k, by = —1.3+

0.9i-2.3j+1.9k, by = 2.1-1.7i—1.3j—0.9k, by =
0.94+1.9i+2.3j—1.5k, dy;1 = —3.742.9i-3.3j—2.9k,
dip = 3.1-3.3i42.9j—-3.1k, dip1 = 1.9-2.7i41.9j—-2.7k,
dipp = 2.4-1.9i—-2.1j—1.9k, dr;; = 3.3—2.9i42.3j+2.7k,
dy1p = 2.942.3i—2.9j-2.3k, dyp1 = 2.1+1.7i+1.3j+2.9k,
dyyy = 2.9-3.9i4+1.3j+1.7k. With the original initial condi-
tions set as 31(0, z) = —3.1 cos(z)+2.3 cos(z)i+1.8 sin(z)j—
1.6cos(2)k and J(0, z) = 2.4 sin(z)—3.1 cos(z)i+2.6sin(z)j+
0.6sin(z)k, the drive system state trajectories can be described
as in Fig. 1.
The controlled response system is depicted by

d
g(’ 2 Z‘I’s(ﬂ(t)) A3(1, - Ag3(1, 2)
£=1
+B¢F(3(1, )+ D; G(3(1—0 (1), 2)
+T+T:(t. ). (60)

where L = 0.93, other parameters are the same as of as drive
system (59).

Case 1: We choose f;() = gu() = 2.17tanh(-)+
0.03sign(-), fi() = gL() = 1.49anh(-)40.01sign(-),
f3() = () = 2.1Ttanh(-y+0.03sign(), fX(-) = gk() =
1.49tanh(-)+0.01sign(-), as the activation function. Thus,
Assumption (H,) are ), = 7. }'l =1, T = »FE=3,
G, =0,G,=13,G,=0,G =5, (9 =1,2) and also (M)
are g11 = 1.7, g0 = 2.7, q12 = ¢o1 = 0.

Then, for controller (25), the parameters are designed as
uy = 37, 1, = 3.1, uhy = 2.5, up = 2..9, uy =
23, why, =35 uhy = 27, 4y =37, 1), = 27,
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FIGURE 2. Synchronization error (a) p” (t, z), (b) 9l (t,2), (c) @/ (¢, z), and
(d) pk(t, 2) of system (59) and (60) via fuzzy feedback controller (25)

FIGURE 1. State trajectory of (a) 3 (t, z), (b) 3/ (¢, 2), (c) ¥ (t, z), and
with fractional-order A = 0.93..

(d) sk(¢, z) of system (59) without control.
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(d) pk(t, 2) of system (59) and (60) via adaptive controller (49) with
fractional-order » = 0.93..
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Wy =41, pwhy =31, by, =28, uk, = 1.7, uk, =27,
/"LIZCI = 3.2, and u§2 = 3.9, combining with the proposed
criteria in Theorem 1, one obtains the following results:

Uy = 9.4550, Uy = 1.1525, U, = 4.8025, U = 4.0025,
£h =0, £ =1.4000, & =0, €5 =0.0025,

and, ® = (U—£) = 0.2400 > 0, holds and we can
evaluate the finite time is about ¢+ = 2.5 according to the
condition E,(—Or") < g—;, when we assume € = 6.70,
8 = 1.5. Therefore, the drive system (59) can achieve FTMLS
with response system (60) under the designed controller (25).
Fig. 2 are synchronization errors p(¢t,z) (n = r,i,j, k)
respectively, which have verified the feasibility and validness
of the established theoretical results.

Case 2: We choose same as the activation function in
case 1. Thus, Assumption (H,) are 7, = 1, F, = 0,
Fh=1 7 =0.6;=0.,=1.0,=0.6, = }.( =
1,2) and (Ha) are g11 = 1.5, g22 =2, g12 = 21 = 0.

Then, for adaptive controller (49), the parameters are
designed as yj; = 4.09, yj, = 2.70, y;; = 2.08, y;, =
3.10, y{; = 2.53, y{, = 3.70, y;; = 3.07, y;, = 4.07,
vip =311, yl, =397, 3, = 4.13, 3, = 297, yf, =
3.63, v, = 3.07, y& = 3.80, y&, = 3.36, »" = 2.71,
w! =093, w/ =157, ok =0.89, o" =0.73, o' = 0.21,
o = 0.97, and o¥ = 1.03. By Theorem 2, we obtains the
results:

A& = 15200, & =2.1700, &, = 1.7800, &% = 1.5900,
P =0, PL = 1.1200, P, =0, Pk = 0.0400,

N = A—P = 0.4000, and ® = N—p = 0.1900 > 0
holds, we can evaluate the finite-time is about = 0.6 accord-
ing to the condition IE;L(—CDt*) < Ié—zz, when we assume
€ = 723,58 = 1.9, K = 1.05. Therefore, the drive system
(59) can achieve FTMLS with response system (60) under the
designed controller (49). The simulation results are shown
in Fig. 3, where the synchronization errors (¢, 2)(n =
r,i,], k), trend to be zero quickly with regard to time 7.

V. CONCLUSION

In this paper, we introduces adaptive fuzzy feedback con-
trol schemes to investigate the FTMLS of T-S fuzzy
FORDQVNN:S. First, mainly by employing Hamilton rules,
the studied multidimensional systems have been divided
into the relevant real-valued ones. By designing new
state-feedback controller and fuzzy adaptive controllers, then
constructing a suitable Lyapunov functional and employing
algebraic inequality methods, a novel FTMLS criterion of the
proposed system can be obtained. Finally, a simulation exam-
ple has been given to demonstrate the merits of the proposed
approach. However, there are still two unsolved problems
in this paper: (i) Stochastic factors are not considered in
modeling, which is not consistent with some actual systems,
and (ii) The impulsive controller would further reduce the
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contact consumption of the system compared to the contin-
uous controllers. Therefore, inspired by [4], [32], [36], the
FTMLS problem of stochastic FORDQVNNSs via impulsive
controller scheme will be studied in our future work.
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The term "ecocriticism,” which is a combination of two words, "eco” and "cntic,” is denved fro:
Greek In Greek, eco and entic mean "house" and “judge,” wlich imply that "a person who judges 1
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University Serka
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du, Vellore
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Abstract

The need to conquer the fear of self.w 0
of patmarchal misogyny require

common source of contention evident i the subjugation of wo
Wildemess therapy addresses the mnate pan of women as they 1
temtones of the deep forest 111 comparable 1o 1)y journey mio the depth of oneself 1o understand the
crus of the 1ssue. The argle Ecofenumism and Wilderness Therapy explores the tenets of Wil
therapy and discusses the journey of Chentiry 1er Interaction in the Wilderness provides her
Ambai uses the mythical character Sita as a parallel plot and compares the similanty betwes
and Suta in the Wildermess Sita and Chentiru understand the core of the issue that has stn
hfe They acquire the courage to articulate the pain which has been thrust on them The
the Wildemess has brought about g change, making a stron £ recommendation
distress

Kevwords:

mhis g mandate

n a male-centne society Women as v
atrustworthy therapist 1

ctims
yireat and he

al. Ecofemmism understands the
men and explontation of nature
ake a journey nto the unexplored

demess
clanty

n Chentry
ictured ther
Journey nto
10 every woman 1n

Wildemess Therapy, Ecofemini sm, Forest, Patriarchal Misogyny

consequence of British hegemony incarcerated the Indian nationals Imp
under Bnitish supremacy, while

casteism subdued them under class dominancy Among the vast

majonty of the subaltern ligs the marginalized subsect of womanhood The voice of Indian women is
ever considered an abomination n a patriarchal community The Indian subcontinent 1n a totalitanan
front has lost 1ts roots and relevance in the realm of colomzation under the Bntsh Ray, and women lost
their equitable position to the egregious practice of patriarchy and anarchy together Subjuganion is a
forced ordeal thrust upon women. The decline of the status of women In society began when the
1eology of equal share in labour diversified into a commodity, asset, and claim over pnivate property

The subservience of women bepan with stereolypimg. They held roles thas made a lesser
contnbution to economic upliftiment Women's roles are charactenzed by childeare and homemaking
[n class, caste, und impenalistic sovereignly, the subordination of women has permutted Oppressive
md tox¢ practices such as child marnage, Uhteracy, juvenile pregnancy, partiality in law and
Ovemance, polygamy, and economic dependency These venomous du;u_mus stlenced women's
VICEs, causing detrimental social strattfication aganst equahity and companbility In India, humamity

00ped 10 115 lowest pomt with the acceptance of systems like Sati, female infanticrde, the Devadasy
¥stem, dowyy harassment, and honour killing,
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Abstract:

Okn employs a narrative style a mixture ol reality and imaginary, e uses Afrnican
oral tradition and bond with modem technique *Magical Realism®. Though Okn's works
deal with magical realism, he refuses to be ealled him as pure magical realist writer. The

reason for Okn, to adopt magical realism in s works, is the inadequacy of narranve

techniques Lo express the neo-colonial aspects in African literature. He employs the

narrative technique in his Abiky Trifogy.

Key words: Ben Okrl, narrative style, magical realism, Abiku Trllogy, African oral

tradition

J ][E I.J.H'IIS:'E
Dkn‘. narrative htylf 154 mixture ﬂi e ¥ € |E|C

I“ an 1 ;I l :l ', i il [l by 8 L I rea |‘l h;“

1 . il JIHI. “'I"Ilﬂ' e

i oC es uses by Okrillustrate
[ i Okri's select novels. The nan ative technigue
tradition found n 5

f sople o ndependent Nigena
L | the consequences faced by peo le 1n o8 P
the life and the cone P

fittp fifokara

113
ossue 1, 2022

(¥ Scanned with OKEN Scanner



h"’: oup | Fistedd Jownaly
‘l;:; ".”- FEMALE LIBERATED SELE N 1

F

‘f‘ '““\ 3
SR B Naap Im:.l‘ Gael
= Ahiary gy

AGORE

‘ N THE KINe: 1

Al Resean h Schalar |1la1_1| ol I:-TH!H-.h " h’\rf. AND Iy OUrEN

ant 'rolessor Deptoo| Linglisiy “”“illln,:ﬂll.n
v

inl
't(”n
i Assisd
pCAN

ar iy ¥y
o “”w.vrml, .'-wth.qu.Vr:II-n-*-II'
1ty Serkkadu,Vellore.f |
ﬂ-e biggest challenge wamen faced iy Indian soc
: : a ' L] Il
puilt patriare hal strveture, 1n o male chvinigt g
- v ™ ‘I
en and WOMIED ¢ SAME. A Woman bon iy o i

i
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Y. the power 0l decisinn

; ; T . Wriarchal socier
Jing Tules. Rabindranath Tagore's play 7 King and he O OCIety tend 1o syf

The Prl.,,,.,lgpniq‘ Sullnilr'n is scen strageling against e

,;.-ocif'} :hmt}_l:h Sumitra s role is that women yre the Fr,"h
Idi,;;-nmn‘l-'l“ﬂ“-_mef‘ﬂf‘"'il Sumitra is clead agpainst (h p
a fierce rebel fighting against her own husband for

India has ape ol
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fer hecause of 1,
In one such sac);
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en the theme placed
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words: Political Identity, Right for Equality, Pre Independent India

Tagore defines lthc Indian philosophy of B T i )

means the king does his duties and helps the nanr Play The King and the Queen
ﬂmﬂ. ; : i 9K e ]‘)5 Lhe r}ﬂm ‘.'.l'hn are n l.IIC c'"p\'—'rﬂr Ki“ l‘u”k

!:oﬁm-“-" his R"'ﬁﬂ””'l’”‘: '15 his emperor. He neglects his royal dutjes hcmu\"c of gI"l"L i 3

ent with the queen “VIKRAM. No moare vain words, queen, The bird's nests are “”cl:ll:r::ls].:nl::t

d a0 w : 1 |

ips keep F“ﬂ“i “F“-‘,.“l:'h l“'l‘d -11”““: no Wnr:! to clamouw™ {."‘-O‘ ). Sumitra requests Vikram 1o ¢
nly duties. She advises the people of the Kingdom are dying by the hunger for his negligence. St
wjth him to save the people from dicots. Vikram gets infuriated by Sumitra's words a'mibhe rcp-Iu
| w!ff.:, he Iknows .whcn.nnd what to do Fr‘}r the peaple. He says that to keep silent like birds a
pys living silently in their nest, Psychologically he has a mentality of nothing to do if a wom:
fses him, even il he refused to fight with foes. She worries that he is not able to understand 1
gship and responsibilities. He acted as a sensuous man.
Tagore suited the title of the play Raja O Rani published in Bengali 1889. He translated the pl;
1English with the title The King and the Queen, He has written the play during the early wwenlie
scenario — political and social upheavals in colonial India. The period the Bengal partition
backdrop of the play. He opposed the British Raj and split ‘nIT Bengal. In the play, he plac
jtra's role during the political upheavals were going on in pre-independence India. He represent
‘period Indian women participated in freedom fighting. Through the play, he mentioned Indi

men and their sacrifice occupy a foremost place in Indian freedom history. ' kine Vik
| - : ; wots echoed in the play. Tagore's king Vikr
Queen Sumitra discomforts and restlessness gels e how he lived a self- centred life:
resents his authority over the country, sensible duties nmll_ also ]1::; e Invf:"‘-
. saved i coming (o me lor so 1ok, :
VIKRAM. Why have you delayed in coml! EI 4 uttely yours wherever [am? I ‘
SUMITRA. Do you not know, my king that [ an way from your presence, but not from y
was your house and its service that kept me awa)
(The King and the Queen, 93) Vikram enquires his wie Sumitra for being |
scene opens with the husband q“us{innmg his W|I'L.I lhclr mind contemplates on him. She says il
king' : repli t wherever she may be o feelings that she maintant
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plavs ameng theim a few plass becime very populae they are Fhree Sintery and JThe Cherry

Orehard This article anabyses the character of Masha in Theee Suters This play has published
in the year |%]

The book Nineteenth cemtury Rusvinn fteratire: has wotten by a famous British
hustontan of mediesal Russion histony and of Russian Titermture Jolin Fennell He pomts out thal

the common purports of Chekboy stones and dramas m the following lines

It s toa study ol the state of man's consciousness that the whole of Chekhov's
nature work, including the drami s devoted, Indeed the majority of the
Cheknote stories may, in retrospect, be scen as falling within the same pattem

His subject i1s contemporary Russa, lis meaning is universal (323)

According 10 Fennell the concept of Chekhov's short stories and dramas reflect the life style
of Russians. A century hack Russions lived o life of much emotions and turbulence The
beginning of twenticth century Russlans were suffered by cvil war and  Industrial
Development such as high taxes, loss of jobs, and rampant hunger Dunng Industrial

Revolution the woking class people and peasants suffered more than nobles This was a
iraumatic period for the Russians.

Depression occurs in both the genders. Women are affected more comparatively worse
than men Depression impacts in all area in women's life. For an example when a gl is
depressed denied higher education she goes to the depression state. A marned woman 1s also

depressed when she is bounded with responsibilities such as take care and responsibility for her
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18 widely known for its vas spreading forest which is filled with thousands of
: from trees, shrubs, parasites, animals, humans Forest affords food resources,
 for inhabitation for humans and other animals, The fores

t plays a vital role in regulating
ure and prevents erosion. The Afnican forest has precious resources. In the Westerns point of
g African forest has valuable resources to be exploited by the European colomsers. Writers
oa signify the importance of preserving forests in their works. Chinua Achebe in his Things
ot has “given the alarming statistics on the current state of forests in Nigeria” (Gillian Gane
, Ben Okri's The Famished Road depicts the devastating effects of development on forest
wing further into the research, a brief explanation of Ben Okni is essential. Okn was born
pnorthern Nigeria to an Urhobo father and igbo mother. His father decided to study law so
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| 1968 at the time of Biafra War. Okri returned to England for his university degree B A
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Asynchronous Extended Dissipative Filtering for
T-S Fuzzy Markov Jump Systems

Yufeng Tian

Abstract—This article is concerned with the asynchronous
reliable extended dissipative filtering problem for a class of
continuous-time T-S fuzzy Markov jump systems. The modes
of the encountered sensor failures and the designed filter are
considered to be asynchronous with the original systems, which
can be described by two mutually independent hidden Markov
processes. By proposing double variables-based decoupling prin-
ciple and variable substitution principle, a new condition is
presented to guarantee the filtering error system to be stochasti-
cally stable and extended dissipative. Compared with the existing
works, the proposed method does not impose constraints on
Lyapunov variables and slack variables, and some unnecessary
constraints on the system structure are removed. These directly
lead to less conservative and more general results. An example
is provided to illustrate the effectiveness of the proposed design
method.

Index Terms—Asynchronous reliable extended dissipative fil-
tering, double variables-based decoupling principle (DVDP),
Takagi-Sugeno (T-S) fuzzy Markov jump systems (MJSs), vari-
able substitution principle (VSP).

I. INTRODUCTION

INCE many mathematical models of physical systems are
S nonlinear with complex uncertainties, causing many dif-
ficulties in the control and analysis, researchers have been
trying to seek effective methods for controlling nonlinear
systems [1]-[3]. It is known that Takagi—Sugeno (T-S) fuzzy
inference plays a popular way in modeling nonlinearities, such
as saturations and dead zones [4], [5]. It has been shown that
a complex nonlinear system can be described in terms of a
family of IF-THEN rules since the T-S model behaves like
a linear system [6]. On this basis, many works for stability
analysis and the controller/filter design problems have been
published [7]-[9].
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Markov jump systems (MJSs) experience abrupt changes
in their parameters and structure, and have been an attractive
research topic [10]-[14]. A lot of results have been reported
to solve filtering problems [15]-[17]. In [17], the reliable
exponential Hy, filtering problem has been studied for sin-
gular MJSs with sensor failures. Sensor failures may arise
unexpectedly and they can affect system performance or even
bring about damages. Thus, plenty of literature on reliable
filtering for MJSs has been reported [9], [18]. It is worth
pointing out that the aforementioned results were developed in
the context of linear MJSs. With rapid development of fuzzy
system theory, more and more problems of T-S fuzzy MIJSs
have been studied [19]-[21], in which the system mode is
assumed to be available to the filters at any time through
the sensor. Unfortunately, utilization of mode will be lim-
ited because of some deviant behaviors, such as time-delays
and data dropouts. Unlike some published papers [15]-[21],
another nonsynchronous mechanism has been applied to deal
with some concerned asynchronous phenomena, namely, hid-
den Markov model (HMM) [22]. Afterward, the asynchronous
filtering by HMM has been extended to many works [23]-[28].
Although a number of results on the asynchronous filtering
have been achieved for T-S fuzzy MIJSs, few results focus
on the asynchronous reliable filtering for T-S fuzzy MISs
except [23]. In [23], the asynchronous reliable Ly — Ly, filter-
ing problem for T-S fuzzy MJSs with sensor failures has been
considered. However, the constrained structure of Lyapunov
Pig P2
Pl P
tiveness. Although the constrained Lyapunov variables can be
avoided by introducing slack variables (Finsler’s lemma), such
as in [24]-[26], the introduced slack matrices are still con-
Gis X
Gy X

variables (such as P; = |: j|) may bring conserva-

strained (such as Gy = i| in [25]). It may also lead

to conservativeness.

On the other hand, the extended dissipative filtering, which
includes Hy, Ly — Lo, passive, and dissipative filtering by
tuning weighting parameters, is first proposed for continuous-
time MJSs in [29]. Afterward, the extended dissipative filtering
problem for continuous-time dynamic systems has been widely
investigated [30]—[33]. For example, Li et al. [30] investigated
the extended dissipative filter design problems for continuous-
time fuzzy systems with time-varying delays. However, some
unnecessary constraints on the filtering error system have to
be imposed, which may lead to some limitations in practical
applications. Moreover, the above mentioned works [29]-[32]
only focus on the synchronous cases Thus, without constraints,

2168-2216 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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how to handle the asynchronous extended dissipative filtering
for continuous-time T-S fuzzy MIJSs is an important topic.

Summarizing the above discussions, this article studies the
problem of the asynchronous reliable extended dissipative fil-
tering for T-S fuzzy MIJSs. First, by employing HMM, two
independently stochastic variables are introduced to describe
the encountered sensor failures and filter, respectively. Second,
a new condition, associated with the modes of plant, sensor
failures, and filter are proposed to ensure the stochastic sta-
bility and extended dissipativity of the filtering error systems.
The main contributions and novelty are given as follows.

1) By proposing double variables-based decoupling princi-
ple (DVDP) and variable substitution principle (VSP),
the asynchronous reliable extended dissipative filter
design condition is presented for T-S fuzzy MJSs.
Compared with the existing methods [23]-[26], this
article fully considers the free structure of Lyapunov
variables and slack variables, which provides extra free
dimensions in the solution space. It directly leads to the
reduction of conservativeness in the filtering solution.

2) Compared with the existing works [29]-[32], some
unnecessary constraints on the system structure are
relaxed by introducing a set of positive scalars and sym-
metric positive matrices with the aid of S-procedure
lemma, which leads to more general results.

3) Based on 1) and 2), the asynchronous reliable extended
dissipative filtering is achieved for T-S fuzzy MIJSs,
which unifies the reliable filtering, extended dissipative
filtering, and asynchronous filtering in a framework.

The remainder of this article is organized as follows. System
description and preliminaries are presented in Section II and
the main results are discussed in Section III. In Section IV,
an example is provided and conclusions are presented in
Section V.

Notation: Throughout this article, R" represents the
n-dimensional Euclidean space; XT denotes the transpose
of X; “*” in LMIs represents the symmetric term of the
matrix; Sym[X] means X + XT, Amax(X) represents the
maximum eigenvalue of X; £(X) denotes the mathematical
expectation operator of X; £,[0, co) refers to the space of
square-integrable vector functions over [0, 00); |X| denotes the
Euclidean norm for vectors of X: col[X, Y] denotes [XT, YT]T;
diag{- - -} represents a block diagonal matrix; and vec[X, Y]
represents [X, Y]T.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

Consider the following T-S fuzzy MJSs.
Plant Rule i: IF 61(t) is T';1, ..., 6,(¢) is I'j, then
X(t) = Ag(nix(®) + Bypiw(t)
Y(0) = Cy()ix(8) + Dyriw(?) (D

2(8) = Eqnix(t) + Fyiw(D)

where I';j(i € V = {1,2,...,v},j € {1,2,...,p}) and 6;(¥)
are fuzzy set with v fuzzy rules and the premise variable,
respectively. Aq(t),', Bq(;),‘, Cq(,),', Dq(,),', Eq(;),', and Fq([),' are
known system matrices. x(f) € R", y(t) € R™, z(t) € R?, and
w(t) € R (belongs to £,[0, 00)) are the system state, the mea-
surement output, and the disturbance input, respectively. The
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variable ¢(#) stands for a continuous-time Markov jump pro-
cess with TRM A = [A4]. It takes value in Q = {1, 2, ..., 0}
with TPs given by

Ageb + 0(D), qFc

Priq(t+b) = clg() = a} = { 14+ Acech+o0(b), g=c

where A, = -— ZCQ:L#C Ages ZCQZI Age = 0, and
lima—o(0(b)/b) = 0.

When ¢(#) = g, the overall fuzzy model is obtained by T-S
fuzzy inference method

i) = Ag(n)x(t) + By(hyw(1)

y(®) = Cy(Wx(t) + Dy(hw(1)
() = Eg(h)x(t) + Fy(hyw()

(2)
where

Ag(h) = " hi(0())Agi, By(h) =Y hi(6(1))By;

i=1 i=1

Cy(h) =D hi(@(1)Cyi» Dy(h) = > hi(0(1))Dyi

i=1 i=1

Ey(h) =Y hi(0())Eqi, Fy(h) =Y hi(0(1)Fyi

i=1 i=1
[T, T

PN RNICIO)

0(t) = [01(1), 62(0), ..., 0, (D]

where h;((0(¢)) and I';;(6;(¢)) represent the normalized fuzzy
weighting function and grade of membership of 0;(¢) in I'y,
respectively. For V¢ > 0, we assume ]_[f:1 [0;() > 0. It
implies 7;(0(¢)) > 0 and Y ;_, hi(0(1)) = 1.

When the sensors experience failures, the following sensor
failure model is adopted in this article:

V= fowi@yi(t), i € {1,2,...,m) 3)

where yf is the attainable signal from the ith sensor. The
stochastic failure phenomenon can be described by variable
s(t) € S={1,2,...,8}, which applies to HMM theory with
the conditional probability matrix (CPM) S = [p451(0gs > 0)
satisfying Pr{s(r) = slg(t) = q} = pys, Where Y 7| pgs = 1.
Besides, the variable f5;(f)(s(f) = s) describes the ith failure
level under the sth mode satisfying

O<f,<fisfi<l

hi(6 (1)) =

“4)

where ]; ; and f;; represent the given lower and upper bounds of
f5i, respectively. If ]:S ; :fsi =0 [i.e., fsi(¥) = 0], the ith sensor
under the sth mode loses its function and outage happens.
When ]:S ; =fu = 1 [i.e., fsi(t) = 1], it works efficiently without
failures. Partial failures will occur if 0 < f;(f) < 1. In this
case, fyi(f) can be described as

f5i(®) = fii + 8i(0) (5)
where f‘si = (]:s T fii)/2. We can conclude
(0 = Foy = (Fo+ A0 )y (©)
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h Vv
where Cy(h) = " hiCyi, Cy(h) = [Cyi 0]
As(t) = diag{asl (t)» 5&2(0» ey (Ssm(t)} i:‘)l v
Pon) = diaglfr, f2, oo Jom) Dy(h) = 3~ hiDai. Fy() = Y hiF i
Fy(t) = diag{fs1, f2, - - - » fom} i=1 i=1

AT(A () < FTF, < 1.

In this article, the HMM theory is used to design an asyn-
chronous filter for estimating the plant. «(f)(k(f) € K =
{1,2,...,K}) is used to depict this situation. Furthermore,
it has the same features with s(¢). That is, it satisfies the CPM
K = [tgl(tgr > 0) with Pr{x () = k|q(t) = q} = T4, where
Zk 1 Tgk = 1. Although asynchronous modes of the sensor
and the filter are controlled by the plant mode directly, they
are conditionally independent, i.e.,

Pr{s(t) = s, k(1) = klq(t) = ¢}
= Pr{s(r) = slq(1) = g} x Pr{k(r) = klq(1) = g}
= PgsTgk- )
In order to estimate the signal z(f) in system (2), the fol-

lowing asynchronously reliable filter is designed with k() = k
and h;(0(1)) = h;:

{ xp (1) = Ac(Wxp (D) + Be(W)yF (1) ®
7 () = Ex(W)xr(2)
where
Ar(h) = hiAii, Bi(h) =) hiBy;
i=1 i=1
Ex(h) =) hiEy.
i=1
Defining (1) = [xT(r),x]T(r)]T and z(t) = z(1) — z (),

combining (2), (6), and (8), the filtering error system can be
given as

X0 = (Agk(h) + Bu(h) Ay C, ,()X(1)
+ (Bagsk(h) + Bi() As()Dy()w() — (9)
zt) = Eg()x(1) + Fg(hyw(?)
where
A Ak(h) -
Agahy = | 784 ZZhhAqm,
qgsk im1 j=1
o _Aqi—o
Aok = | Buf Cy Akj}
_ [ B (h) LA
B2qsk(h) = W = Z Zhithqukij
L =48 i=1 j=1

_ [ B
Bogsiii = | ——L—
24ski _Bkstin:|

_ B! (h) - 0
_ | P _ B B — |2
Blk(h) - _E%I((T)} jgl:h]B]kjy B]kj Bkj
% %
Ege(h) = ) Y hiljEqj, Eqiy = (Bt — Ex ]
j=1 j=1

Remark 1: Note that actual factors, such as time delays
and data dropouts make synchronization hard to maintain.
In [10], the piecewise homogeneous Markov jump principle
has been adopted to describe asynchronization of nonlinear
MJSs. Compared with the piecewise homogeneous Markov
principle in [10], HMM is only dependent on the current mode
of original system (9). And HMM approach just requires a
conditional transition probability matrix to characterize the
asynchronous phenomenon instead of several transition prob-
ability matrices in [10]. Thus, HMM has a simpler structure
and is easier to understand.

The aim of this article is to design an asynchronous reliable
extended dissipative filter (8) such that (9) is stochastically
stable and extended dissipative. For the simplicity of analysis,
we establish the following block matrix:

1
B”‘(h)}. (10)

|:Ql‘(h)} B [
A (h) BT, ()
The advantage of the structure of the block matrix lies in sep-
aration of system matrices AL (k) and filter matrices le(h),
which enables us to parameterize filter matrices by slack matri-
ces in next section. Before ending this section, some technical
preconditions are introduced for easily deriving LMI filter
design conditions.
Assumption 1: Matrices V1, W, W3 =
the following conditions.
D ¥ =¥ =—-wly with ¥; >0.
2) = <1>T c1>T<1> with & > 0.
3) BIWB, + He[BYW,] + W3 > 0.
4 (1l + (2] - [|®l] = 0.
Definition 1 [29]: For prescribed matrices ¥, Wy, W3, and
® satisfying Assumption 1, filtering error system (9) is said
to be extended dissipative, if there exists a scalar ¢ such that
the following inequality holds for w(f) € £;[0, +00) and any
tr > 0:

lvk(h) qurk(h)
qsk (h) B%tpk(h)

\U3T , and @ satisfying

.
/ ’ J(s)ds > 2N () Dz(1) + o (11)
0

where

J(5) = 2N (5)W1Z(s) + 227 () Waw(s) + w' () ¥3w(s). (12)

Remark 2: The asynchronous extended dissipative filtering
considered in this article can be reduced to the synchronous
extended dissipative filtering investigated in [29]-[32] if
Q=K and 7, = 1. It can be concluded that the asyn-
chronous extended dissipative filtering can be reduced to the
asynchronous Hy filtering, the asynchronous L — Lo, filter-
ing, the asynchronous passive filtering, and the asynchronous
dissipative filtering by tuning parameters Wy, W, W3, and P,
respectively, (shown in Table I).
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TABLE I
EXTENDED DISSIPATIVE PERFORMANCE

Performance [ 2% Uy Vg
Heo 0 1 0 1
Ly — Loo I 0 0 ~21
Passivity 0 0 I I
Dissipativity 0 -1 I 21 — A1

Lemma 1 (Double Variables-Based Decoupling Principle):
For a scalar 8 # 0, matrices A, M, T, F, and N with appro-
priate dimensions, the following propositions are equivalent:

1 2 T+MA+A"™MT <0 (13)
T + He[FA M — F) + ATNT
KJzA[ :[ ] ﬂ(—ﬂN)—,BNT }<0. (14)

Proof: Two steps will be given as follows.
1) 1= g2: Inequality (13) holds, then there exist scalars
B and A such that

TagT7 _ AT T
[T—i—He[AM]—BAA AA ]<O. (15)
* —BA
Setting FT = MT — (1/2B)AA, N = (1/2)0)1, then (14)

is obtained.
2) 2= ©;: Pre- and post-multiplying (14) by [1, (1/8)AT]
and its transpose, respectively, the inequality (13)
is obtained. This proof of the equivalence is
completed. ]
Remark 3: In order to decouple the cross terms between A
and M, different from the existing methods (Finsler’s lemma)
in [24]-[26], a new decoupling principle is proposed in this
article by introducing two slack variables F and N in (14),
which can be named DVDP. In the DVDP, two slack vari-
ables F' and N are independent from each other. Thus, some
stability criteria, controller design or filter design conditions
with less conservatism can be obtained by choosing free and
independent variables F and N. Compared with the single
variable-based decoupling principles (SVDPs) by introduc-
ing a variable N in [15], [20], [34]-[36], three advantages
of Lemma 1 in this article are shown as follows: 1) the
mathematical proof of the necessity and sufficiency is pro-
vided; 2) DVDP provides more degrees of freedom than
SVDPs; and 3) SVDPs are special cases of the DVDP. For
example, if F = 0, then Lemma 1 of present article reduces
to that in [15] and [20]. If F = 0, 8 = 1, then Lemma 1 of
present article reduces to that in [34]. If T < 0, F = 0, then
Lemma 1 of present article reduces to that in [35], [36].

Lemma 2 (Variable Substitution Principle): Given matrix N,
symmetric matrices M| and M, with appropriate dimensions,
if there exist matrices Q1, Q2, and R satisfying

A R —

e [Q*l QZN} >0 (16)
a | M1+ QO R

]2|: “ M2+Q2j|<0 (17)
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Algorithm 1 Infinite Iteration Algorithm

Relax N in (18)
Step 1: Let (18i) be (18). Relax N in (18i) by (16) and
(17). Let (16i) be (16) and (17) be (17i).

Step 2: Store (17i). Let (18ii) be (161). Relax N in
(18ii) by (16ii) and (17ii).

Step 3: Store (17ii). Repeat Step 2 for n times. Store
(17iii), ..., (17n), and (16n).

Step 4: Obtain the relaxed conditions (17i), (17ii), ...,

(17n), and (16n).

then the following inequality holds:

]3A|:Ml N]<O.

¥ M (18)

Proof: Noticing the fact j = j; + j3, from j; > 0 and
J2 <0, it yields j3 < 0. But not vice versa. ]

Remark 4: Note that a fixed N in j3 will lead to some inflex-
ibility, so a slack variable R is introduced to relax j3, which
yields j». Variable R can be chosen freely, which is indepen-
dent of fixed variable N. Thus, we name Lemma 2 (VSP).
Compared with j3, j» is more general and flexible. If j; = 0,
then j, reduces to j3. Different from the DVDP/SVDPs in
Lemma 1 of present article and [15], [20], [34]-[36] separat-
ing the product terms (i.e., AM in Lemma 1), the VSP is used
to substitute a fixed matrix N by a slack variable R. Although
VSP can increase the flexibility of the final conditions, there
still exists some room to be further improved. For example,
the following algorithm is one of them. From Algorithm 1, it
can be seen that if n — +o0, then fixed matrix N may be
removed.

III. MAIN RESULTS

Note that many works on extended dissipative filtering for
continuous-time MJSs have been reported [29]-[32]. However,
these works assume that the modes of the filter and plant
are synchronous. It is known that synchronization becomes
unrealistic since there exist some practical factors, such as
data dropouts and time delays. Thus, in this section, the
asynchronous reliable extended dissipative filtering will be
developed. First, we will analyze the stochastic stability and
extended dissipativity for system (9).

Theorem 1: Given scalars 9 > 0, oy # 0, B; # 0, matri-
ces f’s, FS, and Wy, Uy, W3, ) satisfying Assumption 1,
system (9) is stochastically stable and extended dissipative if
there exist scalars ¥, < ¥, p, > 0, symmetric positive def-
inite matrices Uy, P,, matrices W, (h), M1y, Moy, ©4, Yu,
Yo, N, Aki, f?ki, Ek,-, and diagonal positive definite matrices
Ry such that the following inequalities hold for g € Q, s € S,
and k € K:

Py —0Gy+pgd > 0 (19)
Egsk (h) < 0 (20)
Qi (h) < 0 2D
Yk (h) < 0 (22)
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where

K S
SOES SN pqsquSym[@qﬁl%(h)] — W, (h)

s=1 s=1
[y QRm QR0
Qqsk(h) = * —ﬂqN ﬂqN 0
L * * -1
[0, YAPT YT
Yyr(h) = * -P, 0
L * * -U,

qsk(h)
32 T T

qu(h) 'Bq(A‘l - ®‘i) + [mF(h):I N
IHOR vec[Egk(h)\izT, FI(mT, 04]

qsk (h) + Wq (h)

[ S T
Wty = | V1ot ®  a(Pg = Mg) + [A W]y

L * _anq - anq
lI’lt]Sk(h) = quxk(h) =+ Sym[Mql §[1 (h)]

i chzl AgePe Eg v, 0 CqT(h) R,

®Xm) 0 DImR
O (h) = * ; s
q k( ) N * _RS 0

L * * * —R

d>$2(h) = —Sym[FT(h)\Ifz] — W3, ﬁ[%(h) = [Q{%(my 03]

A2 (h) = [Aflsk(h),B (), B k(h)F]
Py = vec[Py, 03], Ag = vec[My2, Yo ]
My = vec[Mg1, My, Mgp3, M4 ]

You Y2
Yy =[Ya Yqz]z[Yquz Yors

Mg = vec[Mg11, Mgi2, Mg13, Mg14]

TR (h) = [ME; . ... WEgk(h)]
TR0 = [T EL (), ... JrRFag ]

A () = [Ql‘(h), o].
Proof: The proof will be completed by the following three

steps. For simplicity, set Zs! « OsTk = Zle Zle Pgs Tqk-
1) Two-Step Decoupling: By Schur complement, it follows
from (21):

- Qi Q2 (n)
Qqsk(h) = |: q _,qu] ,BqN:| <0 (23)
where
_ T
Qb () = W) + Wy + Q[ 2l ]

Combining Y5, ps =1, YK 7,4 = 1, and (20), we have

~ _ Q! (n) Q2 (n)

Qs (h) —gpsrk[ A ﬁqN} <0 (4
where

~ T ~

QL) = W) + [ 2B M ]| +sym| e,

By Lemma 1 for the first time, we have

~ T
MOESY psrk{ [wqu(h) +eim|elion]
s,k

+ sym[Aqﬁg%(h)” <0. (25
It equals
- L (h) @12 (h)
\Iquk(h) Z’O Tk |: ask _anq k_ anTi| <0
where
~ - T
Upb () = ) + V[T R0 |

n Sym[Mqull (h)] n Sym[quQ_l2(h)]
qé,{(h) — ag(Py — M,) + [m‘(h)]TYT + [Q_l%(h)]TY;FZ
By = vec[E RO L2 oz]

From M, = vec[M 1, M] and Y, = vec[Y,1, Y21, we have

W) = Dy (h) + 0,

q_&k(h) - a‘i(Pl]

1 - - - v
i = [ 5 | = [ B, Bun ).

3(h)[\f/‘3(h)]T + Sym[ M5 ()]
My) + R ()Y,

By Lemma 1 for the second time, we can get
R - - T
MOESY pyrk{cbqsk(h) R HAOIENG)
s,k

+ Sym[quﬁ(h)]} <0 (26)

By Schur complement lemma, ‘iquk (h) < O can be
transformed as
Wy(h) <0 27

where

) Wig(h) VR WE, Wi (Ry

lIlqsk(h) = Z PsTk * —R; 0

* * —R
\IJ” (]’l) \1112 ( l’l)
1 — gsk

B h
\I’ng(h) — |:P11B(1)k(h):|’ ‘-If(:;’(h) _ |: q_( ):|

D, (h)
- Q _ _
WL (h) = PyAgac(h) + Y AgePe — Eqy ()WL Ely (h)
c=1
W% (h) = PyBagsi(h) — Egy (W)W Fy (h) — Ejy (h) W)
W22 (h) = —F, (W)W F,(h) — Sym[F, (h)¥3] —
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By Schur complement, it follows from (27):

Zpsrk{ W)+ VR E W]
k

+ \Izj(h)Rs[xy;(h)]T} <0 (28)
From AT(1)A(r) < FTFs < 1, it follows:
Zpsrk{ Wl + W20 AR A0 W2 ]
s,k
T
+ \yj(h)Rs[\pg(h)] } <0. (29)

Then, we obtain
Zm{ i) + Sym[w mao[wim] } <o.
s,k

(30)
Recalling (27), we have

11 ]’l (I)IZ ]’l
Zpy [ sk () ()} 31)

%2 (h)
where

B3, (h) = Py(Agst(h) + Bue(h) Ay (1) Cy(h))
o

+ Y AgePe—E
c=1

Pq(Bquk(h) + Blk(h)As(t)Cq(h))
— Ep (Wi Fy (h) — Eg (W)W,

k (DWIEy (h)

é;fk(h) =

2) Stochastic Stability Analysis: Construct the following

mode-dependent Lyapunov functional for system (9):
V() = ZT()P,x(). (32)

Let £ be the weak infinitesimal generator of the stochastic
process {x(1), g(£)}. Setting n(¢) = [XT(r), wT (©)]T, we have

12
SV(t)=nT(z)Zpsrk[ Ponc(h) q’qfk()] 0 (33
s,k

where
. _ B _ 0
DLl (h) = Py(Agsk(h) + Bu(W Ay(DOCq() + Y AgePe
c=1
B2 (h) = Py(Bagsk (h) + Bix(h) As()Cy (h)).

From (31) with w(f) = 0, we have E{LV(r)} < 0, which
implies the stochastic stability of system (9).

3) Extended Dissipativity Analysis: The following equality
is true:

ElZ' M@z} = 0" (O Zu (W (t) (34)
where
K ET (W ®Eu(h)  ET (W®F,(h)
qu(h) = qukl: ak * a* _ql{((h)(DF (h)]
k=1
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By Schur complement, it follows from ® = ®T® and (22):

Zy(h) < ﬁq[GO‘I L?J.
Combining with (34), it follows:
ElZ M0z} < E{PXTOGEM) ) + IgwT (HUw (D).
From ¥, < ¢, we have

ELOXT (DG} + 9w OUw(®) — EJZ Pz} > 0.

(35)

By S-procedure lemma, there exists scalar p; > O such that

EPXTOGEM ) + 9wt (O Uyw (D)

— EET 0PN} — Elpg (DX} > 0. (36)
In view of (31) and (33), we have
LV(t) < J(1). (37)
By Dynkin’s formula, we have
t
5{ f J(s)ds} > E{XT(PxD} — V(0). (38)
0
Combining (19), (36), and (38), it yields
t
5{ / J(s)ds} — & Pz ()
0
> —wl())9,U,w(t) — V(0). (39)

Setting
0= —sup{|ﬂq| UL W@ = 1P| - |5c<t)|2] — V(0)
Lq
the following inequality holds:

t
5{/ J(s)ds} -z} = o
0

In order to prove the extended dissipativity of system (9), we
need to verify the following inequality for any #; > t > O:

(40)

I
5{/ J(s)ds} — sup E{ZT(I)CDZ(I)} >p0. (4D
0

O0<t=t
For this purpose, we will prove the two cases, namely, ||®|| =
0 and ||®]| # 0O, respectively.
1) ||®]] =0, from (40), for any #r > t > 0, it follows:

If
5{/ J(s)ds} >0
0

which implies (41).

2) ||®]] # 0, we know ¥ = 0 and ¥, = 0 by
Assumption 1-3). From sz(h) < 0 in (21), we have
W3 > 0 which implies J (s) = wT(s)W3w(s) > 0. Thus,
the following inequalities hold for #r > t > O:

tr t
5{ / ' J(s)ds} > 5{ / J(s)ds} (43)
0 0

sup E{ZFezn} = £l ez} (@)

O<t<ty
It is clearly seen that (41) holds from (40). Then, the
extended dissipativity is proven. Summarized the above
three steps, the proof is completed. ]

(42)
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Remark 5: Note that in the existing works [29]1-[32], F(h),
Wy, Wy, W3, and @ are presumed to satisfy Assumption 1 of
present article and the following constraint:

[Fge ()| - 1@ = 0. (45)

That is, the structure of the filtering error system (9) is con-
strained (similar cases see [29]-[32] for details). In this article,
it is removed by introducing symmetric positive definite matri-
ces U, and positive scalars ¥, (see step 3) in this article for
details). Of course, if constraint (45) is utilized in this article,
that is, Fqk(h) = 0, then we can get

1200\ T
= [ TEOT]
Moreover, if ¥, =1, Q = K, and 7,4, = 1, then (46) reduces
to the results in [29]-[32]. Thus, the proposed method of
present article is more applicable and general than the existing
works [29]-[32].

Remark 6: Note that the free-weighting method is used
to separate the system (filter) matrices and the Lyapunov
variables in this article, which can avoid the constraints on
Lyapunov variables. Otherwise, if free-weighting method is
not used in this article, matrix transformation can be used, such
as in [31]. In this case, constraints on some Lyapunov variables
are inevitable, such as Z; = diag{Zl,-, Zzl-} in [31], which results
in underutilization of full relationships on system information.
Moreover, free-weighting method has been widely utilized to
construct LKF, such as in [37], which can be used to relax
the positive definite requirements for some matrices. Thus,
by using free-weighting method, additional degree of freedom
can be obtained in the final conditions. It is an efficient way
to reduce conservatism.

Remark 7: In [23], the asynchronous reliable L, — Ly fil-
tering problem of system (1) has been investigated, but the
Lyapunov variables are constrained (see Py in [23] for details).
n [24]-[26], by using Finsler’s lemma, the constraints on
Lyapunov variables can be overcome by introducing some
slack matrices, but the introduced slack variables are also con-
strained (see Gy and Ry in [25] for details). Similarity, by using
SVDPs [19], such constraints are also inevitable. In this arti-
cle, the constraints on Lyapunov variables and slack variables
are removed in Theorem 1 of present article by using a two-
step decoupling technique (by using DVDP twice times), the
two steps are simplified as follows.

1) First Step: By using the DVDP for the first time, the

constraints on Lyapunov variables in [23] are avoided
[see condition (25) for details].

2) Second Step: By using the DVDP for the second time,
the constraints on slack variables in [24]-[26] are over-
come [see condition (26) for details].

Based on Theorem 1 and Lemma 2, less conservative solutions
to the filter matrices will be given as follows.

Theorem 2: Given scalars ¥ > 0, ag # 0, B3 # 0,
tmg(m = 1,2,3,4), matrices Fs, Fy, and Wy, ¥, W3, ® sat-
isfying Assumption 1, system (9) is stochastically stable and
extended dissipative if there exist scalars ¥, < ¥, p; > O,
symmetric positive definite matrices Py, P3g, Gig, G3g, Uy,
matrices Wigijs Wagij, Wagijs Ogs Pag, Gog, Mg1, Mp, Y1, Yoo,

(46)

N, Ak,-, Bki, Eyi, and diagonal positive definite matrix R such
that the following inequalities hold for i,j € V, g € Q, s € S,
and k € K:

Fq¢>0 47
V>0 (48)
qukii <0 (49)
Eyskij + Sgskji < 0 (50)
Qqskii <0 (51)
Qqskij + Qqskji <0 (52)
quii <0 (53)
Takij + Takji < 0 (54)
where
P3g — 9Gg + pyl
_ [ Va /3 (Z,N — ©y)
q2
K S
Eqskij - Z Z qquksyml:z Q[ ] qu
r ~NT
2 13
Qqskij Bq (Aq - ®q) + (Q[u) quv
Sgskij = |« —ByN — BN + Vo, 0
| * —1I
r 12&T 134T 14T
—v, 0 TRT rBeT vl
* -G -Gy 0
Yonii = q q
akij * * —G3y 0
L * * * -Uy
Q(Ijjkl] = Woskij + Wi + Va1
13 T3T TqT pTgT
Q. = vec[—Eqi\IJI ERUTLFLOT, 05
11 S1\ Ty
Wyskii = \Ilqskzj aQ(P‘I - M‘]) + (qui> qu
| % —agY, — oqu(;r

‘L’qlxlkg/ = Pysnij + Sym[Mqlﬂclp]
- 12
SO b 0 0 ol

4 T
(O30 0 D .R
e * gi qi'ts
4sky * * —R, 0
L * * * —Ry
_—ET.\Ifz CTR
12” — 14 _ — qi N
ou-[ ) o[
2 = —Sym| Fjwn| — s, 42 = [43, 04

A2 = [A}kjﬁscq,-, Akj, Bkjﬁqui, Bkiﬁs]

1ij
Ap; = [Agi. 0. By, 0,0], Py = vec[P,. 0, 0]
7, = ve [qul 1291, 13¢T 141, tagT2g1, 03]
T2 = [VEEy. .,WEqi]
T = [Var \/zq—KE,T(]]T
Tl = [ Ve .. .,W—KF;,.]T
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Mg = vec[Mg11, Mgi2, Mg13, My14]
Mg11 = vec[Myi11, Myi12]

the other notations are the same those in Theorem 1.
Meanwhile, the desired filter matrices can be computed by

Ay = N Ay, By = N ' By, Eyi = Ey. (55)

Proof: By Schur complement lemma, it follows from 24

AT

i} = 2

Qyokif = |:Q¢11slkij Ba(Ag — ©Og) + [my] :| (56)
E3

gl

—BgN — ByN + Vo,
15 15 T
gskij = Wyskij + Wyij + Vg1 + qul] (qulj> :

By Lemma 2, it follows from (48) and (56):
T
:| (57

~ 511 a9
Qyskij = |:Q‘/Sk’7 By(N — ©) + [Q[ij]
QU —w + Wi + Qb (915 )T
gskij = * qskij qij i\ Qarii ) -

where

* —BgN — BN

where

Recalling (55), we have

Ay = NAw, By = NBy,. (58)

Submitting (58) into Qqsk,-j and E,yj, we can, respectively,
obtain

Qstif = [Q;ku Bq(ZgN — ©g) + [QGU] }
¥ _'BqN - lgq

T
Eyskij = ZSym(pSl’quNl:Qlizj] ) — Wyij
s,k
where
Qqul] - \IqukU + th/ + qu!/ (quy)
Qlij = vec [Bkjﬁscqi, Ay, BijiFsDyi, BkiFS:I-
Setting

r—1 r
=D hihjWyy

i=1 j=i+1

W, (h) (59)

based on the fuzzy inference, (9) and (55), it yields

Eqsk(h) Zh i gskii + Z Z hh Eqskij+ Eqsk/'i)
i= 1] i+1
Qs (h) = Zh Qqstii + Z Z hily(Qqskij + Lqsii)
i=1 j=i+1
Y (h) = thn,, + Z Z hili (Y qiij + i)
i=1 j=i+1

Hence, we can conclude that: (20) is guaranteed by (48)
and (50). Equation (21) is guaranteed by (51) and (52).
Equation (22) is guaranteed by (53) and (54). Thus, the
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stochastic stability and extended dissipativity of system (9)
are ensured. The proof is completed. |

Remark 8: Note that in some existing works, such as in [31],
each filter matrix should be considered independently, such as
Ayj and By;. In this article, with the construction of the block
matrix (10), we just need to focus on sub-block matrices AL (h)
and 22(h) in (10) instead of each filter matrix, which is easier
to obtain the final conditions.

Remark 9: Note that Theorem 1 cannot be directly solved
by LMI approach due to the cross terms ®q§l2 (h) and N 202 (h).
From the structure of the product terms, if we set

©y = [N,N,T4N,T4N. 0,0,0] (60)

then Theorem 1 can be solved. However, the structure of O,
in (60) established by a series of fixed matrices N may also
lead to conservativeness. With the help of VSP, the constrained
structure in (60) is relaxed in Theorem 2. Concretely, ©, is
replaced by a series of slack variables with free structure,
which leads to more flexible solutions. Moreover, slack matri-
ces I'y, ', instead of the fixed ones in [34] and [36], and
slack scalars oy, By, and tg(m = 1,2,...,5) introduced in
LMIs make Theorem 2 more flexible.

Remark 10: Note that the parameter f; is chosen first in
Theorems 1 and 2, in which the optimal value can be found
by the approach stated in [15] (Remark 9). The numerical
solution to this problem can be obtained by using a numerical
optimization algorithm, such as the program fminsearch in the
Optimization Toolbox of MATLAB.

Remark 11: Theorem 2 of present article can be reduced
to [23, Th. 2] as its special case, the detailed procedure is
given as follows. Without the use of the DVDP and the VSP,
then (48) can be canceled. Set p; > (y — 1) maxg Amax (Pg)
in (47), ¥ = 0 U, =0, V3 = )/21 in (51) and (52), and
=1, v, = y G, = P, in (53) and (54), then Theorem 2
of present article reduces to [23, Th. 2].

Remark 12: Tt should be pointed out that the proposed meth-
ods in this article mainly focus on the separation of the system
matrices and the Lyapunov variables for filter design of T-S
fuzzy MJSs. Thus, it can be also applied to separate the system
matrices and the Lyapunov variables for some more compli-
cated and general situations, such as finite-time filter design
for nonhomogeneous T-S fuzzy MJSs [38] and event-triggered
reliable Hy, filtering for nonlinear parabolic PDE systems with
Markovian jumping sensor faults [9].

IV. EXAMPLES

In the section, an example will be given to show the
effectiveness of proposed design method.

Consider a tunnel diode circuit [23], which is shown in
Fig. 1. The system parameters are given as

wr=[ B[4 %)
[ B[ %)
Bi(l) = ?],Bl(z)=m
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Fig. 1. Tunnel diode circuit.

TABLE II
OPTIMIZED VARIABLE FOR EACH CASE

Performance Heyo

5 1.0395

Bay(1) = [1(.)1 }’32(2) = [0?9]

E()=EQ=E@Q=[1 0.EM)=[15 0]
C(Hh=C@=[1 0].G)=[11 0]

C:(2) =[09 0], Dyh)y=1,F;(h) =0.1,q.h=1,2
0, x1(t) <3

B +x1(0)/3,x1(1) € [-3,0]

G —x1(0))/3,x1(1) € [0, 3]

0, xi(t) >3

hy =1—hy.

Ly — Lo
0.3162

Passivity

0.8285

Dissipativity
1.1389

hy =

The TRM of the original system is given as

Az[—f _64]

Two sensor failure modes are assumed by
Fi =08, F; =0.05, A1 (t) = 0.05sint(r)
Fy = 0.9, Fy = 0.05, Ax(r) = 0.05c0s(r)

and the CPM of sensor and the filter are assumed by
0.2 0.8 04 0.6
S = |:O.5 O.5]’IC o |:O.6 0.4:|'

Choose g = By =, @ =ty =1m=1,2,3,4), 9 =5,
and I'yy = I'y4 = [1, 0]. Based on the above parameters, by
solving Theorem 2 of present article, the optimized variables
of the four performance shown in Table I are given in Table II.
By using [23, Th. 2], the optimized L, — Ly index is y =
0.6355 under the same parameters while the optimized L, — L
index is y = 0.3162 by Theorem 2 of present article. It can
be concluded that the proposed method in this article is less
conservative than that in [23]. Recalling Remark 10, we can
find the optimal parameter « = 2.1. And the corresponding
optimal index is y = 0.3109 by using Theorem 2, which
shows the effectiveness of the slack scalars.

To validate the effectiveness of the proposed filter design
condition, as special cases, by using Theorem 2 of present
article, the Hy filter matrices and L, — Lo filter matrices will

be given as follows, respectively.
1) Hy Filter Matrices:

—8.2890

28.8471
An(l) = [—0.0106 }

—0.9632

0.6
0.4f — (1) |
0.2H — () |
0
-0.2F
-0.4F
0 5 1‘0 15
0.041 —_ Xt |
0.02 — %0 |]
0
-0.02+
—0.04+
-0.06 L
0 5 10 15
time(s)
Fig. 2. Estimation signal x(#) and the Hoo filter output signal xg (7).
[ —4.1735
Bpi(1) = | —0.0540 | Ep(1) =[—0.6631 —3.6937]
[—5.8028  25.3703
A =1 0.0041 —2.2209}
[—1.6576]
B (1) = | 0.0999 _,Efz(l) =[-0.3709  4.0869 ]
[—11.3113  9.7596
4@ =1 00019 —0.5457}
[ —5.9816
Br1(2) = | 0.0278 _,Eﬂ (2) =[—0.6406 —1.6642]
[—3.8796  63.8811
4@ = o010 —2.9155}
[ 4.0028 ]
Bp(2) = | —0.0449 | Ep(2) = [—0.4359  0.5256].
2) Ly — Ly Filter Matrices:
[—0.6167 22.3050
At =1 _o2s8 —3.2601]
[—0.8053
By (1) = __0_2168_,Ef1(1) =[—0.0571 0.0140]
[ —0.2998  39.0939 ]
A= 02200 52405 |
[ 1.4295 ]
Bp(1) = __0_0259_,1;72(1) =[-0.0527 0.0129]
[ —1.6084 45.2664 ]
An@ =\ 03427 -2.9667 |
[ 1.4290 ]
Br1(2) = | 02946 | Ep1(2) = [—0.0439  0.0108]
[—1.5120 28.7261 ]
@D =1 o165 —5.9214]
[ 0.4735 7
By (2) = __0_0456_,Ef2(2) =[-0.0439  0.0108].
Choosing disturbance input as w(f) = sin(31)e~%Y, initial

states as x(0) = col[0, 0, 0, 0], and initial mode as rg = 1.
From Figs. 2-5, one can observe that the state error and filter-
ing error eventually tend to zero, which imply that the filtering
error system is stable. Moreover, the evolution of system mode
and filter mode is plotted in Figs. 3 and 5. Pertaining to this
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0.6

04t —x0
0.2H — x40 |
0
-02} ,
—04f i
0 5 10 15
004} — %0 |
0.02 — % |4
0
—0.02} ,
-0.04F ,
-0.06 : :
) 5 10 15
time(s)

Fig. 4. Estimation signal x() and the Ly — Loo filter output signal x¢ ().
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One possible switching signals and estimation error z(¢) of Ly — Lo

example, it is seen that the designed filtering method in this
article is effective.

V. CONCLUSION

In this article, the asynchronous reliable extended dissipa-
tive filtering problem, which includes Hyo, Ly — Loo, passive,
and dissipative filters in a unified frameworks has been inves-
tigated for a class of T-S fuzzy MJSs. Based on HMM theory,
the encountered sensor failures and filter are describer by two
stochastic variables, which are dependent on the plant mode.
A novel condition, associated with the modes of plant, sen-
sor failures, and the filter have been proposed to ensure the

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

stochastic stability and extended dissipativity of filtering error
system by proposing the DVDP and the VSP. Compared with
the existing works, the free structure of Lyapunov variables
and slack variables have been fully utilized. Moreover, some
unnecessary constraints on filtering error system have been
removed in this article. These directly lead to less conserva-
tive and more general results. An example has been provided
to show the effectiveness of the design approach. In the future,
we will extend the obtained results to more general situations,
such as finite-time filtering [12] and sliding mode control [39]
for T-S fuzzy MIJSs.
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Fuzzy observer-based consensus tracking control for
fractional-order multi-agent systems under
cyber-attacks and its application to electronic
circuits

G. Narayanan, M. Syed Ali, Quanxin Zhu*, Bandana Priya, Ganesh Kumar Thakur

Abstract—Consensus control of multi-agent systems (MASs)
has applications in various domains. As MASs work in networked
environments, their security control becomes critically desirable
in response to cyber-attacks. In this paper, the observer-based
consensus tracking control problem is investigated for a class
of Takagi-Sugeno fuzzy fractional-order multi-agent systems
(FOMASSs) under cyber-attacks. The malicious cyber attacks can
impact the security of topologies of the communication networks
of both controllers and observers. To estimate unmeasurable
system states, a fuzzy observer is built. It is found that the
topology of contact for observer states may be different from
that of the feedback signals. A novel mathematical model for
T-S fuzzy FOMASs with cyber-attacks is proposed. By using
algebraic graph theory, Lyapunov functional, and fractional
calculus theory, a distributed feed-back controller is developed
for each agent, which guarantee the secure performance of
tracking consensus error and observer error. Finally, two nu-
merical examples demonstrate the effectiveness of the suggested
control scheme, and the controller design for electronic network
circuits shows the applicability of the proposed theoretical results.
Simulations results for different differential-orders and coupling
strength scenarios are given.

Index Terms—Fractional-order, Takagi-Sugeno model, Multi-
agent systems, Cyber-attacks, Distributed control.

I. INTRODUCTION

The distributed coordinated control of MASs have gained
wider and wider attention due to its potential applications
in several disciplines such as robotics [1], aircraft control
[2], unmanned air vehicles [3], smart grids [4], and sensor
networks [5]. We should note that much of the existing
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research on MASs consensus focuses on integer-order dy-
namics ([6]-[9]). The importance of dealing with fractional-
order derivatives is the involvement of memory and hereditary
properties that gives a more realistic way to fractional-order
models ([10], [11]). Due to the memory effect, the non-
integer models integrate all previous information from the
past that makes it to predict and translate the fractional-order
models more accurately. It has been discovered, in particular,
that fractional-order systems, which are acknowledged as a
major advance over integer-order systems, could be applied
in a growing number of engineering application fields ([12]-
[14]). Despite the fact that there are many studies on the
consensus of MASs in integer-order case, there are few results
on FOMASSs ([15]-[19]). Compared with the results of MASs
in integer-order case, the consensus problem of FOMASs is
relatively few, which has the potential research value due to the
memory of FOMASs. Because of practical constraints, some
agents partial information may be unmeasurable. Thus, for the
consensus tracking problems, agent output measurements are
observed, and different techniques of observer-based control
are studied ([20]-[27]). Compared with the published works
in the literature, the obtained criteria improve the previous
works. Therefore, it is of the great significance to study the
observer-based control for the engineering application scopes
of MASs.

A cyber-physical system (CPS) is an intelligence system
consist of processing, communication, and control with both
physical and cyber components. As established in ([28]-[31]),
security concerns for CPSs differ from those in typical control
systems because cyber-attacks in the cyber layer can be
extended to the physical layer. With the advent of network in-
formation and broad spatial distributed systems, MASs which
can be considered a subset of CPSs, are becoming vulnerable
to cyber-attacks. In actuality, the network is very vulnerable
to malicious signal attacks as a result of its openness and
shareability ([32]-[37]). Thus, our results significance improve
from former works.

The T-S fuzzy model is well known as a powerful tool
for dealing with the leader-follower consensus in achieve
MASs ([38]-[43]). Due to their significant usage of com-
munication technologies, MASs are frequently exposed to
various cyber-attacks. T-S fuzzy networked systems, which
can be considered a class of CPSs, have been vulnerable to
cyber-attacks as network information technology and large-
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scale spatial distributed systems have advanced. These attacks
could have a significant impact on tracking performance ([44]-
[46]). Implementing performance distributed secure control
techniques for FOMASSs under attack remains a challenging
and significant concern. To the best of our knowledge, no one
has explored the observer-based consensus tracking problem
of T-S fuzzy FOMASs with cyber-attacks, and it is, therefore,
beneficial to further develop new techniques dealing. This
motivates our study.

As narrated above, we focused on the T-S fuzzy observer-
based consensus tracking control of FOMASs under cyber-
attack. The main contributions are:

(i) The secure consensus criteria is derived for FOMASs via
T-S fuzzy approach under a cyber-attack scenario.

(i) Compared with the existing results for MAS under cyber-
attacks ([32]-[34]), under malicious attacks, the security con-
trol analysis of both controllers and observers communication
networks is unrelated, and over the duration of the attack in
this study, these two topologies can change.

(iii)) We developed a useful technique for determining the cou-
pling strengths and feedback gain matrices for the controllers
and observers.

(iv) We developed two optimization problems that solved
sufficient criteria to achieve consensus tracking.

(v) Finally, numerical simulations show that the suggested
observer-based control scheme is used to the consensus track-
ing of a tunnel diode network circuit.

Notations: Let .4 is the natural number; Real numbers, and
n X 1 real (complex) column vectors are referred to in &%, and
A" (€"™) respectively. * T ° denotes the matrix transposition.
T, represent identity matrix. A(-) the eigenvalue of a matrix.
® stands for the Kronecker product.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

A. Algebraic Graph Theory

When each agents is regarded a node, the FOMASs have M
followers, and a single node can be represented as a directed
graph, where ¥ = (¥, &, /), where ¥ = {1,2,.... M + 1}
is the node set, & C {(p,q),p,q € ¥} is the edge set, and
A = [apy) € #MF*MHL) "which is called adjacent matrix
of & with non-negative elements, where if p is adjacent to ¢,
apq > 0; otherwise a,, = 0. If there is a node p such that there
exists a directed from it to any other node, ¢ is said to contain
a directed spanning-tree. The Laplacian matrix . defined as
&L = [lp) € ZMIVXMED ith 1,, = —aye,p # ¢; and
lpg =2 g=1 pg: VP =1, , M+ 1.

B. Model Formulation and Basic Lemmas

We give some definitions of fractional calculus and lemmas
that will be required later. Then, consensus issue of FOMASs
is formulated via T-S fuzzy.

Definition 1 [11]: For 0 < « < 1, the Caputo fractional
derivative is known as

1 )
I(l-a /to t—=¢)

CDEA(L) = —dg, (1)
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Fig. 1.
layers.

Framework for networked agent systems with physical and cyber

where T'(1 — a) = [t~ ¢dE.
Definition 2 [14]: The Mittag-Leffler function are

o Zm
Eo(2) = mXZjO Fma 71" 2)

where o > 0, and z € C.
Lemma 1 [14]: Let V(t) be a continuous function on [tg, +00)
and satisfies { DV (t) < ©V(t), then

V(t) < V(to)Ea(O(t - t0))",

where o € (0,1) and © constant.
Lemma 2 [12]: For 0 < a < 1,t € £, t > 0, we have

Q=

1
lim BE,(t) < lim —e
t——4o0 t—+4o00 (v
Lemma 3 [13]: Let x(t) be a continuous and derivable
vector valued function. Then for any ¢t > to,
3§, DeaT (t)a(t) < 2T (t)§, Dy (t), where 0 < o < 1.

The security control for T-S fuzzy FOMASs, which
consists of cyber-attacks, is displayed in Fig. 1 with cyber
layer p = 1,2, ..., M, M + 1. A network channel, controller
and sensor are included in this framework. In fact, when an
attack happens, the network can not operate properly, and
then after a period of time, the networks attempts to restore
or recovery process must reconstruct the network so that the
network will work effectively. Several well-studied results
on recovery mechanisms have been published. In recent
years, there has been a significant increase in research on the
security control of complex cyber-physical networks (see in
[28]-[30], [44], [45]). It is noteworthy that several authors
have recently investigated the security control problem for
MASSs in integer-order case (see in [26], [27], [31]-[34]), but
there is no results for fractional case. Moreover, fractional-
order case has better characteristics than corresponding
integer-order case.

The fractional-order physical-plant model of M + 1 agents
and p(1 < p < M) followers as:

pp(t) = C3p(t),
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where 0 < o < 1, Qp(t) € Z™, ¢, € Z™, and y(t) € Z”
denotes, respectively, the state, output, and control inputs. A,
BB, and C is the constant matrices. The control aims to establish
distributed consensus tracking protocols @,(t),p = 1,..., M
to make it asymptotic for the states of the followers to obey
M + 1, which will satisfy the leaders [7],

€ DSy (t) = AS iy (t). 4)

C. T-S fuzzy and T-S fuzzy control models

Fuzzy logic systems directly address the imprecisions of
the variables of input and output by describing them in
linguistic terms with the fuzzy numbers (and fuzzy sets). The
fractional physical plant system (3) is described in the T-S
fuzzy approach are given:

Rule 6 :
IF ¢ is Ay1 and ¢o is Myo and ... and ¢y, is Ayy.
THEN

{ tCoD?%p(t) = AO%})(’&) + BO{‘p(ﬂa
ep(t) = CoSyp(2),

where ¢, (t) is the premise variable; .Zy; for 0§ = 1,...,0
represents the fuzzy sets, § are IF-THEN laws; The constant
matrices are Ay, By and Cy.
By the T-S fuzzy with final output processes, we have
B Ao Sy (1) +Bgiip (t
DS, (t) = gy Wo(@, () (R roetels)
_\B CoSp (D)
eult) = Xh_ Yo(0n(0) (57520 ).

where Wy (¢,(t)) = [lpZy Aor(p(t) with Ayi(dy(t))
representing the grade of memberships of ¢, in .#jyy,, satisfy
the following conditions:

{ S Wal(dp(1)) > 0,

W (pp(t))
S Pal(dp(t)’

®)

) ©6)

)

Let 11g(¢p(t)) =
written as

€ DeSy(t) = Sp_y te(dp(t)) (AeSp(t) + Botip(t)),
ep(t) = 25 16(6,(£))CoS(2),
CDIS M1 = fo:l o (o(t)) Ao a1,

then the expression (7) is

(®)

where

{ -1 10(0(1)) = 1,

H9(¢p(t)) > Oa (0 = 11 "'76)7

where f19(¢p(t)) are IF-THEN rules weights.

The fuzzy control design of distributed consensus tracking
protocals ,(t) is given as

Rule 6 :

IF ¢ is My, and ¢o is My and ... and ¢y, is Ayy.

THEN

M+1 X
lp(t) =€ Y Koala™ (S4(t) — Sy (1)), 9)
g=1

where Ky are the control gain matrices, £ are coupling
strengths, al(,z(k)) is the adjacent matrix representing the com-

munication network via attacks.
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Fig. 2. Attack to communication network of controllers and observers.

The final output can be described as the fuzzy prediction
controller by,

B M1

po(dp(1)) Y Koaly ™) (Sq(t) — S,(1)).
q=1

(10)

Substitute (10) in (8), we obtain the complete controlled T-S
fuzzy system as:

SDESH(t) = gy no(6p(0) (AsSy (1)
+€By Sy T Koapy™ (Sq(t) = S,(#)))

q=1
Spp(t) = 2521 M9<¢p(t))60gp(t)-

Y
The following distributed state T-S fuzzy observer is de-

veloped for the followers p (1 < p < M) to estimate the
unknown system states Sp,(¢) in system (3):

CDES,(0) = Sosy me(6p(D)(AeSp(t)
+6By Y Koaps ) (34(1) = (1))
+620 S8 Koapi™ (g (8) = py(8))

2p(t) = 251 Ho(p(1)CoSy (1),

where §p(t) is the observers state for agent p, and p,(t) =
Gp(t)—p(t) = C(Sp(t) —Sp(t)), Qg are the observer control
gain matrices, £ is coupling strength, a,(fl(k)) is the adjacent
matrix representing the observer-based communication net-
work via attacks.

Remark 1: The states of system dynamics are not always com-
pletely accessible in a realistic application. As an outcome, the
observer-based control technique has gradually evolved into
a valuable tool for networked control systems. A high-order
system can be viewed as FOMAS (3) and high dimensional
system states can be seen in (12). It is well known that in
practice the systems state %}l(t) can be difficult to obtain,
therefore the state observer ,(¢) is intended in this paper
to estimate the state ,(¢) (kindly refer [7]). In addition, the
observer (12) also discusses gains [Cy and )y, that are able
to effectively improve the control characteristics for FOMAS
and decrease the conservativeness of the output feedback
control design. In this study, we focused on the general
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dynamics of the leader-follower MAS, which varies from the
established observer-based model in previous studies ([24],
[25]). Compared with the previous studies in ([24], [25]), our
obtained criteria improve the previous results. In this paper
the malicious cyber-attacks are also considered for realizing
output feedback controller.

However, the attacks method of targeting the controller
is safer since manipulating the control signal u(t) expressly
reveals the system to vulnerabilities. Fig. 2 depicts the com-
munication networks of controllers and observers during p*"
attacks in the time interval [f,,7,]. The enhanced network
containing of 4 followers and one leader in the presence
of attacks on nodes. Node 2 (shade star) is attacked to the
communication channel of controllers and node 3 (shade star)
is attacked to the communication channel of observers. Here,
to and t, are respectively initial, and pt" malicious attack
occurs. fp and t,, p = 1,2, ..., are respectively instants of
time during which the p'" attack and the node functions are
recovered. It is believed that malicious assaults will have an
independent impact on controller and observation channels.
Attacks can be seen to occur at time instant ¢, but the cyber
command centre notices them at #;. Then, beginning with
t1, the repair system will be turned on. From #; to #;, the
communication graphs are discontinuous. Specifically, node 3
is destroyed in the observation communication network and
node 2 becomes inactive in the communication network of
control inputs. The effect of the attacks will be eliminated at
t1, and during the time interval [f;,%5], the topology of the
whole network will be recovered back to its initial setting,
until the next attacks happen at 5.

By using Kronecker product, from (11) and (12) are given:

8
SDES() =D na(p(1) (Zm © Ag)S(1)
6=1

— E(Ls ) ® BoKo)S(1)), (13)
and
ﬂ o~
EDS() = pa(dp(t) (Tam ® Ag)S(2)
0=1
— (L) @ BoKo)(t) — E(Lyry) @ Q)p(t)),
(14)
where  S(t) = (ST(),..9%@)T, S =
(ST@), ... S N™, pt) = (o1 (1), ﬁé(ﬂ)T and
30 = GLOSLLO Do = [ ¥
h M
Loy = B%(k) 6( , X = (X1,-xm)T, in which

Xp = 1 if a relation from the leader to the follower p exists;
otherwise, x, = 0.

Define  wy(t) = Sp(t) — Sama(t), @)
Sp(t) = Sp(t), w'(t) = (Wi (t),... Wi (), @ (t)
(@] (1), oo 5 (1))

From (13) and (14) can be written as:

8
LDFw(t) =) no(d(t) (Zm ® Ag)w(t)
=1
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— &( L) ® QCo)m (1)), (15)
B
CDfw(t) = ua(6(t) (Tm @ Ag)w(t)
=1
— &(Ls ) ® BoKo)Z(t)), (16)
with
(Ls )y @ Boko)(t)

=(Lsx) ® BoKo)(Z(t) — Lr+1 ® 2m41(t))

=(Lsx) @ BoKo)(2(t) — 1m @ Tp41)

=(Lsx) ® BoKp)(w(t) — w(t)). 17)

From (15)-(17) we have,

S1 On/\/[ XnM

where & = [ (Lo ® Bg’Cg)~ 3, , w(t) =
(@ (t),w" ()", 31(Tm © Ag) — E(Lor) @ Co), (Tm @

Ag) — E(Lsx) @ BolCo).

IIT. MAIN RESULT

Theorem 1: For positive scalars 1, 19, n,1,1,1,7, a, the
positive-definite matrices W, U with Ky = BQTU —land Qp =
W*ICg , FOMAS (3) and (4) can be achieved the consensus
using tracking control (9), if the following inequalities hold,

WA + AFW —9C] Co +nW < 0, (18)
AU +UAY —9ByBEY +7U < 0, (19)
=_ —(T @ W) *

== A rirer | < 0, (20)

where A = 7(EYL @ U~ ByBIU~!) and for each k € A,
(nin (e = 1)) = (Oumin (B = 1)) > — € <0,

and O,,;; = min{O;, O }.
The following optimization problem is obtained by solving:
Minimize ©1, subject to

WAg+ AFW — €4CLCy — O W < 0.

2y

(22)
Minimize ©2, subject to

ATUY + U Ay — EQU ' ByBI U —0,U ! <0,
(23)

)\nlin’ Xmin = mlné’(k){"zﬂ(gzk)’r + ng(;@},

Ymin

where wmin =

/(erlin = :\Y::::’ Amin = miné‘(k) {fgzzk)T + Tg&(k)}7 Ymin =
ming <p<p{7p}-

Proof: Consider a Lyapunov function:
V(t) ==l (t)(T @ W)w(t) + rw’ (t)(T o U Mw(t),
(24)
where U and W are positive definite. Here denote V, =
ol (t)(T @ W)w(t), and Vs = wT(¢)(T @ U~)w(t). For
t € [tk—1,tx), k € N without attacks occur . () = Ly i) =
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Z.
By applying Lemma 3, one has

fo DPVa(t) =f Df (@ (1)(T © W)w (1))
<2(w” (t)(T ® W)y, D (t))

B
<2~ o(6(0) (=7 ()X @ W) (Zas © Ag)
0=1
~ €L © 0Ca) (1))

<

Mm

o (0(8)=" (1) (T @ (WA + ATW)

RS
Il

1
—22A(YZ® WQeca))w(t)

<

Mm

o (0(8)=" (1) (T © (WA + ATW)

RS
I

1
—rZck Cg))w(t)

Mm

<D ()= (1) (T © (WAg + ATW

s}

=1
- Wi)\min(rg + XTT)TchQ))w(t)

max (25)

For é > T9/Ca C )\min(af;ZTT), where Ymax

maXlSpSM{VP}) T = diag{’hﬁ% "'77M}7‘£’T7 = 1/\/1
It follows that

B
£ DVa(t) <D a0 (1) (T @ (WA + AT W
6=1
—acT Cg))w(t). (26)

Then,

W DIVe(t) < =) po(d(0)(n+ i@’ (H)(T © W)w(t),

27)

fes)
i Mm
I}

where 7) is a constant, 0 < 77 <K 7).
Next, taking the fractional derivative of Vs with system (16),
one has

& D Vs(t) =5 Dy (W (1) (T © U™ Hw(t))
B
<3 o(e(1))2¢ (wT(t) (T2 ® U™ BeKy) o (t)
0=1

+WT(1)(TL © U ByKo)w(t) )

B
<Y mo(o(t) (26" (O(TL @ U BB U
0=1

x w(t) +wl () (AUt + U A)

~ S (T2 + 27T

erax

X YU~ ByBBY U‘l)w(t)). (28)

For ¢ > 9/(, (= Qi CLHZT) 3¢ follows that

Ymax

Mm

£ DEVs(6) <3 wo(0(8) (20 (1) (XL @ U B,BFU)

e}

xw(t) = ([7+0)(T @ U w(b)),

where 7) is a constant, 0 < 1) <K 7.
From (27) and (29), we obtain

(29)

B
DRV <3 oo~ (n+ =" ()T @ W)m(t)
=1
+2nw” (1) (YL @ U 'BeBi U M) w(t)

(
— @+ )T U w(t))

B
<> e (0(®) ( —n=" ()T © W) (t) + &= ()
=1

- (H)(T® U*l))

<= Eﬁ:ue(qﬁ(t)) (an(t)(T ® W)w(t)
+ ;zT(t)(T @U™)

< iﬂeW(t))nminV(t)

CD?V(t) <-= nminv(t), te [Ek—l,tk),

where 7in = min{n,7j}. By applying Lemma 1, we get

(30)

V(tk;) < V(Ek—l)Ea(_nmin(tk _ Ek—l))a. 31)
According to Lemma 2, we get
- 1 - B
V(tk‘) S V(tkfl)*e_(nmm(tk_tkfl)) > (32)
«

When ¢ € [t,1x), both controllers and observers communi-
cation network is destroyed by malicious attacks, i.e. L)
and Z ;) should both be considered. Calculating the Caputo
fractional derivative of V,, and Vs along the trajectory of
system (15) and (16) by selecting ©; and ©5 in (22) and
(23) respectively, we get
D7 V(1) =5 Df (" (1)(T @ W)a (1))
<2(w" (t)(T @ W)§, Diw(t))

B
<2 o(6(0) (=7 ()X @ W) ((Zas  Ag)
0=1
— &Ly ® Qece))w(t)>

8
<D ue(d()(O1 — D@ (£)(Y © W)es(t),

6=1
(33)
and
f DPVs(t) =5, Df (W (1)(T ® U™ Hw (1))
B
<D (9826 (W () (TL51) © U™ BoKo) (1)
0=1
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+ wT(t) (T.ﬁ/p&(k) & U_IBQICQ)w(t))

B
< Z/Lg(gﬁ(t)) (QEWT(t) (Tf;,(k) ® UﬁlBngUil) AZ"U—I + U_IAQ _ é'lZJU_lBGBgU_l _ ®2U—1 <0,
0=1

x w(t) + (02 = ) (T @ U ().
(34)

From (33) and (34), one has
B
EDRV(E) <D po(o() (01557 (1)(T @ W) (1)
=1
BT @(t) + 7O (1) (T @ U_l)w(t))
B
<D 1o(6(0) (€1 ()T @ W)eo(t)
=1
+ 70, (1) (T ® U‘l)w(t))

B
< Z o (Cb(t) ) eminv(t)
=1

<OminV (t). (35)
Applying Lemma 1 in (35) we get
V(tk) < V(tg)Ea(Omin(te — tr))™. (36)

By applying Lemma 2, one has

_ 1 . 1
V(tx) Sv(tk)ae@min(trtk”a

1

SV({kil)767(77miu(tk7t7k71))é e(gl‘ﬂn({kftk))é
(0%

~Q |

— 1 . _f o — . r é
Sv(tkfl)ge_((nmln(tk tk*l)) (('-)rnlt)(tk tk)) )

1 1 .
<—e V(tk_1)<$e kv (to).

Therefore, the FOMAS (3) and (4) can be reached the con-
sensus, i.e., w(t) and w(t) are converge to zero.

Corollary 1: For positive scalars 1, v, n,Mm,7,7, T with
Ko = BYU™Y, Qp = W=ICF, and attacks occur only in
the communication channel for the controllers, FOMAS (3)
and (4) can achieve the consensus using tracking control
(9), if (18)-(20) holds in Theorem 1 and for each k € .4,
(Menin (tk — fk,l))é —(©1(tg — tk))é — ¢ < 0. The following
optimization problem is obtained by solving:

Minimize ©1, subject to

WAg + AW — €4CECy — ©,W < 0. (37)

where ﬁmin ix‘;‘:, Amin

T Lok} Ymin = min<p<m{p}-
Corollary 2: For positive scalars 1, 19, n,7,7,7, T with
Ko = BYU™Y, Qp = W=ICF, and attacks occur only in
the communication network for the observers, FOMAS (3)
and (4) can achieve the consensus using tracking control
(9), if (18)-(20) in Theorem 1 hold and for each k& € .4,

(1min (b — Tr—1)) = — (Oa (T, — tx))= — e < 0. The following

= mln&(k){fgzk)'f +
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optimization problem is obtained by solving:
Minimize ©2, subject to

(38)

i::l‘;‘, Amin = min&(k){.,%gzk)'r + ng,(k)},
Ymin = minlgpf./\/l{’}/p}-

Remark 2: In special case, when cyber attacks can not impact
the security of topologies of the communication networks of
both controllers and observers ([24], [25]) formation control
of observer-based FOMAS without T-S fuzzy system. Next
our investigated to Mittag-Leffler sense of T-S fuzzy observer-
based FOMAS and also our proposed method valid with
a € (0,1] in ([24], [25]), so the following Corollary.
Corollary 3: For positive scalars 1, 1§, n,7,1,1, T with Cy =
BfU™!, and Q9 = W~IC}, FOMAS (3) and (4) can be
achieved the Mittag-Leffler sense of consensus using tracking
control (9), if (18)-(20) holds and 7, > 0.

Proof: Consider the Lyapunov functional (24) and taking the
fractional derivative on system (15) and (16), we obtain that

where wmin =

LDEV () < —nminV (1),
where 7yin = min{n,7j}. By using Lemma 1, we get
tO))av

where i = min{n, 7} > 0. It follows from [14], the
inequality (39) are satisfied. Therefore, the FOMAS (3) and
(4) can be reached the consensus of Mittag-Leffler sense.

V(t) S V(tO)Ea(_nmzn(t - (39)

IV. NUMERICAL EXAMPLES

Two numerical examples are used in this section to demon-
strate the effectiveness of the theoretical results achieved.
Example 1: We consider FOMAS system (3) and (4) with
Sp = [Sp1, Sp2, Sps)?,p = 1, ..., 5. Having 4 followers and
one leader, allow these agents to get information from their
neighbor in accordance with their communication topology.
We analyze two scenarios, 1) When the cyber system is
not under attack, the communication networks is represented
in Fig. 3(a). 2) When a cyber system is under attack, the
communication topology is depicted in Figs. 3(b) and 3(c).
Suppose that attacks occur in the time interval [t,,1,], we
take p € A, t, =0.7(p—1) and ¢, = 0.7(p — 1) + 0.5.
The T-S fuzzy model is:

Rule %! ¢h S(t) = A1) + Byt
~ F3(t) = AiS(t) + Bia(t),
IF Q1 is 41, THEN { o(t) = i3 (0).
Rule %2
CDES(t) = AS(t) + Baa(t),

o .
IF Sy is .4, THEN o) = Cr3 ().

where S(t) = (Sp1, Sp2, Sp3),

—2.97 092 —0.04
A=Ay =] -093 0 —0012 |,
0.37 —4.73 —1.79
~0.05 0.90 1.59
By =By = 0 o o0 |,

—-180 1.70 -2
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(e) {b) (C]

The communication topology.
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1

R (S§C)

i 0 0.02 0.04 0.06 0.08 0.1 0.12
t(sec)

Fig. 4. State trajectories for FOMASs when attacks occur with no security

control, where S (t) = (Sp1(t), Sp2(t), Sps ()T, p=1,2,..., 5.

250 098 1.70

Cb=Co=1 (73 170 097 |’

My = (1 S5) sy = (1= 55), Sy € [~d.d] with

d> 0.

The distributed control is taken as:
Rule %' :

IF $p1 is My, THEN a(t) = EK13(¢),
Rule %2 :

IF 3p1 is Mg, THEN 4(t) = £XC23(t). We choose o = 0.91,
£ =28,¢ =32, 7= 172 1 = 5.7 By solving (18)-(20),
we obtain feedback gain matrices K1 and Kq, observer gain

matrices 27 and €5 as

0.0937  0.0385 —0.0115 |

Ki=K;=| —0.2005 —0.0065 —0.0304
~0.1119  0.1005 —0.0924 |

0.0921  0.0823 ]

O =0y = | 00349 —0.1197

0.1566  0.1117 |

with ¥ = 9.6406 0 = 29.8760, Oyin = 187.

Thus FOMAS (3) and (4) expressed by T-S fuzzy model
obtained the cyber-security consensus for each k € ./ .
Fig. 4 depicts trajectories of FOMASs when DoS at-
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Fig. 10. Comparison of consensus errors ., for differential orders. Notice
that, for o = 0.91 consensus errors performance effective manner when
compared to order o = 1.

tacks happen in the communication network connecting
the three layers without security control, where $,(t) =
(Sp1(t), Sp2(), Sps()T,p = 1,2,...,5. When w. =
izpzl |wp|, Fig. 5 denotes the consensus tracking error.
When w, = %Z?}:l |cw,|, the observer error of closed-loop
systems is depicted in Fig. 6. Figs. 5 and 6 show that cyber
attack occurs and the secure control mechanism still steers the
system states to achieve consensus. Figs. 7 and 8 depict the
comparison of the consensus tracking error w., and observer
error w, of systems of the different parameters ¢ and f . Figs.
9 and 10 show the comparison of the consensus tracking error
we, and observer error we.

Remark 3: Moreover, numerical simulations demonstrate that
increasing the coupling strengths ¢ and é improves both the
convergence rates for consensus tracking and states observing
(see Figs. 7 and 8 for details). This implies that, while the
consensus tracking problem can be solved by adjusting the
coupling strengths £ > 19/6, (= Awin CLHLY) 5 £> 9/,

pv—
min (T 7Y :
( = 2on@ZHZT) (W“? +2 1) the convergence rates may be quite

small when the coupling strengths & and f are, respectively.
Addition, another advantage for comparison tracking error
we, and observer error w, (see Figs. 9 and 10 for details).
Notice that, for « = 0.91, consensus errors and observer error
performance effective manner when compared to order o = 1.
Briefly, according to the presented results, the T-S fuzzy
FOMASs outperforms the secure control scheme exploiting
integer-order operators.

Example 2. In this example, the suggested observer-based
design approach is used to track the consensus of a network
circuit for a tunnel diode model. We proposed the tunnel diode
network circuit model as depicted in Fig. 11, where C7, Cs
denote the capacitor, Rp represents the impedance of tunnel
diode, F is inductor, and R;, Rg are the linear resistance.
The fractional-order calculus model is used to rewrite the
dynamic description of the three-state tunnel diode network
circuit model provided in the literature [46]:

{ CDES(t) = AS(t) + Bi(t), 40)
p(t) = CS(1)

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.
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—® T

Fig. 11. The application network circuit of tunnel diode.
with
r__1 _1 1
RLC1 RLC1 Cl
A= 1 _51+S2%?(t) _ 1 0
RLCQ Cz RLCZ ’
_1 0 _Rg
L E E
0
T
B = (1) ,CZI,S(t):(\Sl,\SQ,\Szg) s
L E

S1(t) € [my, ma], m1 = max{m}, m3},

and s1, s is a known scalars.

The following equations can be expressed in T-S fuzzy form:

{ ¢ DS, (1) - a1 Tolop(t)) [AsSp(t) + Baiiy (1)),
‘Pp(t) = 20:1 \P0(¢p(t)> [CG%p(t)]a

41)
where
T
%p(t) = [%plv %P% %:D?)] ’
- 1 1 1
R C R.C C
A _ f ! 81+521’Tf’1 1_ 1 01
1= RpC> > RpC> ’
_1 0 _Rg
L E E
- 1 1 1
Rchl RLcl Cl
A= e~ 0
2= R.C> Cy ~ RiC» )
_1 0 _Rg
L E E
0
Bi=B,=| 0 |,c=1,
1
E
2 2
S71(1) Sp1(0)
pl pl
%1— ,.//2— —7,%171 E[—4,4].
my mi

Here, the order « is chosen as 0.93, and similar to [46], the
values of s1, s9, C1, Cs, E, Rg, Ry, are selected as 0.002, 0.01,
1F, 0.1F, 20H, 052 and 1€2 respectively. Select one tunnel diode
network circuit model to act as the leader agent, generating
the required state trajectory. With the network topology shown
in Fig. 3, four tunnel diode circuit models operate as follower
agents, and these agents can receive output information from
their neighbours. Moreover, let h = 0.02s and t, = 90ph,
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Fig. 12. State trajectories for tunnel diode circuit model when attacks occur
with no security control, where Sp(t) = (Sp1(t), Sp2(t), Sps ()T, p =
1,2,...,5.
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Fig. 13.  Consensus error w. and w., when attacks occur with no security
control.

tp = 91ph, for p € 4. Assume that atgacks occur over the
time interval [t,,?,]. We choose { =13, =19, 7= 3.7, 7 =
7.9. By solving (18)-(20), we obtain feedback gain matrices

K1 and K5, observer gain matrices €2 and )5 as

[ —0.0794 —0.0008 0

Ki=| 00008 -0.0734 0 :
0 0 —0.0974
[ 2.3741  0.1895 0

Ko=| 0 13604 —0.9087 |,
| 0.1895 —0.9087  0.3761
[ —2.9031 —0.7980

Q= | 32080 0.3950 |,
| —1.7935 —0.9705
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9
—1.9464 0.4488
Qy = 0.8713 —0.8736
—1.3688 —0.9125

with ¥ = 39.0318, J = 38.4191, Oy, = 374. When no
security controls are used and attacks occur at t; = 1.4s,
the state trajectories of the 5 agents are represented in Fig.
12. The final tracking to the leader was not possible due
to difficulties in the connectivity of the two communication
networks. Fig. 13 shows that without secure control scheme
of system model is still not achieve consensus error. As
a result, to evaluate the distributed observer-based security
control mechanism, the followers are implemented, and the
consensus errors are presented in Fig. 14, indicating that good
observation performance has been obtained.

20 i
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Fig. 14. Consensus errors w. and w. with different differential orders.

V. CONCLUSION

The security control for T-S fuzzy FOMASs with cyber-
attacks has been examined. A cyber-attack model with ma-
licious attacks are considered with both controllers and ob-
servers. For modeling recoverable cyber attacks a switched de-
vice has been employed. By utilizing the theory of fractional-
calculus, Lyapunov functional and algebraic graph theory, an
distributed control is designed to achieve the secure consensus
of T-S fuzzy FOMASs. Finally, a simulation examples and an
electronic circuit based on a tunnel diode are presented to
demonstrate the effectiveness of the suggested strategy. In the
future, we will investigate the networking of T-S fuzzy cascade
multi-area power systems in a smart grid with electric vehicles
(EVs) under DoS attacks.
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Abstract: This study deals with (@, &, #)-y-dissipative output feedback control design for a class of switched systems with time-
varying delay and unmeasurable states. The purpose is to design an observer-based controller and a switching rule to ensure
both exponential stability and strict dissipativity of the resulting closed-loop switched systems. Using an augmented switched
Lyapunov—Krasovskii functional with triple sum and the improved reciprocally convex combination approach, new sufficient
conditions are developed in terms of linear matrix inequalities. Simulation examples are included to demonstrate the validity and

effectiveness of the proposed design technique.

1 Introduction

As a class of hybrid systems, switched systems can describe
several physical processes. A switched system is defined by a
collection of dynamical subsystems and a logical rule that
supervises or monitors the inter-working status among the
subsystems. Recently, switched systems have been used to describe
many engineering processes including communication networks,
flight and air traffic systems, chemical processes, power systems,
etc. Significant research efforts have been devoted to the basic
problems of stability and control design of switched systems. The
reader can refer to papers [1-4] and the references cited therein.
However, all the cited works are mainly interested to arbitrary
switching signal to study the problem of stability and control
design of switched systems. Thus, many switched systems fail to
preserve stability under arbitrary switching signals, but may be
stable under some prescribed switching signals. Then, the study of
switched system under the average dwell time (ADT) approach is
significant theoretically as well as practically. The ADT switching
means that the number of switches in a finite interval is bounded
and the average time interval between consecutive switching mode
is no less than a specified 7. For slow switching systems, ADT
technique has been suggested in several papers to cope with the
stability problem (see [5—7] and the references therein).

As is well known, there always exists many real plants
involving intrinsically a time delay which can be the main cause of
instability and poor performance of dynamic systems. Many results
towards time-delay systems have been developed (see [8, 9] and
their bibliographies). The research on switched systems with delays
has also received growing attention in recent years and several
methods have been developed to deal with such systems.

By taking the advantage of a Lyapunov functional with triple
sum terms, the problem of exponential , — [, output controller has
been studied in [10] for a class of discrete-time switched systems
with time-varying delay. Based on the free-weighting matrix and
the Jensen's integral inequality approaches, the problems of
passivity and passification for a class of uncertain switched
systems subject to stochastic disturbance and time-varying delay
have been treated in [11].

In [12], a new summation inequality based on the Wirtinger-
based integral inequality has been introduced to improve the usual
Jensen inequality method and to cope with the problem of
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dissapitive and [, —[, filtering for discrete switched neural
networks with constant time delay. Recently, the combination of
Wirtinger-based inequality with the reciprocally convex method
has been investigated in [13] to derive a less conservative criterion.
Generally speaking, the use of reciprocally convex approach
combined with Wirtinger-based inequality and the triple sum
Lyapunov—Krasovskii functional usually yields less conservative
results. This motivates us to combine the three techniques to revisit
the stability analysis problem of discrete-time switched delayed
systems.

On another research front, the notion of dissipativity, which is
closely related to the notion of energy, is considered as a most
important concept in system theory for theoretical considerations
as well as from a practical point of view. Dissipative theory, which
encompass H,, performance and passitivity, provides a framework
for robust analysis and control design for different types of
systems. Considerable attention has been devoted to the study of
dissipassivity for linear and non-linear systems and a variety of
results has been reported. For example, the authors in [14] have
considered the problem of a small-gain for stochastic network
systems by the aid of conditional dissipativity. Based on
parameterising the solutions of the constraint set, the problems of
dissipative control and filtering of discrete-time singular systems
have been investigated in [15]. The issue of reliable load frequency
control design of an uncertain multi-area power system with
constant time delays and disturbances via non-fragile sampled-data
control approach has been studied in [16]. In [17], the problem of
dissipative-based non-fragile controller for network-based singular
systems with event-triggered sampling scheme has been treated.
The problems arising from switched systems are significant. For a
class of continuous switched systems and using ADT approach,
sufficient conditions have been reported in [18-20] to design state
feedback controller, sliding mode control and filter, respectively.
For the class of discrete systems, the problem of stability has been
developed in [21, 22]. In [23], the problem of dissipative control
for a class of continuous Markov jump systems has been addressed.

It should be noted that the aforementioned results for switched
systems are developed upon the premise that the system states are
totally measured. However, the non-existence of appropriate
sensors to measure some states, or the increased number of sensors
make the whole system more complex, the state variables are
generally partially available. The static output-feedback control
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strategy has been studied and excellently implemented in various
cases [13, 24]. The dynamic output feedback control design
scheme has been also considered for switched systems in [25, 26].
It is noted that even the static output control strategy can be easily
implemented, the controller synthesis becomes complex especially
when the noise affects the measurement. For a such case, the
design of observers to estimate the system states is more
reasonable and promising. Accordingly, a great work of literature
has appeared on the observer-based control problem for switched
systems. In [27], the problem of observer-based control for a class
of switched networked systems has been studied. The authors in
[28] have considered the problem of observer fault detection for
uncertain discrete-time switched systems with constant delay. For a
class of switched systems, the problem of observer-based
dissipative control design have been addressed in [29]. Recently,
the issue of observer-based finite-time stabilisation for discrete-
time switched singular systems with quadratically inner-bounded
non-linear terms has been developed in [30]. Unfortunately, up to
date, the problem of exponential dissipative control for discrete-
time switched systems with state delay in the presence of
unmeasurable states and external disturbances has not been fully
investigated. This constitutes a further motivation to carry out this
study.

This paper presents a new observer-based control scheme which
may be a worthy addition of the output feedback approach for
switched systems subject of unmeasured states, external
disturbances and time delay. The key novelty covers the following:

* Based on the ADT approach, the exponential stability as well as
the strict dissipativity of the system under consideration are
analysed.

» Using the discrete Wirtinger-based inequality approach and an
appropriate Lyapunov—Krasovskii functional with a triple sum
term, a new delay-dependent sufficient criterion is derived which is
expected to be less conservative.

* The cone complement linearisation (CCL) method is adopted to
design a switched observer-based controller so that the
corresponding closed loop system is exponential stable with a strict
(@, 8, R)-dissipativity. In fact, neither the SVD decomposition [31,
32] nor the pseudo inverse of the output matrix [33] are applied.

The rest of the paper is organised as follows. Preliminaries and
system description are introduced in Section 2. Stability and
dissativity analyses are studied in Section 3. Section 4 is dedicated
to dissipative observer-based control design for delayed switched
systems. Section 5 shows the potential and the validity of the
proposed strategy by three numerical examples. Conclusion and
remarks are given in Section 6.

Notations Throughout the paper a real-symmetric matrix ¥ > 0
(Y > 0) denotes Y being a positive definite (or positive semi-
definite) matrix. sym(Y) stands for Y + Y T Tand 0 symbolise the
identity matrix and a zero matrix with appropriate dimension,
respectively. Superscript ‘T’ stands for matrix transposition.
Y € R’ denotes the s-dimensional Euclidean space, while ¥ € R**"
refers to the set of all s X n real matrices. A,;,(P) and A,.(P) denote
the minimum and maximum eigenvalues of P, respectively.
L[0, oo0) is the space of square summable vectors. In symmetric
block matrices or long matrix expressions, we use a star * to
represent a term that is induced by symmetry. Matrices, if their
dimensions are not explicitly stated, are assumed to be compatible
for algebraic operations. || . || denotes the Euclidean norm of a
vector and its induced.

2 System description and preliminaries

A discrete-time switched linear system with time-varying delay in
the presence of external disturbances can be described as follows:
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x(tk + 1) = Agpx(k) + Adogox(k — d(k)) + Bisgu(k)
+ D54 w(k)
Y(k) = Copyx(k) + Dagyw(k) €))
2(k) = Cropx(k) + Brouou(k)
x(k) = ¢p(k), k € [ — dy, 0]

where x(k) € R" is the state vector, u(k) € R™ is the control input
vector, w(k) € R" is the disturbance input, z(k) € RY is the
controller output vector, y(k) € R” is the measured output vector,
switching signal o(k):Z" — {1,2,...,N} defines which
subsystem will be activated and N represents the number of
subsystems. Delay d(k) is time-varying and satisfies

0<d,<dk) <dy 2

with d,, and d), are positive integers and represent, respectively, the
lower and upper bounds of the time-varying delay. Asx), Adows
Bists Disiy Cotys Dasiy Ciody and B, are known constant
matrices.

We state some definitions for later development.

Consider the following nominal unforced switched delay
system with u(k) = 0:

x(k + 1) = Agpox(k) + Agogx(k — d(k)) + Dog,w(k)

3
2(k) = Coopox(k) )

To characterize the exponential stability and the switching
signal, the following two definitions are recalled [34].

Definition 1: System (3) with w(k) = 0 is exponentially stable,
if the solution x(k) satisfies || x(k) ||< 8@ X || x(k) ||, Vk > ko,
for constant 6>0 and O<w<l, where
Il x(®) Il = supr=o,..ay { N xC) Il 5.0, Il x(k=L) I, || x(k).
—xtk=D I, | xtk+1-L)—x(k=L) || }

Definition 2: For switching signal o(k) and any &, > k, > ki, let
Noio(ky, k) be the switching numbers of o(k) over interval [k, k].
If for given Ny>0 and 7, >0, we have
Noio(kar ks) < Ny + (kg — ko)/7,, then 7, and N, are called ADT and
the chatter bound. For simplicity, we choose N, = 0.

Similar to [35] the problem of dissipativity can be formulated as
follows:

Definition 3: Given matrices @, &, and # where @ and & are
symmetric. Switched system (3) is called strictly (@, S, R)-y-
dissipative, if for some scalar y > 0 the following condition is
satisfied under zero initial state:

(2, Q2 + 2(z, SW)r + (W, Bw)p Z y{w,w)p, VT 20 (4)

where y is the dissipativity rate and (r, s); denotes ZZ: 0 rT(k)s(k).

Remark 1: From Definition 3, the notion of (@Q,S,X)-
dissipativity includes H, performance and strict passivity as
special cases by choosing different values for @, % and §.

cIf@= -1, Z=y1and § =0, inequality (4) reduces to an Hy,
performance requirement.

cIf @ =0, 2=0and & =1, inequality (4) corresponds to a strict
passivity or strictly positive realness.

cIf @= —0I, Z#=0yT and S = (1 — ), § €[0,1] be a given
scalar weight representing a trade off between H,, and positive real
performance, then (@, &, #)-dissipativity reduces to the mixed H,
and positive real performance.

Without loss of generality, it is assumed that @ < 0.
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For the purposes of development the following lemmas are
reminded from [36] and [10].

Lemma 1: For a given positive definite matrix Z and three non-
negative integers h,, h, and k satisfying h, < h, < k, denote

ok, hy, hy)
| k—h -1
_ m[z =kZ hox(s) +x(k = hy) + x(k — hz)] B <hy
2x(k — hy) ho=h,
Then we have
k—h —1 T
x|z 0
—(h—h T(s\Zn(s) < —
(h, ‘L;hz" ($)Zn(s) < x] [0 32]
X1
x|,
X

where (k) = x(k + 1) — x(k)

1 = x(tk = h) — x(k — hy),
X = x(k — hy) + x(tk — ) — p(k, hy, hy) .

Lemma 2: Let Z, and Z, two positive matrices with appropriate
dimensions. The improved reciprocally convex combination
guarantees that, if there exists a matrix Y such that
zZ Y

>0,
YT z

then the following inequality holds for any scalar « in the interval
[0,1]:

Z Y

Zlyr 2| ©)

Lemma 3: For any matrix V > 0, R, R, and a scalar d > 0, the
following inequality holds:

1
-2 > 'V
n=—-ds=k+n
r, |dRI +dR —R[ +dR,
< , G (6)
—-R, — Rz
+2@3 Do (k) VIR RJE(K),

where (k) = x(k+ 1) = x() and £, = [x"(k) (52} _ 4x(5)) ]

3 (@,S,R)-dissipativity analysis
3.1 Stability analysis

In this section, the problem of exponential stability analysis based
on the ADT approach is addressed. According to the lemmas
presented above, sufficient conditions are developed to guarantee
the exponential stability analysis of switched system (3) with
w(k) =

Theorem 1: Given two tunable scalars 0 < a < 1 and ¢ > 1 and
two positive integers d,, and dj, satisfying (2). Switched system
(3), with w(k) = 0, is exponentially stable, if there exist matrices
P,>0,0;>0,0,>0, 0,>0,7,>0, Z,;>0, Z;>0, Z; >0
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and Y, R, R, such that the following inequalities hold for all
(i,))elxl

Q> 0, 7
. <0, ®)
ﬂdMRHR —(ldMZ4,'

where

Y, =®;+HPH, -
+dyZy + dNMZu)Hs -

aHIPH, + H (d%Z,; + d’Z,;

7QI1 + HXRHp,

@, = diag(Qy; + Qu + (d, + DQyii — ™0y — a™Qy;
—a®™Q,;; 0; 0; 0; 0; 0),

" A, 0 A; O 0 0 OO0 O
L, 000 =1, 00 0 0 [
I, 0000 0O O0O0DO
H, = s
0 00 O0O0O0OTO0O0 I,
I, 0000000 0 ©)
Hg = ,
0 000 O0OTO0O0 I,
dyRl +dyR, —RT + dyR,
R= r
* —-R;, — R,
Z; 0 0 O
0 Z; Y 0
Q= ; :
o Y 7z, 0
0 0 0 2z
=z, 0
Z”‘_ A1 )
| O 3a™”Z,;
adM?lZy 0
Zy = d s
0 3a™7'Z,;
H,=[A-1, 0 A; 0 0 0 0 0O 0]
VadM”Zz,v 0
Z,= S (10)
0 3a™7'7,;
I, -I, 0 0 0 0 0
I, I, 0 0o -1, O 0 0 o0
o 1, -1, O 0 0 0 0 0
- o 1, I, 0 0o -1, O 0 o0
“lo o 1, -1, 0 0 0 0 oOf
o o I, I, 0 0O -1, 0 O
I, 0 0 -I, 0 0O O 0 0
I, 0 0 1, 0 0 0 -1, 0
~ dy(dy + 1
R= [Rl Rz],dr = dM - dm, dM = M,
then system (3) is exponentially stable under any switching
sequence with ADT 7, > 7 = — (In u/In ), where u satisfies
Pi—pP;<0, Qy;—p0;j<0, 0y—p0,;<0,
Q5 — 05 <0, Z;—pZ,j<0, Zy;—puz,;<0, (1
Zyi— uZyj <0, Z;—pZ,;<0.

Proof: To establish the exponential stability of system (3), with
w(k) = 0, we choose the following switched Lyapunov—Krasovskii
functional candidate for the ith subsystem:
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6
Vit = Y Vik), i€l
s=1
Vak) = o ()Pwk),

k-1
Vo) = Yo 2T () 7 Qux(s),
s=k—d,

AVink) = {T () H] PH L (k) — £ (k) H] aPHL (k).
AViolk) = xT(0)Qyx(k) — xT(k — dy)a™Q,x(k — d),
AVis(k) = xT (k) Qux(k) — x(k — dy)a™ Qux(k — ),
AVisk) = (d, + D" (k)Qsix(k)

) e (18)
k1 - xT(s)a* = Qyx(s)
Vis(k) = Z xT($)ad =150 (s), 5 =k2 dy
s < (dy + DxT () Qux(k)
—dp k-1
Vb= D7 Y0 2 (9a T Qu(s), —x" (k= d(k)a™Qux(k — d(k)).
n= —dys=k+n (12)
0 k=1 AVis(k) < 0" (k) dnZ,i + dyZs; + diyZsin(k)
Vs =dn Y D 09 T Zun(s) i
n=—dy+1ls=k+n -d, 2 nT(s)ad'” - IZU"](S)
—d, k-1 s=k—dy+1
+d, Y Y (9T Zn(s) k—dy
n=—dys=k+n —d, Z ﬂT(S){ldM - lZzin(s)
0 k-1 s=k=dk) +1
+dy Y, D N9 T Zn(s), k(o)
n= “dy+ls=kdn —d, Z 0l (s)a™ ' Z,n(s)
-1 -1 k-1 s=k—dy+1
Vi = 3 3 > T emZan(m), i
s= —dyn=sm=k+n _dM Z HT(S)(XdMilZyﬁ(S).
where 7(k) = x(k + 1) — x(k) and i
According to Lemma 1, we can deduce that
x(k)
_| k=1 k
o) = x(s)| (13) ~dy Y "™ Zas)
s=k—dy s=k—dy+1
_ _ T
Let w0 = p(k, 0, d,), V) = gk, dyy (K, P (19)
k) = @k, d(K), dy), wi(k) = @(k,0,dy;) and augmented vector (k) + x(k = d) = (k)
(see (14)) . x(k) = x(k — d,)
Defining A,Vik) = Vik + 1) — aV(k), for k € [k.k, ), the ) + xk — dy) — (|
following equations yield: " l
k—d,
AVi(k) = o (k+ DPwik + 1) — ao ()Pw(k), (15 —d, Y 0 ©a™ Zn(s)
s=k=dk)+1
where d xtk —d,) —xtk—dk)) |
D — (20)
xtk+1) d(k) = d|x(k = d,) + x(k — d(k)) = y,(k)
k+1)= . x(k = d,y) — x(k — d(k))
v D x(s) X0\ — dy + 2k — d(R)) — |
s=k+1—dy m 2
Apx(k) + Agix(k — d(k)) (16) k= d(k)
_ k-1 —d, 2 ' (9)a™ ' Z,n(s)
x(k) — x(k — dy) + Z x(s) s=kedy+1
= du B d, xk—dlk) —xtk=d) " o)
= H((k), = T Ay — A0 |x(k — d(k) + x(k — dy) — (k)
v(k) = Hy{(k), (17) | xtk—d) — x(tk = dy)
) . lxtk = d(k)) + x(k — dyg) — wy(0) [
Using (16) and (17), (15) can be written as
k
—dy Y, 0™ Zuns)
s=k=dy+1
T
[ 0 —ak —dy) ] 22)
x(k) + x(k — dy) =y (k)
x(k) — x(k — dyy) ]
X Zy .
x(k) + x(k — dy) — wu(k)
k-1 T
(00 =[x"(k) 2Tk —dy) 2Tk —dk) Tk—dywl® ik ik yik) Y x(s)))T‘ : (14)
s=k—dy
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From (19)—(22), A,Vis(k) can be expressed as follows:

AVistk) < n () dnZ,i + diZy; + diZn(k)

zZ:, 0 0 0
Lz, 0 0
| W | ek, &
0 0 1——1('(k)ZZi 0
0 0 0 Z,

where k(k) = (d(k) —
following inequality holds for a suitable matrix ¥ € R***".

d,)/d,. Then, according to Lemma 2, the

AVisk) < CTO(HY (dpZyi + diZi + dyZ)Hs

- QI (k). @9

Next, we calculate

-1 -1

Z X " 0Zan(k)

= —dyn=s
—a'"nT(k +n)Zn(k + n)]

—1

> —sn'0Zanho

s= —dy
-1 k-1 (25)

- Y Y @ WZan)

s=—dyn=k+s

AqVie(k)

< Dt Dz,

—1 k-1
> Y a'wa™zZam).

s=—dyn=k+s
Based on Lemma 3, the following inequality holds:

D+ Dtz

AVie(k) <
—RT + dyR,

—RT-R,

dyRT + dyR,

+¢ (k) ¢i(k) (26)

dM(dM +1) 7

T
' (k)l @ Z)'[R RC,(K),

where (k) = [x"(k) (T4 h_ g2t
From (18)—(26), we have
AVilk) < T ROY, + (dyRHR) (a™Z,) !

- 27)
X (dyRHR){ (k) .

Performing to Schur complement, we can verify (8).

Now we are in a position to demonstrate the exponential
stability.

For k € [k, k-,1), the ith subsystem is activated and the
following inequality can be verified:

Voo (k) < "™V (k) (28)
From (11), we get

UV, - (k)

< o <! TRUE TR Ry () (29)

= (ap" Y RV g ko) -

Va(k)(k) < ak -
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Moreover, from the definition of the Lyapunov—Krasovskii
function in (12), we have

Sl x(k) 1P < Vowk);  Veagk) < p I x®) I, (30)

where

6 = min /‘Lmin(Pi)a
i€l

pP= ma)[l( [ max(P) + maX(Qll) + max(QZI)
dy—d,+1
+%Am(@l) ()
+d (d + 1) ﬂmax(zn) + dM }“mAX(ZSl)
ady(dy + 1)
Wﬂmux(zu‘)] .

Let wzxjay”;“. Combining (29) and (30), the system state
satisfies

1) I < 5V ®) < E™ 20 1. (1)

which further implies that

Il x(k) 1< @WM I x(k) I, - 32)

Then, according to Definition 1, we can conclude that the system is

exponentially stable with decay rate w = \/aﬂ”;“. This completes
the proof. O

Remark 2:

* The main feature of Theorem 1 is neither the model
transformation nor the bounding techniques are used to estimate
the upper bound of the cross product terms (see [34, 37, 38].

* To bound the terms in A,V;s(k), different methods can be used
from the literature to reduce the conservatism of the obtained
criteria. In [11, 39], Jensen's inequality has been used, the
Wirtinger inequality has been introduced in [12] and the input—
output transformation with scaled small-gain approach has been
suggested in [2]. However, the key merit of the proposed criterion
lies in the combination of the Wirtinger-based integral and the
improved reciprocally convex approaches. Different to [13], this
study exhibits an appropriate Lyapunov—Krasovskii functional with
triple sum terms to get less conservative results.

3.2 Dissipativity analysis

Based on the new stability condition developed in the above
theorem, this subsection is deducted to investigate the (@, &, %)-y-
dissipativity problem for switched system with time-varying delay

).

Theorem 2: Given positive integers d,, and dy, satisfying (2),
scalars 0 < @ < 1 and p > 1 and matrices @ < 0, % and & If there
exist matrices P; >0, 0,;>0, 0,;>0, 0;>0, Z,;>0, Z,;> 0,
Z;>0,7Z,;>0,7, R, R, and a scalar y, > 0 such that the following
inequalities hold for all (i, j) € I X [:

Q> 0, (33)
Y, .
_ B <0, (34)
JAyRAg o™z,

where
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Y, = &;+ H (d)PH, — aHi PH, + Hi(d2Z,;: + d°Zy;
iy Zy + dyZ)H, + HigH g — Q01
—sym(H,$H,,) — H GH,,
@, = diag(Qy; + Qi + (d, + DOy —a™Q;
—a™Qy; —a™Qy; 0, 0; 0; 0; 0; (= R +7,D). (35)
H =[H Dy, H,=[H 0], Hy=[H, Dy,
=1 0] Hg=[Hg O Dy=|"|

I
H,=[0 0 0 0 0 0 0 0 0 1],
H,=[C; 0 000000 0 0]

Then, system (3) is exponentially stable under a strict
(@, S, R)-y-dissipative rate y, given by y = you(@**' — %), with
4> 1 and for any switching sequence with ADT z, > Az} where p
satisfies

Pi—uP;j<0, Q;—u0j<0, 0Q—pud;<0,

05— pQs; <0, Z;—pZj<0, Zy—pz;<0, (36)
Zyi— pZs; < 0, Z,- JZVATES 0.

k—ke [ ko—ky_
Vo) < @~ ulad ™ Wou, )
k-1

k*krflﬂl[akrfrsz

k-1
akr—l_.g-j(s)] _ Z aki]fsj(s)
s =k,

<a ok, — 2)(kr ~2)

k1 41)
_ak—k,ﬂ Z &1 7 (s)

s=ky—1
k-1

Z k—1- sj(s)

s=k,

k=ko  Noyko. k)
o "0 TV e (ko)

k=1
_ Z ”N(r(k)(-v-k)ak—l—s;(s).

s =ko

IN
IN

Due to the fact that V,u(k) >0, under zero initial condition
¢(k) = 0, we have

Proof: To deal with the dissipativity performance for system =ty No.b J—1—s
(3), we consider the Lyapunov—Krasovskii functional as in (12). Z pr e g (s) < 0. (42)
Define s=ko
That is
FU) = F1(0) + yw” (kow(k), (37)
k=1
Fik) = — 2T (k)@z(k) — 27" () Sw(k) — wl (k) Bw(k).  (38) % z N OO Rk =15 T () (s)
=k
By following the same procedure used in Theorem 1 with k=1 (43)
w(k) # 0, it is easy to verify from (34) that < 2 pNe S Pgk=1-5_ 7 (5)).
s=ko
Vitk+1) —aVik)+ (k) <0, iel 39)
Which implies
Then, for k € [k,, k-, ), we have
k=1
L k-1 % z ud = 5wl ()w(s)
Vot (k) < @ " Vog(k) = Y a7 7(s). (40) L (44)
s=ky, k-1
< D = 7, (9).
By iteration operation, yields s=ko
Moreover, it follows from Definition 2 that
0 < Ni(s, k) < (k — s)/z, which is equivalent to
pNOR = o WAE=9) Then, we get
k=1 k=1 1
7o 2y wad T W () < ) at TEIT =705 (45)
s=ko s=ko
Thus see the following equation: (see (46))
T+1 k-1 k=1

Yokt Z Z o W (s)w(s) < Z Z R G 0))

k=Fo+1s=k

k=To+1s=k

T T+1 T T+1 |
DD I OO RS D WL L R A O}
s=kok=s+1 s=kyk=s+1
T T+1 T | T+1 |
Yo Y, @ dwl(s(s) < Y a = 3 etk 7)), (46)
s=koy k=s+1 s=koy k=s+1

YoM Z

Yot Z w(s)w(s) <7

s=ko —a" A)S_k(]
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_ g
T(s)w(s) <P Z “"—l)

1
T -s-1)

(=F1(),

1—a"7

— Z(—f(s))
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According to Definition 3, we can conclude that system (3) is
strictly (@, &, R)-y-dissipative  with y = yu(a**' — o). This
completes the proof. 0

Remark 3: As we remark, the ADT 7, and the dissipativity rate
y are, respectively, increasing functions on parameter 4. As in [35],
this positive scalar 4 > 1 is introduced to make the dissipativity
analysis in Theorem 2 easier.

4 Dissipative observer-based control synthesis

It is known that state feedback systems require the measurement of
all system states. However, in practical applications, it is not
always possible to have access to all state variables and only partial
information is available via measured outputs. Hence, the observer-
based control is probably well suited in such situation for feedback
control. To deal with such problem for system (1), we introduce the
following observer:

Xk + 1) = Agpx(k) + Adogox(k — d(k)) + Biogou(k)
+ Lo (y(k) — y(k)) 47)
}A’(k) = Ca(k)/%(k)

where x(k) is the state estimation of x(k), y(k) is the observer
output and L4 € R"*” are the observer gain matrices to be
determined.

Including this observer, we are interested in the following form
of the observer-based control:

u(k) = Ko'(k))e(k)a (48)

where K is the controller gain matrices.

Denoting the estimation error as e(k) = x(k) — x(k) and
combining (1) and (47) with (48), the augmenting closed-loop
systems is written as

[ Xk + 1) = X (k) + Adogo Xk — d(K)) + Diggow(k) 49)
Z(k) = Caopi(k)
where
- x(k) ~ Adok 0
=" Adow = [ " ,
e(k) 0 Adotky
~ [Ao(k) + Blo‘(k)Ko‘(k) _Blu(k)Ko'(k) ]
Aa(k) = >
0 Aa(k) - La(k)ca(k)
CNwzzr(k) = [Cch(k) + Bzzf(k)Ka(kJ _Bza(/wKzr(k)], (50)

D~ Dlo‘(k)
1oty = .
Dm(k) - er(k)DZ(F(k)

Theorem 3: Given two scalars 0 <a <1 and u>1, two
positive integers d,, and dj, satisfying (2), symmetric matrices
Q<0 and £ and matrix &. Closed-loop system (49) i
exponentially stable and strictly (@, S, X)-y- d1551pat1ve if there

exist symmetric positive-definite matrices  P;, P; € R,

Qli’ in’ Q}i, Zliv Zzia Z3i’ Z4ia Z_]i9 Z_zi, Z_ziy Z4i € Rzn xn
and matrices Y, R, R,, K;, L; with appropriate dimension and a
scalar y, > 0 satisfying

6,50 (51)
PPi=1,2Zy=1,Z2sZy=12:Zy=1ZiZy=1, (52)
where

(see equation below)
(see equation below)
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(i)i = diag( Qli + in + .+ I)Qai; - adméli; - adMQ3i§
—a™Q,;; 0; 0; 0; 0; 0; (— R + y])),

where system (49) is exponentially stable under switching
sequence with ADT r, satisfies

ﬁi—llﬁj<0, Qli_ﬂélj<07 in—llQsz<0,
0, —10,; <0, Zj—puZ;j<0, Zy—puZ,;<0,
Zsi - ,“Zsj <0, Z4i - /424] <0.

Proof: Performing Theorem 2 to system (49) mequahtles in
(51) hold with P;=P;', Zy=2,, Zy=2y, Zy=2Zy and
Zy= Z4,- . This completes the proof. O

Remark 4: Due to equality constraints (52), conditions in (51)
are not in a strict linear matrix inequality (LMI) form which cannot
be solved directly using the standard LMI procedures. For applying
the LMI technique, we can formulate this non-convex feasibility
problem into a sequential optimisation problem subject to LMIs
constraints.

Based on the CCL technique [40], we propose the following
minimisation problem involving LMI conditions instead of the
original non-convex condition (52).

N
min Tr Y PP+ ZiZy+ Zoloi+ ZoiZi+ ZiZa) . (53)
i=1

s.t.:
(5D
f’,- Iin >0 Zli ]_zn >0 Zzi I_zn >0
I4n Pl‘ 12n Z]i Izn Zzi (54)
23,' I?n >0 Z~4i Ifn >0
L, Zy Ly Zi

If the solution of the above minimisation problem is 12n X N, i.e.

ZziZzi

[\].

N
min Tr Y (PP +Z,;
iZI (55)

+ZyZy+ ZyZy) = 12n X N,
then, the conditions in Theorem 3 are solvable. In order to find a

feasible solution of the above minimisation problem, we suggest
the following algorithm:

Algorithm 1:
Step 1: Find a feasible set PO;; PO;; 79,;; 720,; Z2%,;;
205 7045 704, 70,455 70;. Satisfying (51). Set »=0.

Step 2: Solve the following optimisation problem:

~ = =

min TrZ(P Pi+ PP+ 7,/ 2+ Z\Zi+ Zoi Zo
=1 (56)

4257014 2o Zai 4 ZoiZi+ Zai Zai + Z0iZd)
s.t. (54).
Step 3: ¥ [TeXN (P Pi+Zy; Zyi+ Zog Zog+ Zaj Zaj+ Zaj Zag)—12n
x MSG,

for a sufficiently small scalar 6>0, the solution K; and L;, i=1,2,
..,N, are the controller and the observer gains, respectively. STOP.

else
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Setr=r+1,set (P P’ Z'i; 20 2720) = (P P 215 213 Z0,), and

go to Step 2.

Step 4: If r> N,,, where N,, is the maximum number of iterations

allowed, EXIT. Our method fails to find feasible gains.

Remark 5:

* In the design of the observer-based controller, we have two terms

P; and P;' occur together, which results a non-linear condition. To

overcome this problem, numerous methods have been introduced

in the literature. In [28, 33, 41], the non-linear term P; ' is replaced
by 21 — P; using the fact that (P; — )" P;'(P; — I) > 0. This method
is very common to solve such problem. Nevertheless, as in [42],

the cone complementarity approach is adopted in this work as a
second alternative.

Z; 0 0 0
. 0 Z; Y 0 . a7z, 0
Qi= ~T ~ > Zli_ d =P
0 Y Z; 0 0 30" 'Z,;
0 0 0 2z
- o™z, 0
Zy = d 1 5
0 3a™™ 7,
. -1z 0
Zai— dy—1 5
0 3a™M™ ' Zs;
71;1 =0, - aﬁzTﬁi 7, —ﬁTQiﬁ‘l‘ﬁ)TeﬁRﬁR— S)’m(gzéjﬁw),
H_A,oAd,oooooobl,-
"1, 0 0 -, 0 0001, O0f
i L, 0000000 0 O
1o 0 000O0O0GO0 1L of
H,=[A-L, 0 A; 0 0 0 0 0 0 D,
H,=[0 00000 0 0 0 1],
H,=[C;, 0 0 00000 0 0]
- [L, 000 0O0O0O0 0 O
HR= B
0 00 0O0O0GOO L, O
. dyR +dyR, —-Rl +dyR| . .
R= o - | R=[R R
* -R, - R,
fil * % ® % ® %
\IgMUiHR - MZ4, * * * * *
- 1 -
H3 0 —d—ZZ”» * * *
H 0 0 17 * * *
) 3 ? 20
Fi= r 1
H} O 0 O __ZZ3i * *
dy
H, 0 0 0 0 —Lz’_ﬁ
dy
H, 0 P
H.Q 0 0 0 0 0 0
Ly =L, 0 0 0 0 0 0 00
Ly L, O 0 —-L, 0 0 0 00
o0 L, -, 0 0 0O 0 0 00
. 0 I, L, O 0 -L, 0 0 00
“lo o L, -L, O 0 0 0 0 of
0 0 L, L, O 0 =L, 0 00
L, 0 0 -, 0 0 0 0 00
L, 0 O L, 0 0O 0 —-L, 00
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Table 1 Upper bound d,, variation for different d,,,

dp 2 4 6 8 10 12 14 16 18
[45] — — — — — — — — —
[10] 6 7 9 10 1 12 14 16 —
[46] 9 10 11 13 14 15 16 18 19
[47] 12 13 14 16 17 19 21 22 23
Theorem 1 15 16 17 18 20 21 23 24 26
Table 2 Upper bound d,, variation for different d,, with a = 1

dy, 2 4 6 8 10 12 14 16 18
[13] 15 17 19 21 23 25 27 29 31
[2] 27 29 31 33 35 37 39 41 43
[37] 39 41 43 45 47 49 51 53 55
Theorem 1 47 49 51 53 55 57 59 61 63

* To synthesise the observer and controller gains, the SVD [31, 32,
43], the pseudo inverse of the output matrix [33], and the Finsler's
lemma with a particular structure of some decision matrices [44]
have been used. However, these techniques are difficult to apply
when the disturbance affects the measurements. The CCL
algorithm is used here to consider this case.

5 Numerical examples

In the sequel, we demonstrate the applicability of the suggested
strategy by means of three simulation examples.

Example 1: Consider a switched system composed of two
modes and the following system matrices:

lO.Z —0.1] [ 0.4 0.2]
A= , A= s

01 04 ~0.1 03
Lo_for 0, _por o
o1 o 7T =001 01|

Our purpose is to determine the allowable time delay upper bounds
dy, for various d,, such that system (3) will be stable. By choosing
a=0095 and u=1.1, detailed comparison of the maximum
allowed bounds d), is given in Table 1.

In terms of conservatism, results in Table 1 clearly show that
the strategy in Theorem 1 outperforms those in [45—47].

To further prove the merit of the proposed approach, the
maximum allowed bounds d), for different delay lower bounds d,,
in Table 2 have been computed from Theorem 1 in our work for the
case of arbitrary switching with @ = 1 and we eliminate conditions
in (11), Theorem 1 in [2, 37] and the proposed strategy in [13].
From Tables 1 and 2, it is obvious that the combination Wirtinger-
based inequality, improved reciprocally convex approach and
Lyapunov—Krasovskii functional with triple sum term provides not
only less conservative results, but also significantly improved
bounds than [2] using input—output approach with scaled small
gain condition, Qiu et al [13] using only Wirtinger-based
inequality and improved reciprocally convex approach, Mahmoud
and Xia [37] using free matrices and null equations and Hou ef al.
[10] using Lyapunov functional with triple sum terms.

Example 2: For comparison purpose, the proposed control

technique will be applied to the following switched system
borrowed from [48]:

3034

-045 -02 —-1.1 0.2 0.5
A= , A= , B = s
0.2

0.2 0.3 -02 03
|01 0=01) o1 —00] (04
““lo 01 [T o o [T (o3
05 0 0.3 0 0.2
Cm = B sz = s Bz] = s
0 05 0 -02 0.3
0.1 05 0 05 0
Bz2= , Dy = , Dy = s
-0.2 0 05 0 06
D, =Dy, =0.

In order to highlight the effectiveness of the proposed control
strategy, we will perform a comparison with the method in [42]
extended to the problem of dissipativity performance with
[—0.4 0
@ =

1 05 1 0
, &= , R= .
0o -1 1 1 0 1

Case 1: The method in this paper: Let a = 0.7 and
u = 1.4, which implies 7;f = 0.9434, 1 =2.7.

Set # = 107, Theorem 3 produces a feasible solution
to the corresponding LMIs, using solver SDP3 of Yalmip
toolbox, with minimum values y, = 0.5 and y = 0.0901

and
=[-0.7823 —1.1801], K, = [1.3559 —1.
_[-0.3575 —0.6879] =~ [-1.8884 0. (57)
“102126 —0.2466] " |-0.5908 0.

Case 2: The method in [42]: The observer and control
gains can be computed as

=[-0.2196 -0.5968], K, =[1.2811 —0.
_[-0.4898 0.2238 _[-1.6501 0.27 (58)

- [—0.2891 0.6276]’ a [—0.6638 0.3
The sampling period and initial states in this example are
chosen as follows: T,=032s and

do(k) = [12¢7%10.8]", k = —4,...,0. The delay is given by a
repeating of sequence [4,2,3,2,1,3].

The state and estimate trajectories are carried out by taking
w(k) = [sin(4k)e ** sin(4k)e**1T and repeated sequence [2,1,2]
as a switching signal with 7, = 3.2.

Fig. 1 depicts the evolutions of state and estimate trajectories
when the previous cases are adopted, while Fig. 1d shows
evolution of the ratio under zero-initial condition. It is observed
from the plotted figures that both control laws guarantee the
convergence of the system state to zero. However, the proposed
controller provides a better ratio than the controller designed in

IET Control Theory Appl., 2019, Vol. 13 Iss. 18, pp. 3026-3039
© The Institution of Engineering and Technology 2019



15 : -
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Fig. 1 Simulation results for Example 2 with cases 1 and 2
(a) Response and estimate trajectories of x|, () Response and estimate trajectories of

X, (¢) Control input, (d) Ratio evolution
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Switching Signal

= Estimation error of ; with case 1
= = Estimation error of x; with case 2

0 5 10 15
I3
b
25 T
A m— Fstimation error of x» with case 1
5 (! - = Estimation error of zy with case 2
’ 1
I
15 ;\_j-r _
10 R
1
5F o 4
& I
o 5 10 15
k
c

Fig. 2 Switching signal and errors evolutions
(a) Switching signal, (b) Estimation error of x, (¢) Estimation error of x,

case 2. Thus, the simulation results are satisfactory, which validate
the theoretical findings (see Fig. 2).

Example 3: To evaluate the effectiveness of the proposed
controller design approach, we consider the example of single-
ended primary inductor converter (SEPIC) presented in [49]. This
type of converter, shown in Fig. 3, can supply an output voltage
less than, greater than or equals to the input voltage and it can be
used in several application such GPS systems, CD/DVD players,
digital cameras and cellular phones. The switching element /" can
give a switching behaviour at most once in each period 7T to the
converter. The parameters of the proposed converter are
summarised in Table 3.
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Table 3 Converter parameters

Acronyms Definitions Values, units
L input inductor Ix107°H
L, output inductor 0.5%x107°H
o) input capacitor 0.1x 107°F
G output capacitor 0.1x 107°F
R, resistor of input inductor 2Q

R, resistor of output inductor 02Q

R load resistor 2Q

Ly B 6 VD
el
1 TC:
Joosn |
B — —||\‘ V gR Tc, || |R
g -

The inductive currents i; and #,, capacitor voltage u.,, and output
voltage uy, four states variables are chosen to characterise the
system model described with the following differential equations:

When V switch on

;R 1
1= —Ell +EE
-
c1 o
1 (59)
Uy - RCZMO
ir= &i +iu
2 LT Lt
When V switch off
Ry 1 1 1
1, = —Ell - Eum _EMO+EE
1
Uey = C, 4 6
S A1 (©0
0= G 1 G ) RCzuo
: R. 1
L= - Elz - Euﬂ

Set the sampling time T, =2 x 107 s and choosing the state
vector as x(k) = [iy(k) u(k) uo(k) iz(k)]T and the control input
u(k) = E.

The aim is to apply the proposed design technique to model (1)
described by the following data:

096 O 0 0 0.02
0 1 0 -0.2 0
A] = s B] = BZ = ’
0 0 099 0 0
0 004 0 0992 0
096 -0.02 -0.02 0 -0.1
0.2 1 0 0 0.1
A, = , D= s
0.2 0 0.99 0.2 -0.5
0 0 —-0.04 0.992 0.1 6l
0.5 1)
1 00 01
C=C=|0 1 0 Of,D,= O.I,Ad1=Ad2=0,
0 0 1 ’
-0.5
0
C.=[002 0 0 0], D, =Dy,=]0|
0
C,=[001 0 0 0], B,=0.01,B,=0.02.

Let@= —1,% =1, 8 =0 and the ADT parameters a = 0.94 and
u =15, which gives 7¥ =6.5529. Set #=10"", Theorem 3
produces a feasible solution to the corresponding LMIs, using
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Fig. 3 Single-ended primary inductor converter

solver SDP3 with Yalmip toolbox, with the associated controller

and observer gains:

K, =[-19.0129 -3.7921 -3.3107 -7.1217],
K,=[-14.5563 -0.9161 -0.3893 —6.6751],
0.4081 0.1669 0.0882
[ 0.4601 1.0845 —0.0181
"7 102778 -0.0630 0.7716 | ©)
-0.3815 -0.7171 -0.0399
0.4448 —0.0478 0.0512
L= 0.1588 0.9432  0.1189
T 1-0.1689 —0.0161 0.4380|
—-0.3458 —-0.3748 0.1141
External disturbance w(k) is chosen by
_ rand(1)
Given the initial conditions x(0)=[151 Z]T and

x(0) = [0000]7, simulation results are depicted in Fig. 4-6. Fig. 4
denotes the open-loop response of the system states. The
evolutions of the system states and the observer are given in Figs. 5
and 6. The result implies that the converter system is effectively
stabilised even the presence of the external disturbance, and the
output-feedback control problem can be achieved when the system
states are incompletely available via the developed control strategy,
which is in accordance with the analysis in the paper.

Assume that D,y =Dy =[1 0 0]". Theorem 3 produces a
feasible solution to the corresponding LMIs with the following
gains:

K, =[-23.0016 —-4.8059 -3.9610 -9.4311],

K,=[-24.7755 -2.7291 -2.0683 —11.4085],
0.0651 —0.0150 0.4402

L= 0.1213 09617 —0.1551
—-0.4330 -0.0331 0.9838 | (64)
0.0502 -0.4725 0.0515
0.3444  —-0.0606 0.1810

_ |—0-0667 0.9108  0.0537

L= —-0.1786 —0.0769 0.9505|

—-0.3661 —0.1285 0.4675

To further prove the merit of the proposed strategy, two quality
criteria are considered to evaluate the deviation of the estimated
error e(k) = x(k) — x(k) with different stochastic noises: integral
squared error (ISE) and integral absolute error (IAE). The
comparison is listed in Table 4.

From the calculated results in Table 4, we can deduce that the
total deviation of e(k) is smaller when controller (64) is applied for
both cases of noises.
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Fig. 4 Open-loop systems trajectories
(a) State trajectories with mode 1, (b) State trajectories with mode 2

Regarding these results, we conclude that the disturbance
attenuation property is evident and the proposed control scheme
yields a good performance which validates the theoretical findings.

6 Conclusions

A novel (@, 8, R)-y-dissipative observer-based controller has been
proposed in this paper for stabilising a discrete-time switched
systems with time-varying delay. Based on the improved
reciprocally convex technique and the ADT approach, a delay-
dependent sufficient condition has been derived to guarantee the
exponential stability of nominal switched systems. Moreover, using
the cone complementarity algorithm, an observer-based control law
has been designed to ensure the stability and dissipativity of the
resulting closed-loop systems. The validity of the theoretical
developments has been tested by three examples. It should be
emphasised that the design procedure can be a promising procedure
to be applied to a wide range of practical systems and the
computational simplicity of the method can be another feature of
this work.

For some practical systems, the lag time between the switching
of the controller and the system modes is quite long and it can
never be neglected. So it is interesting to deal with the
asynchronous phenomenon as a future research topic. Furthermore,
it is also interesting to experimentally validate the developed
method on buck—boost converter for a photovoltaic system.
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Fig. 6 Simulation results for example 3
(a) Response and estimate trajectories of ij, (b)) Response and estimate trajectories of u., (¢c) Response and estimate trajectories of u, (d) Response and estimate trajectories of i,

Table 4 Comparison of e(k) for k € [0, 700]

w(k) f;‘(“d(sl) rand(1)sin(k)exp( — 0.1k)
+
ISE IAE ISE IAE
controller (62) 92 11.8 11.1 12.8
controller (64) 6.34 7.16 6.8 7.9
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attack. New sufficient conditions to achieve impulsive secure consensus are analyzed. To
determine the stability of the resulting error system, we utilized fractional-calculus theory,
algebraic graph theory, Lyapunov functional. The influence of the impulsive control scheme
depends on the order of the Caputo fractional-order systems addressed. It is shown that the
. N agents can achieve an exponential consensus under the proposed impulsive control
Caputo fractional derivative . . . . .
Multi-agent systems scheme. Fmally,. the effectweness of the theoretical results is demonstrated by numerical
Secure consensus examples and simulation results.
Impulsive control Published by Elsevier Inc.
Uncertainty

Keywords:

1. Introduction

Multi-agent systems (MASs) consist of multiple interacting autonomous subsystems that can be used by means of shared
information for the tough or complex task. Consensus is one of the key issues of the MASs collective actions, which ensures
that by designing an effective distributed control based on local knowledge alone, each agent state converges into the desired
common state. Several important results on consensus problems with limited communication, dynamically changing topolo-
gies, uniform or non-uniform time-delays, and external disturbances have been proposed in the existing literature [1-5],
including some very recent publications [6-8]. It should be noticed that much of the existing MASs consensus analysis
are focused on integer-order dynamics. However, some phenomena can not be adequately represented in most practical sys-
tems by integer-order dynamics such as electrical engineering [9,10], control systems [11,12], robotics systems [13,14], brain
stimulation systems [15], while fractional-order dynamics are best illustrated when the operator order is an arbitrary real
number. For more results on fractional-order non-linear dynamical systems where the problems of control and synchroniza-
tion have been thoroughly explored we refer to [16-18].
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In fact, many working environments have viscoelastic properties for agents, for instance, work spaces include taped,
sandy, muddy or grass areas and so on, for agents with many micro organisms, viscous substances, or for agent work spaces
can therefore be described as fractional-order systems. An important issue for fractional-order multi-agent systems
(FOMAS:s) is the consensus control of MASs, which was studied by Cao and Ren [19] and then rapidly developed. Relevant
findings can be used to solve the distributed FOMASs containment control problem [20]. In addition, because of the hard-
ware efficiency, each agent requires a certain input time delay to communicate and process information. Considering time
delays in the analysis and control of the system is therefore of a great importance. The special case of FDMASs containment
control was tackled at [21,22]. In [23] also the problems of uncertain FOMASs were examined for distributed containment
control.

Impulsive control is a typical discontinuous check among these control systems, which may be used in systems not con-
trolled by a continuous control input. The conventional controller is slowly replaced by the digital controller with the
advancement of information science and computer technology; thus the impulsive control mechanism has been improved
greatly. The impulsive control has many excellent features compared with continuous controls, such as robustness, versatil-
ity and low cost [24-27]. This type of control is also very beneficial for MASs. Indeed, in order to achieve synchronization the
exchange of information between interconnected agents should be ongoing, so that every agent gathers information from
itself and its neighbors at all times. In the case of limited communication bandwidths, that will be a heavy burden. With
impulsive control systems that have discontinuous inputs, it is natural to use sample data from each agent and its neighbors
to develop the distributed impulsive controller only at a discrete time. Han et al., agreed with the impulsive consensus of
discrete-time MASs [28], that the communication costs of MASs were significantly reduced thus maintaining system stabil-
ity. Although a lot of work has been done to achieve consensus on integer-order MASs via impulsive control (see [29,30] and
the references therein), the existing FOMASs works are fairly limited. It is noted, however, that some results on FOMASs via
impulsive control strategy exist [31,32]. Wang and Yang (see [33]) investigated the distributed impulsive control problem of
FOMASs with input delay based on leader-following case.

It is worth noting that agents are typically linked to each other via communication networks which are subject to differ-
ent cyber attacks. The cyber attacks can be split into two categories in multi-agent networks. When a malicious agent
attacks, the first ends up removing one object by the communication network graph and the result of the second is a damage
of the communication. The second case involves DoS attacks and deceptions. MASs are especially vulnerable to DoS attacks,
as it is virtually impossible to protect DoS attacks on all communication channels, whereas MASs agents are still individually
interacting. As a result, the defense against attacks by distributed DoS is one of the key safety issues when designing the net-
work control system. Some controllers have been designed to overcome the effect of DoS attack [34-37], including the
impulsive control case [38,39]. Nonetheless, fewer network security studies have been published for FOMASs in the available
literature, this means that network safety research at FOMASs is an ongoing topic. For example, the effects of uncertain
parameters on their dynamical properties is not previously studied. Since uncertain terms may lead to poor performance
and chaotic behavior [40-42], the study of the impulsive security control problems of uncertain FDMASs in presence of
DoS attack is of a great importance.

In this paper, our attention is focused on the impulsive security control problem of uncertain FDMASs in presence of DoS
attack. The main contributions of this paper are embodied in the three aspects as follows:

(i) An impulsive secure consensus is proposed for leader-following FDMASs with uncertain parameters subject to DoS
attacks. To reduce the contact consumption controllers and DoS attacks on the edges of controllers we utilized distributed
impulsive controller. To ensure the acceptance of network disconnections, a switching method is suggested;

(ii) The designed distributed impulsive controller still achieve the secure consensus of uncertain FDMASs. By utilizing the
tools from fractional-calculus theory, algebraic graph theory, efficient algorithm is designed. Impulsive controller that
depends on the Caputo fractional derivative is given to ensure exponential consensus tracking of the uncertain FDMASs
under DoS attack scenarios;

(iii) At last presented, numerical simulations verify that the obtained scheme is efficient on the designed impulsive con-
troller for nonlinear FOMASs with networks of Chua’s circuits in presence of DoS attack. A solution is given in this paper
on how to change the impulse intervals against DoS attacks if the exact details of DoS attacks is identified.

Notations: foD denotes the p-order Caputo fractional derivative; Real numbers, and n x 1 real (complex) column vectors

are referred to R and R"(C"), respectively; T, represents an identity matrix; ® stands for the Kronecker product; o ,ax(-) is the
maximum singular value; Amin(-) and Amax(-) represent the smallest and largest values of a real symmetric matrix,
respectively.

2. Model introduction and preliminaries

In this section, some preliminaries of the graph theory, fractional calculus, model description, and some lemmas are
given.
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2.1. Communication topologies

Consider a weighted digraph ¢°® = (V &0 A"(”) V= {vp.p EN}, where N'=1,2,...,N is a nonempty node,
£°W c VY x Vis an edge set, and A°" = {ap ] € R¥N is an adjacency matrix, where af’ > 0 if and only if (vq,vp) € € and

agn’ = 0 otherwise. The Laplacian matrix is defined as £ = [qu ] e RVN with ¢5{ = Y20 1apt? and €pg = g, p # q. Fur-

ther more details on the communication topologies, kindly refer [36].
2.2. Some fractional calculus definitions

The fractional derivatives are classified in several ways. The definitions of Riemann-Liouville and Caputo type are com-
monly used. Let T'(8) = O“‘ tf-1e-tdt, p > 0. Since the fractional derivative of Caputo type needs only initial conditions via an
integral-order derivative, it reflects a well understood physical situation and makes it more applicable to problems in the real
world. In this paper we deal with uncertain FDMASs involving the Caputo fractional derivative.

Definition 2.1. [18] The fractional integral tOD{ﬁ with fractional-order g > 0 of F(t) is defined as

DIFO g [ (€0 FOd >0 >0 2.1)

The Caputo fractional derivative with order g of a function F(t) € C™([to, +o0), R) is

Fm (¢
to[ piwds,  m—1<p<m,

LDIF(t) = (2.2)
£LF(1), p=m.

Specifically, when § € (0,1),{DIF(t) = (1/T(1 = ) fy. (}" )/ (t— )ﬁ). For simplicity, we denote { D/ as the Caputo frac-

tional derivative D’.

Definition 2.2. [17] The two parameters Mittag-Leffler function with « > 0,8 > 0 is defined as
,4 /f
z% T( Ika +p)’

where z € C.
Denoting p=1, with one parameter type, its Mittag-Leffler function is

P (2
= =i = Eya(2).
~T(ka+1)

Particularly, E;;(z) = e?, when o = 8 = 1.
2.3. Model introduction

We will investigate a FDMAS with one leader and N followers and uncertain parameters, whose dynamics can be mod-
eled by

D'3y(t) = (E+AE)y(t) + (F + AP (3 (1)
+(G+AG)W(Tp(t — 7)) + up(t),

wherep =1,2,...,N,3,(t) € R" is the state variable of the p" follower agent; E, F, and G are constant matrices; AE, AF, and

AG are uncertain parameter matrices; (3, (t)) = [01(3p(1)), @2(3p(1)), ... 0a(3p(1))] ", p = 1,2,..., N is a non-linear func-
tion; T is the constant input time delay; u,(t) is the control input, which will be designed later; we denote t — T = y_.
The dynamics of the leader is described as

D'So(t) = (E+ AE)o(t) + (F + AF)ax(Jo(t))

(2.3)

(2.4)
G+ AG)w(Io (1))
where Jy(t) € R".
Assumptions:
(Am) For the continuous nonlinear function o(-) there exist nonnegative constants v, > 0,p,q € {1,2,...,n} such that,

for any 3;,3; € R",
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n
|0p(31) = @p(I2)| <> Wrpg|T1g — Jg- (2.5)
q=1
(Au2) The continuous nonlinear function w(-) satisfies the following Lipschitz condition, for J3; = (311, J12,. .- ,i’sln)T,
3 = (521,302, --,3on) | € R™,
0p(1) — @p(I2)] < Yy |S1p — Iy, (2.6)

where ¢, >0,(p=1,2,...,n).
(Ans) The uncertain parameter matrices AE, AF, AG satisfy the following constraints:

AETAE < (0, @ Tn),
AFTAF < (0 © T),

AG"AG < (0 ® Ty),

where a,, o, and «; are known constants.

(Ana) The leader is the root node of the directed spanning tree embedded in the augmented graph G', when no attack
occurs.

(Aus) The framework model (2.3) has a recovery mechanism, that is, the communication topology can be recovered after
an attack.

Remark 2.3. Many authors have studied the secure consensus problem for MASs in the integer-order case [34-40], but still
not focused on MASs in the fractional-order case. In practice, the problem of consensus tracking control for FOMAS was
developed by the well-established works [19-21]. Moreover, since FOMASs have better characteristics than the
corresponding integer-order onces, some sufficient consensus conditions for the FOMASs associated with the network
structure and the fractional-order were given and the idea about choosing some appropriate varying orders with time to
quicken the convergence speed were introduced in [19-21]. However, the control method in [19-21] cannot handle FOMASs
under DoS attacks. So, in this paper, the impulsive secure consensus problem for FDMASs with uncertain parameters subject
to DoS attacks described by a fractional-order model is first studied.

The states of agents in (2.3) may be changed at certain discrete moments under an impulsive control scheme due to
which the states of agents jump to a certain value. We will propose an impulsive control scheme u, that only depends on
the agent p information, as indicated in the Fig. 1. Initially, we assume that at time t,, each agent measures (samples) its
own state J,(t;), and send it to its neighbors through a communication link.

Remark 2.4. The controllers in [34-37] require a communication with neighbor agents constantly, which causes systems to
be a subject to continuous DoS attacks. In order to avoid such attacks, we design an impulsive control method that only
needs a communication with neighbor agents at sampling instants. Compared with the existing results on the continuous
controllers for MASs with DoS attacks [34-37], the proposed impulsive controllers will further reduce the communication
consumption of controllers.

2.4. An impulsive controller design based on switching mechanism

The communication topology between A agents will be defined by directed switches over the given graph G, where
G=1{g",g?,...,G¥}.Let " be the communication topology of the considered MASs at time t, where t > 0. The piecewise

Fig. 1. The framework of MASs with impulsive control.
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constant function a(t) : [0,00) — {1,2,...,s} is the switching signal. ¢V is the topology graph without an attack, while
G? ..., G are the topological graphs under attacks. Noticeably, g’ e G,vt > 0.
To solve secure consensus problems, the distributed impulsive controller is designed as

0

up(t) =Y —b, Za;;g“ (Tq(t) = (1)) + 77 (Jp(6) — Fo (1)) [ &°(t — 1), (2.7)
q=1

r=1

where §°(-) is the Dirac delta function; b,,r € A/, is the impulsive control gain; a,‘,’é” is an element of the weighted adjacency

matrix of the digraph ¢°*; d7"¥ describes the pinning link and d;’ > 0 iff there is a directed link with positive weight dj "
from the leader to the p™ follower.

Definition 2.5. [12] An impulsive sequence ¢ = {t;}, r € N, is said to has an average impulsive interval h, if there exist two
positive numbers Ny and h;, such that

t—to t—
m —No <N(t to) < m

where N (t, to) is the number of impulsive instances during the interval (to,t).

The following assumption will be also essential.

(Ane) The average impulsive interval of the impulsive sequence {t,,r € ', } is equal to h, and there exist two constants
0<¢p<®<+oosuchthat p <t, —t, 1 < Q,Vr e M.

o .. (2.8)

Lemma 2.6. [18] Let 3(t) be a continuous and differentiable for t > t,. Then

%(D/ffﬁ(t)sa)) <I(OD'IM), t > to. (2.9)

Lemma 2.7. [17] Let V(t) on [to, +c0) be a continuous function and satisfies D"V(t) < 7V(t). Then

V(1) < Vo) B (70 - 1))

where 0 < < 1 and 7y are constant.

Lemma 2.8. [43] For real matrices E and F with appropriate dimensions, any positive constant 0 and any symmetric matrix ® > 0,
the following inequality holds:

E'F+FE< 0 'E'®E + 0F" 0 'F.
The controlled uncertain FDMASs (2.3) is considered as [12]:

D’3p(t) = (E+ AE)Tp(t) + (F+ AF)(Jp(t))
HC+AG)O(Ip(2:)), € (tra,til,

»
Zagét’)(sq(tr) = 3p(tr)) (2.10)
a1

+d2" (3, () — so(rr))], reN.,

~ by
Ad(tr) =

where 0 < f < 1;AJ,(t) is the leap of the state at an instant time t;; t. < ty1, and lim,_, . t; = +o0; Jp(to) = Jp(t5), and
Jp(tr) = Jp(ty) forre N .
Define 3p(t) = 3,(t) — Jo(t). Then, the error system has the form:

D'3,(t) = (E+ AE)3,(t) + (F + AF)a, (Sp(r))
+(G+AG)H(§,, (XT)), te(ttl,

N X N N

> an? (3a(t) - 3(6))

q=1

+dg<ff>%p(r,+)} TeEN,,

(2.11)

= b,
ASp(tr) = mm

where &, (ﬁp(t)) - w(fsp(t) + So(t)> — (3o(1)).
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Compact forms can be written from (2.11) as shown
D'3(t) = (Tx® (E+AB)S(0) + (Ta @ (F+ AF)H(3(0))
+(IN®(G+AG))H<3(XI)>, (2.12)
AS() = (Ta =i (67 + 70) 0 7,) 3(17),
where ® = diag{d,,d,,...,dy}.
3. Main results
Theorem 3.1. Given non-zero scalars 0, 0c, 05, %, %, %5, ¢, @5, O, and 0, suppose that Assumptions (Amp) — (Aue) are satisfied

for positive symmetric matrices Wy, Ws, and ©5; — @, <0, 1€ N, p(t;)Es((®5 — (E)(,,)M)) < 1. Then, the uncertain FDMAS (2.3)
is exponentially stable under the suggested impulsive control strategy (2.7) if the following conditions are satisfied:

(i) NP+ 0:;R(cts © TN < ©;Q, 3.1)
Iy Q QF QG
.. Q -0, +0.+0,)0Z, O 0
(if) Fo 0 v, 0 <0, (3.2)
G'o 0 0o -v,
) o By 4 )
(i) 7, < In(1£4(©: = ©)¢") + Oh, (33)

(In(1E5(85 = ©p)¢") = In(1,E4(0; — ©)¢))”
where Ty = QE + E'Q + 0,(0t; ® Zp) + RWR + 0 (cte ® Tp) + O Q, R = diag{yy, ..., ¥,},
_ b 1
= max{zﬁ NTESIG +<1>)®In},

b

= 2 P a(tr) AU([r)
L maX{IA‘ F(ﬁ+1)(£ o )®I"}'

Proof. We construct the Lyapunov functional candidate as follows:

~ N/\ ~
V(t) = (3 ) Y SIW(@®T,)3,(). (3.4)

p=1
For t._; < t < t,, taking the Caputo fractional derivative of V(t) with system (2.11) and according to Lemma 2.6, for any
3(t) € R", we have

(3.5)

+25] (1)(QAE) 3, (1) + 23T ()aFH (S, (1))
+23m(ﬁ)@A[FH<SUD(1I)) + Zﬁg(ﬂ)ﬁ)@l}-ﬂ(ﬁm(;(r))
+231(1)0AGH (%(L))) .

Based on Assumptions (Ap;), (Axz) and Lemma 2.8, we have
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3 (DQAES, (1) < 0 :”T< )QQ3p(6) + 0,35 (1) (% @ Tn) Ip(1),

t)QFH(S,,(t) ST(OQFY,FTQ3,(t) + IINPRT, (b),
[QAFT, () < 0, 35(HQQTp (1) + 03 (OR (2t @ Tn)RTy(8),

3 t)QGH(gp(XTD 3HOQGY,'GTQT,(6) + H(3p (1) ) RYRH (S5 (12) ),
) < 0, 30(0)QQTp (1) + 0537 (1) R(ots © Tn)RTp (1 )-

Combing the above inequalities with (3.5), we have
D'v Z )(QE+E'Q

+0.'QQ + 6,(0t, © T,)T, + QFF'E'Q + NP, R
+0,'QQ + Oc(% ® T.) + QG¥,'6'Q + 0;'0Q) 5,(1)

+ﬁ:§g(xr)(wm+0m<a5®z) N3, (10)- (3.6)

p=1

Then, it follows from (3.2) that

D'v(t) ¢§I Q& T,)3,( +%§: 1)@ © L) 3, (1)

V(1) + 0 sup V(1) (3.7)

LUt

From (3.7), we get

DPV(E) < (05 — ©) V(1) (38)
when the Razumikhin condition [17]

sup V({) < V(1) 3.9

Le<Cst

is satisfied. Whenr e N/,
V() = 37(8) (T © ©)3(1))

- <<IN (ﬁ[b+ ) (z:‘f ) 4 ot ) ®zw> 3(1})>T(IN ® @)((IN - %x (zl"“‘“ + <T>"“‘“) ®1,)3(t)

<PtV (L), (3.10)

where y(t,) = aﬁmX{IN ﬂ+1 (50 ) 4 ot ) ®In}-
From (3.8) and (3.10) we have

{D/’ (1) < (05— ©,)V(1), 4 <t<t,

V() <pt)V(L), renN,. (3.11)

According to Lemma 2.7 from (3.11), we get
V(1) < V(0)E (05 - ©4)(t 1)),

for t € [to, t1], which shows that if (®; — ©,) < 0 and y(t1)Es((®s — ©,)¢*) < 1

(3115 (<@f®(/’)¢ﬁ))(ﬂ*h)
V(D) < V() < Ve B (3.12)

On the other hand, for any r € A/, by using Lemma 2.7 in (3.11), we have
V(E) <9(E)E (05 - O) (E — t1)). (3.13)
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Hence, by the use of recursion
V(t) < H[E/s( )(te — 1) ) (3.14)
=1

For t > t, there exists a non-negative integer k such that, t, <t < ty,1,

V(1) < \/(ﬂ*)[E,f(((»D(; ~0,)(t - m”)

H[E,;( )t — t; 11))

x L;((@,; —0,)(1— ) ) (3.15)

From Definition 2.5 and Assumption (Agg),k = @, < % + No. When there are no attacks (i.e., o(t;) = 1), we have

V(E) < V() (7, E4((@5 — ©,)¢"))”

n(nep(©s-00)")) o
< Vitope » 2] (3.16)

where 1 = (1E5((©, — ©,)9")) ™ > 1, 1, = (1B (€, ~ ©g) ) ™ > 1.
Define u = max{y;, i, }. Then

ln(‘,'(*/:((@rew)d)/‘)) o
V) < V(e B < V() pe (B0t (3.17)

E=— ('“(% [Eﬁ((Og ~6,)¢")) | 0) >0, (3.18)
b

The FDMASs (2.3) is thus exponentially stable.
In the general case, when there is at least one attack,

V(0) < V(1) (01E5 (@5 — @) ")) ™ (1,E4((@5 — ©5)9)) ™
By Definition 2.5, it follows that

@, [t—to @, (t—1to
E,(( hb *NO) EX( +N0>7 (319)

h,
w. [t — W, [t—
o () <o 2 (), (3:20)

N

N

1

hb hb

where @w, = @, + @W.; W, denotes the number of impulsive moments when the system suffers from attacks over the interval
(to,t).
Case (i): y, = 1, and 7,E4((®5 — ©)¢") <1, thus

V(E) < V() (7, Es((©s — ®¢)¢/*))%(TJ’N‘”) (7:E5((©5 — ®fp)¢f’))%<ﬁ’”"“>

we

V(1) (115 (€5 = ) #")) ™ (1Es((©5 — ©)¢”)) ™

b T b

(3.21)

Case (ii) 0 < p, < 1, and (p,E4((®s — @) ")) <
From case (i) and (ii), if ®s — @, < 0, similar to the result in (3.21), we have

(]n(;‘ﬂE/f((@‘)79w>¢/f)) I (?I/f((eo e"’>¢/)) )(ﬂ tg)
V() < V(to) fire B o D ,
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where s = (1,55((0; — ©)4)) 5 (1,54((0; ~ ©)")) * > .
Then
(5 ((©5-00)")) () oy (125 ((0s-00)4")) mc
V(t) < \/(ﬂ@)ﬂn@< hy (1-7)- iy 'mx>(ﬂ fy)

< V(L) Lge 200,

where %Fiﬂj’z:,(wm ,m)+wﬁp+@> > 0,7, =2

b Tﬂii
We conclude that
\‘/(ﬁ@)ﬂne:’/\u(;fo).
/bmin(Q)
The proof is completed. O

130 <

Remark 3.2. Based on an average impulsive interval, the average dwell time approach and Lyapunov stability theory, a novel
impulsive secure consensus problem for systems (2.3) and (2.4) with uncertain parameters subject to DoS attacks is solved
by the proposed impulsive protocol (2.7). Different from the existing controller design methods [34-36], the influence of the
DoS attacks is considered. The DoS attacks on the edges might lead to unsatisfactory consensus performance. A switching
mechanism is proposed to switch the underlying topologies to ensure the tolerance for network disconnections.

Remark 3.3. When the system (2.3) is not a subject to an attack, then by condition (3.18) in Theorem 3.1, the average impul-
sive interval satisfies hj, < —WM and also when the system is subject to attacks, then by the impulsive attack

ratio condition (3.3) in Theorem 3.1, the average impulsive interval

o=y < MO0 = ©u)) =) ~I155((0, = 0o) )

i.e., the system can detect the attacks information (y, and 7, are known), which guarantees the secure performance of track-

H

ing consensus error system by adjusting the average impulsive interval .

Corollary 3.4. Given non-zero scalars 0,,0c, 05, 0, dc, 05, ¢, @5, @, and 6, suppose that Assumptions (Amw) — (Ays) are satisfied for
positive symmetric matrices \W,., ¥ and @5 — O, > 0, for r € N, y(t:)Es((©5 — ©,) pF) < 1. Then, under the suggested impul-
sive control strategy (2.7), the FDMAS (2.3) is exponentially stable under the following conditions:

(1) NWeR+0:R(0t; © In)N < O,Q, (3.22)
I'z Q QF QG
.. Q _(01+06+06)®In 0 0
(i) | pr 0 0 v o | < 0, (3.23)
G'Q 0 0 -Y,
e In(y,E4(®s — Op) @) + Oh
i) 1, < — —. 3.24
U1 < (10, (05 — ©,)97) — In(1,E,(8; — ©,)57)) 524

Proof. Corollary 3.4 can be proved using standard arguments close to these in the proof of Theorem 3.1. The set of inequal-
ities (3.11) shows that if ®; — ®,, > 0, for any to, < t < ty,

V() < V(o) p(L)Es (85 — ©,) §)

In (‘,'UID-JIE ((G)( —E)m):/;\/‘)))
< \/(ﬂﬂ)uoe4ﬁ nﬂ: (ﬂ—m)’

~ —~ _e
where g1, = E5((©; — ©,) §7) (7(t)Es (@5 — ) §)) T > 1.
On the other hand, it follows from Lemma 2.7, for any r € NV, that if @5 — ©, > 0,

In (, Ep (('):i’@(ﬂ)/‘/’\/f) @

V(to) < V(k) e ™ o,

where p, = (y,E4((®; — ®¢)(7)/‘))"'V’"[E/3((®5 - 0,)p”) > 1.
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Define p, = max{, t, }, if ®5 — @, >0, and 7, E4((©5 — ©4) 9*) < 1,

s ((@s-0007)) -
V(1) < V(to)pye E B

For the general case, when there exist attacks,

V(1) < V(to) (1 E5 (05 — ©) @)™ (7,E4((©5 — ©) 9")) ™.
By Definition 2.5, y, € R+, y,E4((05 — ©,) ®*) < 1, and

ln(‘fﬂ Ep ((@r;v@w)wﬁ))gi } lﬂ(‘/‘zE/¢((9hnL Orﬂwﬁ)) >(ﬂ )

b

V(1) < v(ﬁ@)ﬂge<

V(to) free Yol
where ji; = (7,E,((©; — ©,)®")) ™ (1,E,((©; — 2@ ))"’W_i S, Y, =Y 40,
Y:—(wu o) + w (’)>>oﬁg,:%‘.

We conclude that

= (ﬁ@),“n J—w to)
”*S(t)H < /me(Q)

The proof is completed. O

Theorem 3.5. Assume that Assumptions (Ay1) and (Aus) — (Ane) are satisfied for non-zero scalars 0,,0c, 05,0, Oe, 05, P, @5, O

and 0, positive symmetric matrices P, P, exist and ©; — ©, <0, for r e Ny, p(tr)Es ((©5 — @w)gbﬂ) < 1. Then, the uncertain
FDMAS (2.3) is exponentially stable in the context of the proposed impulsive control strategy (2.7), if the following conditions
are satisfied,

Ex Q QF QG
—(0,+0.+0;)®T, O 0
(i) Q ~Bitbrbyel, 0 <0, (3.25)
FlQ 0 ¥, 0
G'Q 0 0 -¥,
(i) Jmax NONO)‘PJ + max (N(T,NOGO-(O(& ®1,) < 9,Q, (3.26)

In(y,E5(@; — ©y)¢") + Oh
ln(“h[E/f (95 - ®(p)¢ﬁ) - ln(“/g[E/f ((‘Dfs - ®(p)¢ﬁ)) 7
Where Erz = QE + ETQ + 91(0(1 ®In) + /lmax <N£N0> \i\lk‘ + HE(OCF ®In) + ®wQ7 N() = (l//pq)
Theorem 3.5 can be proved using standard arguments similar to these used in the proof of Theorem 3.1.

(3.27)

(i) 77, < (

Corollary 3.6. Let Assumptions (A1) and (Aus) — (Aue) be satisfied for non-zero scalars 0., 0c, 05, o, ote, 05, . ©5, O, and 0,

positive symmetric matrices P, P, exist and O — ©, > 0, for y(ty)Es((©5 — ©y) @) < 1. Then, the uncertain FDMAS (2.3) is
exponentially stable in the context of the proposed impulsive control strategy (2.7), if the following conditions are satisfied,

= Q QF QG
. —(01+05+05)®1n 0 0
- 0 328
0 | g . o o | <0 328)
¢'o 0 0o -%
(i) mas (RIR0) W + e (IR ) (05 © 70) < ©,Q, (3:29)
C_ oP 0
(i) 7, < In(:E,(© = ©,) ") + Oh, (3.30)

(In(1E4(85 = ©) ) = In(1,E4(O5 — ©) 7))

Remark 3.7. In a special case, we can also extend our results to common nonlinear FOMASs (2.3) under the impulsive con-
trol (2.7) without input time delay and uncertain parameters.
Consider a FOMAS consisting of A/ followers with a nonlinear function:

D’3(t) = ESy(t) + For(3p(t)) + up(t). (3.31)
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The dynamics leader is known as,
DPZo(t) = ESo(t) + For(So (). (3.32)
The nonlinear FOMAS (3.31) under the impulsive controller (2.7) is represented as

D'S(t) = ESp(t) + Foo(3p(t)), t € (trnsti],
N
ATy (tr) = W’%{Zaﬁét’)(ﬁq(fr)—sp(fr)) (3.33)
q=1
+d (3p(6) - Do(t) ], TEN

From (3.32) and (3.33), the tracking error system is obtained as

D'3,(t) = E3,(t) + FH(%p(t)), te (tr,ty),

N
ASy(t) = il {Zaﬁém (3a(t) - 3(6) (334)

Theorem 3.8. Suppose that Assumption (Ayy) — (Ays) are satisfied for a non-zero scalar 6 and positive symmetric matrices
Q. 05 < 0 exists, and for r € N, y(t)Ep (@sd)ﬁ) < 1. Then, the nonlinear FOMAS (3.31) achieves an exponential consensus using
the impulsive control (2.7), if the following inequalities are satisfied,

S
QE+E'Q+N'QXR-10,Q QF}<07 (335)

v F'Q -0,

O (e (007) (5 (007) 220

The proof of Theorem 3.8 is similar to that of Theorem 3.1 and, here it is omitted.

Corollary 3.9. Suppose that Assumptions (Ayp) — (Ane) are satisfied for a non-zero scalar 0 and positive symmetric matrices
Q. 05 > 0 exist, and for r € N, Y(tr)Ep (5(,- Z()/f> < 1. Then, the nonlinear FOMAS (3.31) achieves an exponential consensus using
the impulsive control (2.7), if the following inequalities are satisfied,

QE+E'Q+NQN—-0,Q QF } “o
F'Q —Qy ’
NN
In(7, Eﬁ@;;” ) +on (1Es(0:0")) —1n (35(0:9")).

Remark 3.10. The special case, when DoS attacks can not impact the security of topologies of the communication networks
of nonlinear FOMASs via impulsive control has been studied in [31,32]. In [31,32], the authors considered nonlinear FOMASs
of the type

(i)

(i) e <

B3R _ ER 2

{ D:sp(r) = E3,(0) + FH(\sp(t)>, tt, 337

Ajp(tr) = *erp(tr)v reN.,
where €,(t) = Z}Llanq (Jq(tr) = 3p(tr)) + dp(Ip(tr) — Jo(tr))-
In this paper compared with ([31,32]), we study a nonlinear FOMAS with an impulsive control law,

DS, (xt) = ES,(t) + FH(3,(t)), te (t1.t],

{A" b" <” > T (3.38)
AJp(tr) = rig €p(te), T €Ny
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It follows from (3.38) that % is the impulsive change of the state at time t,, which demonstrates that the impact of
impulsive control on the controlled systems not only depends on the impulsive functions designed, but also on the fractional

order f.

Remark 3.11. Ma et al. [31] investigated the coordinate impulsive control problem of nonlinear FOMASs. In [32], a class of
nonlinear FOMASs with switching topology and time-delays was studied by an impulsive control method. An impulsive con-
trol scheme is proposed in [33] for a leader-following nonlinear FOMAS with hybrid time-varying delay. Differently from
previous studies (see [31-33]), the memory effects of impulsive control are considered in this paper via the fractional
derivative.

Corollary 3.12. Assume that the Assumptions (Ax;) and (Ayg) hold for a non-zero scalar 0 and positive symmetric matrices
Q. 05 < 0 exists, and YoEp (@;d)’*) <1, where y, = (IN - % (ﬁ + 5)) Then, the nonlinear FOMAS (3.38) achieves an exponen-
tial consensus using the impulsive controller, if the following inequality is satisfied,

QE+EQ+XQR-0,Q QF | _,
FlQ —Q,

Corollary 3.13. Assume that Assumptions (Aw) and (Aus) hold for a non-zero scalar 0 and positive symmetric matrices
Q, 05 >0, VoEp (55¢/‘> < 1. Then, the nonlinear FOMAS (3.38) achieves an exponential consensus using the impulsive controller,
if the following inequality is satisfied,

QE+EQ+NQR-0,0 QF | _,
Fo o, <0.

Remark 3.14. Up to now, there are only few research results about impulsive consensus of MASs under DoS attacks [39,47].
In [39], the impulsive quasi synchronization problem of heterogeneous MASs under DoS attacks was investigated, and it was
assumed that there was no control input when DoS attacks occurred. In [47], the impulsive consensus of fuzzy MASs under
DoS attacks was studied, and the MASs was considered with switching topologies caused by DoS attacks. Compare the
method proposed in this paper with the proposed in [39,47], there are the following disparities:

(i) It follows from (2.10) that the impulsive change of the state at time ¢, is % which shows that the effect of the impul-

sive control on the controlled systems not only depends on the impulsive gain designed, but also on the fractional order p;
(ii) The LMIs techniques employed in this paper utilizes more information for the secure consensus problem of FDMASs;
(iii) The memory effects of impulsive controllers, fractional-order nonlinear dynamics and uncertainties are also consid-
ered in this paper.

4. Numerical simulations

In this section, two examples are provided to support the validity of the proposed control approach. Example 4.1 consid-
ers uncertain FDMASs subject to DoS attacks. Example 4.3 considers the networks of Chua’s circuits in presence of DoS
attacks.

Example 4.1. We consider uncertain FDMASs of the type (2.3) and (2.4) with five followers and a leader. Let these agents
receive information from their neighbor according to communication topology given in Fig. 2(a). When DoS attacks occur,
the network topologies switches are shown in Fig. 2((b)-(d)) with system input matrices

-12.3 0 =21 0 -1537 0
E= 0 -11.7 0 , F=1(-1347 0 (U
0 0 -12.7 0 0 -27

10.98 -11.37 0
G= 0 0 0
0 0 -11.07
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Fig. 2. (a) Networked communication structure, (b)-(d) Different switching topologies by DoS attacks.

In simulations, the nonlinear function (3, (t)) = [tanh (I (t)), tanh (3 (t))]", and the dynamic parameters are § = 0.97,
o =04,0 =12, 0;=04, 0, =—6.73,0,=—502, 0;=2.08,0=2717=0.1,0,=327,0,=>509, \=diag{5,3,7},¢ =
0.07, and control parameters b; = 0.23,b, = 1.37,b; = 0.94,by = 0.73,bs = 1.07, and 7, = 0.27. Then, by solving the LMIs
(3.1)-(3.3), we can get

—0.0010 0.0010 0.0010 0.0681 —0.0006 0.0007
Q= | 0.0010 0.0016 —0.0006 |, ¥.= |—-0.0006 0.1950 —0.0005 |,
0.0010 —0.0060 0.0001 0.0007 —0.0005 0.0336

1.0686 0.0000 0.0000
Y, =|0.0000 1.0686 0.0000
0.0000 0.0000 1.0686

If the cyber system is not a subject to an attack, we get h, < 0.0970. Fig. 3 shows the state trajectories and the consensus
tracking error for MASs considered without DoS attacks in the communication networks connecting the two layers for

hp = 0.09. When DoS attacks meet conditions in Theorem 3.1, the impulsive interval should be adjusted as fib < 0.0815.

For h, = 0.08, state trajectories and consensus monitoring error after adjusting the average impulsive interval after an attack
on the FDMAS is shown in Fig. 4. Based on these simulation results, it is clear that the suggested impulsive controllers are
effective in coping with DoS attacks in the considered FDMAS.

Remark 4.2. By virtue of their inherent properties of memory and heritage, fractional-order tools have been demonstrated
to constitute useful techniques for modeling and control of advanced complex phenomena, such as industrial automation
and robotic applications (see [9-15]). The studies and experiments indicated that the continuous controller in fractional-
order systems could be controlled. However, the investigations on the application of fractional-order systems via impulsive
control are still very few [12]. The impulsive control seems to be more efficient than the continuous control strategies since
the former is implemented only at impulsive instants while the latter do so at every moment [12]. Moreover, in some cases, a
continuous control (see [9-15]) is impossible, and only an impulsive control method can be used. Note that the impulsive
control approach applied in our study has some similarities with the distributed optimization and data-driven control
approaches proposed in [6-8] for multiagent systems where agents exchange information at discrete instants, but is quite
different. Both approaches are applied for multiagent systems with integer-order dynamics. Also, the impulsive control
framework is considered as more general and more appropriate in the cases of DoS attacks [38,39] which are not addressed
in [6-8]. In addition, the authors in [6-8] didn’t investigated fractional-order controllers.

The Chua’s circuit is among the simpliests non-linear circuits that show the most complex dynamical behavior [44,45]. On
Fig. 5 each node represents a single Chua’s circuit. Recently, since the security issues have emerged as one of the major topics
in the research and development of Chua’s networks circuits, some approaches have been proposed for the defense against
cyber-attacks (see [46]). Moreover, the problem of impulsive control of fractional-order Chua’s networks circuit under cyber-
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Fig. 3. The FDMASs without attacks on the communication networks of state trajectories and consensus tracking error, where
~ < ~ T
Jp(t> = (Jpl(t)yépz(t)) ,p=1,.,5.

attacks has not been studied previously. In such motivation in Example 4.3, we consider a fractional-order Chua’s network
circuit in the presence of DoS attacks, and also fractional-order impulsive controller approaches are investigated. Different
from the existing continuous controllers proposed in the literature [44-46], the effects of DoS attacks are also considered in
the input of the impulsive controller (2.7), which is more accordantly with practical circumstances. Therefore, we develop
the fractional-order impulsive control approach based on the interactions with complex networks in sampling time so as
prevent continued DoS attacks. The impulsive controller would further reduce the contact consumption of the fractional-
order Chua’s network circuit compared to the continuous controllers elaborated in [44-46].

Example 4.3. In this example, we verified the control design method proposed using a well-known nonlinear Chua’s
networks circuit ([44-46]),

C1 DYy =} (=1 +192) — g(th),
C CDfﬁz =1 — ) +1i3, (4.1)
LDz = —(9; + Roi),

where 91,19, and i3 are the voltage across the capacitor Cy, the voltage across the capacitor C,, and current through the induc-
tor L, respectively, g(;) is the voltage versus current characteristic of Chua’s diode Ny defined by [44],

1 1
g(ﬂ]) :C—l Y2’191 +§(Y1 — Yz)(‘ﬁ] +Bp| — |’l91 — Bp|) s
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Fig. 5. Chua’s circuit.
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Fig. 6. (a) Networked communication structure, (b)-(d) Different switching topologies by DoS attacks.

the slopes in the inner and outer regions are Y; and Y, respectively, while +B, denotes the breakpoints of Chua’s diode.

In this case, we consider a multi-agent network with one leader node and three followers communication topologies. The
network topologies of three different DoS attacks are seen in Fig. 6((b)-(d)). The dynamics of each follower agent is described
by Chua’s networks circuit. Let Jp;1 (t) = 91, Ip2(£) = 92, and Jp3(t) = i3. The corresponding dynamics of agent p with control
u, is

'Sy (1) = ESy (1) + For (Ip(0)) + up(0), (4.2)
A A O R )
~ ~ =~ =~ T ’ 1 ~ 11~ ~ T
where =093, 3 = [3p1,3p2,3p3] . E=| Ao —Ay pe |, F= 0 0 0/, ©(3p) =3B +1|—|Fp1 —1],0,0]
0 —p. N 0 00
with A =g As =g, 0 =& 0: =1 N =% p=123Subsequently, we choose, Ac=91,A=1p,=1,
Y; =-0.7559, Y, = —1.3938,& =9.1,p. =16.5811,8, = 0.1380, @ (Ip1) = Y23 + 051 — Y2) (|Fp1 + 1] — [Fpr — 1]).
According to Theorem3.8, we designed impulsive control parameters as b; = b, = b; = 0.57, and 0; = —0.37,6 = 1.73,

¢ = 0.03,7, = 0.53. Then, by feasibility of the conditions in Theorem 3.8, we obtain that

[ 0.6254 07179 —0.0452]
Q=|07179 39136 1.0273 |,
| -0.0452 1.0273 64.7185 |
[-7.2613 —4.1672 0.2627]
Q.= [-4.1617 0.0002 0.0000

| 02627  0.0000 0.0005 |

When the Chua’s networks circuit is not a subject to an attack, then h, < 0.03917. Fig. 7 displays the state trajectories, and
consensus monitoring error for the considered Chua’s networks circuit without attacks in the communication networks for

hy, = 0.03. When Do attacks satisfying conditions in Theorem 3.8, we should adjust the impulse interval as f1, < 0.0271. For

hy = 0.02, the state trajectories and consensus tracking error after adjusting the average impulse interval when the system is
under attacks are shown in Fig. 8. The control responses are shown in Fig. 9 by employing different differential orders, from
which we can see that the developed fractional-order impulsive controller design method is more effective to reduce the
communication consumption of controllers than traditional impulsive control method in [39,47]. In addition, Fig. 10 illus-
trates with impulsive effects and no control inputs in [39] can no longer synchronize the error system when DoS attacks
are involved.

Based on the description above, under the proposed controllers, the consensus of the considered MAS is still achieved in
the presence of DoS attacks. Besides, Fig. 9 shows that the fractional-order impulsive controller provides faster convergence
rate than the impulsive controllers considered in [39,47]. The impulsive consensus method in [39] cannot handle control
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Fig. 7. The Chua’s network circuit without attacks on the communication networks of state trajectories and consensus tracking error, where
~ ~ ~ ~ T
3p(t) = (Jpl(t)v Jp2(0), Jp3(t)) ,p=12,3.

input when DoS attacks occurred. Different from the method used in the previous works [39,47], we provide an estimation of
impulsive control parameters b,(r = 1,2,...,n) which can be used to achieve a better performance if they are chosen as con-
ditions in the following manner: if ®; — ®, <0, forany r =1,2,...,n, one has

rg+1) (1 — 1 (4.3)
Eg

1
—((®5 - ®¢)¢ﬁ)> <b <T(p+ 1)<1 + =

((© - @)(,,)(/)ﬁ))’
and if ®; — ®, > 0, one has
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Fig. 8. The Chua’s network circuit under attacks on the communication networks of state trajectories and consensus tracking error, where
~ ~ ~ ~ T
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Fig. 10. The Chua’s network circuit under attacks with impulsive effects and no control inputs.

188

Information Sciences 618 (2022) 169-190



G. Narayanan, M. Syed Ali, H. Alsulami et al. Information Sciences 618 (2022) 169-190

1 1
N S 7 Y ( (. —
B((@ 0,0 ) =TT DU E e, - 0,097

From these simulation results, it can be observed that the proposed impulsive controllers are successful in dealing with
DoS attacks in Chua’s network circuit. It is clear that the secure consensus can be achieved under the DoS attacks, fractional-
order nonlinear dynamics, impulsive controller, and uncertainties.

r+1(1 (4.4)

5. Conclusion

This paper investigates the secure tracking consensus issues for FDMASs with uncertain parameters in the presence of
DoS attacks on communication networks. To guarantee the tolerance of network disconnections, a switching mechanism
is proposed to switch the underlying communication network topologies. Subsequently, by utilizing the tools from
fractional-calculus theory, Lyapunov-functional, an impulsive controller is developed for each agent, which guaranteed
the secure performance of tracking exponential consensus. The impulsive attack ratio which reflects the systems tolerance
for attacks is obtained and an appropriate average impulsive interval is designed. It is shown through case studies that the
proposed method is an effective tool for secure consensus control of FDMASs subject to DoS attacks. Finally, simulation
results are provided to verify the effectiveness of this method. In the future, we will focus on the consensus of FDMASs under
distributed DoS attacks with an intermittently random character.
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the measurement size reduction technique is implemented which consists of two factors,
namely, the logarithmic quantization and the measurement element selection scheme. In
order to reflect the imprecision in controller implementation, the additive controller gain
problem is considered. Based on the Lyapunov stability theory, a new set of conditions is
derived such that the resulting closed-loop Markov jump system is stochastically stable
with a prescribed mixed H,, and passivity performance index. Finally, the effectiveness

of the proposed control scheme is illustrated by two numerical examples including an
application example based on a DC motor device.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Over the past few decades, Markovian jump systems have received significant research interest of researchers because
of their its wide range of applications in many areas of engineering, such as mobile robots, modeling production systems,
networked control systems, manufacturing systems and communication systems [1-4]. Markov jump systems are more
appropriate to describe dynamical systems subject to random changes in their structures, which may be caused by
component failures or repairs of subsystems, sudden environmental changes and system noise. Recently, many important
and interesting results have been reported on Markovian jump systems, such as stochastic stability and stabilization [5,6],
fault detection [7,8], filtering [9-11] and state estimation [ 12-15]. In most of the existing works, Markov jump systems are
all under the hypothesis that the system must satisfy time invariant Markov process in which transition probabilities are
constant matrix. However, in some real process, the transition probability may not be a constant matrix but a time-varying
one. In such situations, polytope set can be used to describe the characteristics of time-varying transition probability-based
uncertainties.

Even though the transition probability of the Markov process is not exactly known, polytope set can be used to evaluate
some values in some points and it is assumed that the time-varying transition probabilities evolve in this polytope, which is
in a convex set [16,17]. Also, it is more reasonable to model the system as Markovian jump system with nonhomogeneous
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jump process, that is, the transition probabilities are time-varying. On another research frontier, the handling of quantization
errors due to limited communication capacity has become an active research area in control systems since the quantization
errors in actuators and sensors may provide poor performance and also be potential source of instability [18]. There are
two types of quantizers in which the first one is static quantizers, such as uniform and logarithmic quantizers [19,20] and
the second one is the dynamic quantizer which scales the quantization levels dynamically in order to improve the steady-
state performance [21,22]. Therefore, the stabilization controller design problem for nonlinear systems containing ellipsoidal
Lipschitz nonlinearities by incorporating the bounded quantization error and input saturation has been investigated in [23].
The authors in [24] studied the sampled-data model predictive control for linear parameter varying systems with input
quantization by using new Lyapunov-Krasovskii functional.

Several important works based on the disturbance attenuation problems have been reported via various control design
methods, such as Hy, control [25,26], H,/Hy, control [27] and passivity-based control [28,29]. Among them, two control
strategies, namely, H,, and passivity-based control methods have received much attention from the researchers due to their
broad applications. In particular, the H,, controller is designed for several control systems because it deals with uncertainties
so as to minimize the disturbance attenuation level. Moreover, passivity theory serves as an important concept of system
theory and can characterize the stability of dynamical systems. The passive property of a system is that it can keep the
system internally stable by using input-output characteristics and it has found powerful applications in diverse areas such
as stability, signal processing, fuzzy control, chaos control and synchronization. For instance, in [30], the authors studied the
problem of mixed H, and passivity filter design for discrete time-delay neural networks with Markovian jump parameters
represented by Takagi-Sugeno fuzzy model.

In some circumstances, inaccuracies and uncertainties may occur in the controller implementation. Thus, the controller
should be designed in such a way that it is insensitive to some amount of uncertainties with respect to its gain, which is
called as resilient or non-fragile controller [31]. Very recently, the problem of passivity-based resilient sampled-data control
for Markovian jump systems subject to actuator faults via adaptive fault-tolerant mechanism has been reported in [32]. On
the other hand, energy constraint causes a major problem in the stability analysis of dynamical systems since it limits the
system performance. Further, it is one of the measurement size reduction techniques. The purpose of measurement size
reduction scheme is that it significantly reduces the communication times. Compared with the literature results on linear
networked systems with energy constraints, the filtering or control of nonlinear systems with energy constraints has not
received adequate attention. Up to now, only a few works have been done related to this topic, for instance see [33,34]
and [35]. Moreover, to the best of authors’ knowledge, the mixed H,, and passivity-based resilient control design problem
for Markov jump systems with energy constraints has not yet been solved, which is the motivation for this present study.

Based on the aforementioned discussions, the purpose of this paper is to solve the robust mixed H,, and passivity-based
resilient control problem for Markov jump systems in the presence of nonhomogeneous jump processes, quantization and
energy constraints. To be precise, we establish a new set of sufficient conditions such that the considered Markovian jump
system is robustly stochastically stable with a prescribed mixed H,, and passive performance index. The main contributions
of this work are summarized as follows:

(1) A robust mixed Hy, and passivity-based resilient control problem for nonhomogeneous Markov jump systems with
quantization and energy constraints is considered.

(2) The proposed system considers two common issues, namely, quantization and energy constraints, which may reflect
the reality more closely.

(3) Sufficient conditions subject to quantization and energy constraints are developed for obtaining the required results
by using the Lyapunov stability theory and the corresponding control gains are obtained by solving a cone comple-
mentarity linearization algorithm.

At last, two numerical examples with simulation results are provided to illustrate the effectiveness of the proposed design
method.

Notations. Throughout this paper, the following standard notations will be used. The superscripts “T” and “(—1)” stand for
matrix transposition and matrix inverse, respectively. R" represents the n-dimensional Euclidean space. R"*" denotes the
set of all n x n real matrices. E{-} denotes the mathematical expectation. L}[0, co) stands for the space of n-dimensional
square integrable functions over [0, o). P > 0 means that P is a positive definite matrix. I represents the identity matrix
with compatible dimension. In symmetric block matrices or long matrix expressions, we use an asterisk () to represent a
term that is induced by symmetry. Moreover, let (§2, F, P) be a complete probability space in which £2 is the sample space,
F is the o-algebra of subsets of §£2 and P is the probability measure on F. | - || refers to the Euclidean vector norm.

2. Problem formulation and preliminaries

In this paper, we consider a class of discrete-time Markovian jump systems in the following form:

x(k+1) = A(r(k)x(k)+ B(r(k))u(k) + C(r(k))v(k) + g(x(k), r(k)), (1)
z(k) = D(r(k)x(k) + E(r(k))v(k),
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where A(r(k)), B(r(k)), C(r(k)), D(r(k)) and E(r(k)) are mode-dependent constant matrices with appropriate dimensions at
the working instant k; x(k) € R" is the state vector of the system; u(k) € R? is the control input; z(k) is the controlled output
vector of the system; v(k) € Lg[O, o0) is the external disturbance vector acting on the system; g(-) is the time-dependent
norm-bounded uncertainties; r(k), k > 0 is the concerned discrete-time Markov stochastic process which takes the values
in finite state set A = {1, 2, 3, ..., N}, where r(0) represents the initial mode. Further, the following condition is imposed
on the uncertainty g(x(k), r(k)).

(H1) The norm bounded uncertainty g(x(k), r(k)) in system (1) is assumed to satisfy g(x(k), r(k)) = AA(r(k))x(k) and
AA(r(k)) = M(r(k))Y (r(k))N(r(k)), where M(r(k)) and N(r(k)) are constant matrices with appropriate dimensions, 7"(r(k))
is an unknown matrix with Lebesgue measurable elements satisfying YT (r(k))Y'(r(k)) < I. Further, we denote r(k) = i,
i € A, then the system (1) can be rewritten in the following form:

x(k+1) = Ai(kx(k)+ Bju(k) + Gu(k), 2
2(k) Dix(k) + Ejv(k), (2)

where Ai(k) = (A + AA(k)). Also, the transition probability matrix is defined as I7(k) = {m;(k)}, i,j € A, where
mij(k) = P(r(k+ 1) = jlr(k) = i) is the transition probability from mode i at time k to mode j at time k + 1, such that
mij(k) > 0and Y1 | (k) = 1.

For given vertices IT°,s = 1,2, ..., w, the time-varying transition matrix can be described as IT(k) = > .., as(k)IT*,
where 0 < a4(k) < 1and Z;”:] as(k) = 1. In particular, such transition uncertainties are assumed to evolve in a polytope,
which is described by several vertices. For more details about the polytope, one can refer the paper [17]. In practice, due
to widespread usage of digital signals in control systems, the control signals are often needed to be quantized before the
manipulation of feedback. Here, the quantized state feedback is considered in the following form:

u(k) = qi(e(k)) and (k) = Kix(k), 3)
where g;(-) is a quantizer that is assumed to be symmetric, that is, gi(—¢) = —qi(¢). In this paper, logarithmic static and
time-invariant quantizers are employed for subsystems. Also, the set of quantized levels is described by

u={xd: u=pud, j==+1,%2,...Ju{xu}u{o}, pie (0, 1)u >0, (4)

where the parameter p; represents the quantization density. Each of the quantization level ui corresponds to a segment such
that the quantizer maps the whole segment to this quantization level. The quantizer g;(-) is represented by

) o L
uj, if 5 U <g< 1?;1-”{»
qi(p(k)) = 0, ifop =0,
—qi(—9), ifg <0,
where §; = };Zi . Moreover, by following the procedure carried out in [ 18], we can get
gilp) = (I + Ay, (5)

where A; = diag{A], AZ, ..., A"}. Then it follows that Aj,: € [—8{, 5{], ji=1,2,...,m
Now, we employ an another measurement size reduction technique called energy constraint. Here, we consider
n cases for the measurement scheduling scheme. According to works in [33-35], we define a structure matrix by

D) € {diag{l, 0,...,0},...,diag{o0,0,..., 1}}, whereo (k) € ® = {1, 2, ..., n}.Based on the above discussion, the modified

control signal is expressed"by
u(k) = (I + Ai)Kiok)Po (r)X(k). (6)

It is assumed that the variation of the piecewise signal o (k) follows a Markov process with the transition probability matrix
IT = {Ag}, thatis, for o(k) = a, o(k + 1) = b, we have Prob(a(k + 1) = b|o(k) = a) = Aq, Where Ay, > 0, and for each
a,be ®,wehave ), ,Aqp = 1.

Substituting (6) in (2), the closed-loop system can be described by

x(k + 1) = Ai(k)x(k) + Bi(I + A1)Kio (1) @o(iyx(k) + Civ(k),
z(k) = Dix(k) + Ejv(k). (7)

Now, we present two definitions that are more essential to obtain the main results.

Definition 2.1 ([17]). System (7) with v(k) = 0 and u(k) = 0 is robustly stochastically stable, for any initial state (x(0), r(0)),
if the following condition holds:

E(Y IX()I*|(x(0), (0))} < oo, 8)
k=0

where x(k) denotes the solution of (7).
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Definition 2.2 ([36]). System (7) is said to be stochastically stable with a prescribed mixed H,, and passive performance
index y, under zero initial condition, if there exists a scalar y > 0 such that the following inequality holds:

[Z y 1027 (k)z(k) — 2(1 — 0)z (k)v(k)] < E[Z va(k)u(k)], 9)
k=0

for any non-zero v(k) € L;’[O, oo)and O € [0, 1].

Remark 2.3. The composition of proposed controller (6) is due to the following reasons. In practice, the signal quantization
is an effective scheme to reduce the storage space or transmission bandwidth. However, if the plant is large, there may
still need some signals to transmit the complete information. In such situation, the measurement size reduction technique
can be employed, which reduces the measurement size by selecting one element signal for transmission. Therefore,
the simultaneous utilization of signal quantization and measurement selection scheme is more effective in saving the
transmission energy of the proposed controller (6).

Remark 2.4. In [37], Gaussian distribution is used to describe uncertain transition probabilities. In practice, it is very
hard to meet such distribution. To overcome this issue, in this paper, a new technique is considered to improve such
deficiency, which makes the theoretical results developed in this paper more practical. More precisely, the uncertain
transition probabilities are described by a nonhomogeneous process, modeled as a polytope set.

3. Main results

This section presents a robust resilient control design based on the mixed H,, and passivity theory, which ensures the
stochastic stability of the system (7).

3.1. Stochastic stability

In this subsection, first, we obtain a set of sufficient conditions for the stochastic stability of the system (7) with u(k) =
and v(k) = 0.

Theorem 3.1. For a given initial condition x(0), the system (7) with u(k) = 0 and v(k) = 0 is robustly stochastically stable, if
there exist a set of positive definite symmetric matrices P;, and Pﬂ, such that

[_P"S“ A;Zg’t} <o, (10)

* —( jb)

holds foralli € Aanda € ©, where P, = v o*(k)PS, P = Y0 S0 >0 S0 ad(k)BUK)miranP, O < af(k) < 1,
Y a’(k)=1and0 < Bi(k) < 1,30, BI(k) = 1.

Proof. Consider the Lyapunov function for the system (7) in the following form:
w
x(k)) = x" (k) Zas(k)Pfax(k) forie A, ae 6,

where 0 < o’(k) < 1, Z“’ S(k) = 1and P{, > 0. By computing the forward difference of AV (x(k)) along the trajectories
of the system (7) and takmg the mathematlcal expectation, we get

E{AV(x(k))} = E{V(x(k + 1)) — V(x(k))}

{ k)|:AT (k) (Z ZZZO{ (K)BI(k) A )Ai(k):|x(k)

j=1 b=1 s=1 ¢q=1

x> as(k)Pfax(k)}
s=1

= E{x" (k)¥ (k)x(k)},

where (k) = — Y"1 oS (k)PS, + Al (k) (Zj Y e Z;’ Lo8(k) ﬂq(k)nsxabP )A(k).

By using Schur complement, ¥ (k) can be equivalently viewed as the matrix term in (10). Thus, it follows from (10) that
E{AV(x(k))} < 0.Let & = ming{Amin(¥(k))}, where Amin(¥(k)) is the minimal eigenvalue of —W (k). Then, E{AV(x(k))} <
—uE{xT(k)x(k)}. Further, by taking mathematical expectation, we have E{ZLO AV(x(k))} = E{V(x(T + 1)) — V(x(0))}
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< —RE{Y ;o IX(K)]1?} from which it follows that E{}";_, IX(K)I?} < —H(E{V(XT + 1)) — V(XO)}) < ~(E{V(X(0)) —
V(x(T + 1))}). Also, we have limr_, E{Z£ 0 Ix())%) < lE{V( (0))}. It follows from Definition 2.1 that the system (7)
with u(k